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PREFACE TO THE SECOND EDITION 


The prospect of a second edition of Classical Mechanics, almost thirty 
years after initial publication, has given rise to two nearly contradictory 
sets of reactions. On the one hand it is claimed that the adjective ‘‘classical”’ 


implies the field is complete, closed, far outside the mainstream of physics~ 


research. Further, the first edition has been paid the compliment of contin- 
uous use as a text since it first appeared. Why then the need for a second 
edition? The contrary reaction has been that a second edition is long over- 
due. More important than changes in the subject matter (which have been 
considerable) has been the revolution in the attitude towards classical me- 
chanics in relation to other areas of science and technology. When it ap- 
peared, the first edition was part of a movement breaking with older ways 
of teaching physics. But what were bold new ventures in 1950 are the 
commonplaces of today, exhibiting to the present generation a slightly 
musty and old-fashioned air. Radical changes need to be made in the pre- 
sentation of classical mechanics. | 

In preparing this second edition I have attempted to steer a course 
somewhere between these two attitudes. I have tried to retain, as much as 
possible, the advantages of the first edition (as I perceive them) while taking 
some account of the developments in the subject itself, its position in the 
curriculum, and its applications to other fields. What has emerged is a 
thorough-going revision of the first edition. Hardly a page of the text has 
been left untouched. The changes have been of various kinds: 

Errors (some egregious) that I have caught, or which have been pointed 
out to me, have of course been corrected. It is hoped that not too many 
new ones have been introduced in the revised material. 

The chapter on small oscillations has been moved from its former 
position as the penultimate chapter and placed immediately after Chapter 
5 on rigid body motion. This location seems more appropriate to the usual 
way mechanics courses are now being given. Some material relating to the 
Hamiltonian formulation has therefore had to be removed and inserted later 
in (the present) Chapter 8. 
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A new chapter on perturbation theory has been added (Chapter 11). 
The last chapter, on continuous systems and fields, has been greatly ex- 
panded, in keeping with the implicit promise made in the Preface to the first 
edition. s 

New sections have been added throughout the book, ranging from one 
in Chapter 3 on Bertrand’s theorem for the central-force potentials giving 
rise to closed orbits, to the final section of Chapter 12 on Noether’s theorem. 
For the most part these sections contain completely new material. 

In various sections arguments and proofs have been replaced by new 
ones that seem simpler and more understandable, e.g., the proof of Euler’s 
theorem in-Chapter 4. Occasionally, a line of reasoning presented in the 
first edition has been supplemented by a different way of looking at the 
problem. The most important example is the introduction of the symplectic 
approach to canonical transformations, in parallel with the older technique 
of generating functions. Again, while the original convention for the Euler 
angles has been retained, alternate conventions, including the one common 
in quantum mechanics, are mentioned and detailed formulas are given in an 
appendix. 

As part of the fruits of long experience in teaching courses based on 
the book, the body of exercises at the end of each chapter has been ex- 
panded by more than a factor of two and a half. The bibliography has 
undergone similar expansion, reflecting the appearance of many valuable 
texts and monographs in the years since the first edition. In deference to— 
but not in agreement with—the present neglect of foreign languages in 
graduate education in the United States, references to foreign-language 
books have been kept down to a minimum. 

The choices of topics retained and of the new material added reflect to 
some degree my personal opinions and interests, and the reader might prefer 
a different selection. While it would require too much space (and be too 
boring) to discuss the motivating reasons relative to each topic, comment 
should be made on some general principles governing my decisions. The 
question of the choice of mathematical techniques to be employed is a 
vexing one. The first edition attempted to act as a vehicle for introducing 
mathematical tools of wide usefulness that might be unfamiliar to the stu- 
dent. In the present edition the attitude is more one of caution. It is much 
more likely now than it was 30 years ago that the student will come to 
mechanics with a thorough background in matrix manipulation. The section 
on matrix properties in Chapter 4 has nonetheless been retained, and even 
expanded, so as to provide a convenient reference of needed formulas and 
techniques. The cognoscenti can, if they wish, simply skip the section. On 
the other hand, very little in the way of newer mathematical tools has been 
introduced. Elementary properties of group theory are given scattered men- 
tion throughout the book. Brief attention is paid in Chapters 6 and 7 to the 
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manipulation of tensors in non-Euclidean spaces. Otherwise, the mathe- 
matical level in this edition is pretty much the same as in the first. It is 
more than adequate for the physics content of the book, and alternate means 
exist in the curriculum for acquiring the mathematics needed in other 
branches of physics. In particular the ‘‘new mathematics’’ of theoretical 
physics has been deliberately excluded. No mention is made of manifolds 
or diffeomorphisms, of tangent fibre bundles or invariant torii. There are 
certain highly specialized areas of classical mechanics where the powerful 
tools of global analysis and differential topology are useful, probably essen- 
tial. However, it is not clear to me that they contribute to the understanding 
of the physics of classical mechanics at the level sought in this edition. To 
introduce these mathematical concepts, and their applications, would swell 
the book beyond bursting, and serve, probably, only to obscure the physics. 
Theoretical physics, current trends to the contrary, is not merely mathe- 
matics. 

In line with this attitude, the complex Minkowski space has been re- 
tained for most of the discussion of special relativity in order to simplify 
the mathematics. The bases for this decision (which it is realized goes 
against the present fashion) are given in detail on pages 292-293. 

It is certainly true that classical mechanics today is far from being a 
closed subject. The last three decades have seen an efflorescence of new 
developments in classical mechanics, the tackling of new problems, and the 
application of the techniques of classical mechanics to far-flung reaches of 
physics and chemistry. It would clearly not be possible to include discus- 
sions of all of these developments here. The reasons are varied. Space 
limitations are obviously important. Also, popular fads of current research 
often prove ephemeral and have a short lifetime. And some applications 
require too extensive a background in other fields, such as solid-state phys- 
ics or physical chemistry. The selection made here represents something of 
a personal compromise. Applications that allow simple descriptions and 
provide new insights are included in some detail. Others are only briefly 
mentioned, with enough references to enable the student to follow up his 
awakened curiosity. In some instances I have tried to describe the current 
state of research in a field almost entirely in words, without mathematics, 
to provide the student with an overall view to guide further exploration. 
One area omitted deserves special mention—nonlinear oscillation and as- 
sociated stability questions. The importance of the field is unquestioned, 
but it was felt that an adéquate treatment deserves a book to itself. 

With all the restrictions and careful selection, the book has grown to a 
size probably too large to be covered in a single course. A number of 
sections have been written so that they may be omitted without affecting 
later developments and have been so marked. It was felt however that there 
was little need to mark special ‘‘tracks’’ through the book. Individual 
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instructors, familiar with their own special needs, are better equipped to 
pick and choose what they feel should be included in the courses they give. 

I am grateful to many individuals who have contributed to my education 
in classical mechanics over the past thirty years. To my colleagues Profes- 
sors Frank L. DiMaggio, Richard W. Longman, and Dean Peter W. Likins 
I am indebted for many valuable comments and discussions. My thanks go 
to Sir Edward Bullard for correcting a serious error in the first edition, 
especially for the gentle and gracious way he did so. Professor Boris Gar- 
finkel of Yale University very kindly read and commented on several of the 
chapters and did his best to initiate me into the mysteries of celestial 
mechanics. Over the years I have been the grateful recipient of valuable 
corrections and suggestions from many friends and strangers, among whom 
particular mention should be made of Drs. Eric Ericsen (of Oslo University), 
K. Kalikstein, J. Neuberger, A. Radkowsky, and Mr. W. S. Pajes. Their 
contributions have certainly enriched the book, but of course I alone am 
responsible for errors and misinterpretations. I should like to add a collec- 
tive acknowledgment and thanks to the authors of papers on classical me- 
chanics that have appeared during the last three decades in the American 
Journal of Physics, whose pages I hope I have perused with profit. 

The staff at Addison-Wesley have been uniformly helpful and encour- 
aging. I want especially to thank Mrs. Laura R. Finney for her patience 
with what must have seemed a never-ending process, and Mrs. Marion 
Howe for her gentle but persistent cooperation in the fight to achieve an 
acceptable printed page. 

To my father, Harry Goldstein ?”1t, I owe more than words can 
describe for his lifelong devotion and guidance. But I wish at least now to 
do what he would not permit in his lifetime—to acknowledge the assistance 
of his incisive criticism and careful editing in the preparation of the first 
edition. I can only hope that the present edition still reflects something of 
his insistence on lucid and concise writing. 

I wish to dedicate this edition to those I treasure above all else on this 
earth, and who have given meaning to my life—to my wife, Channa, and 
our children, Penina Perl, Aaron Meir, and Shoshanna. 

And above all I want to register the thanks and acknowledgment of my 
heart, in the words of Daniel (2:23): 
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`? DID SATAN RNIN `T 


Kew Gardens Hills, New York HERBERT GOLDSTEIN 


January 1980 
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PREFACE TO THE FIRST EDITION 


An advanced course in classical mechanics has long been a time-honored 
part of the graduate physics curriculum. The present-day function of such 
a course, however, might well be questioned. It introduces no new physical 
concepts to the graduate student. It does not lead him directly into current 
physics research. Nor does it aid him, to any appreciable extent, in solving 
the practical mechanics problems he encounters in the laboratory. 

Despite this arraignment, classical mechanics remains an indispensable 
part of the physicist’s education. It has a twofold role in preparing the 
student for the study of modern physics. First, classical mechanics, in one 
or another of its advanced formulations, serves as the springboard for the 
various branches of modern physics. Thus, the technique of action-angle 
variables is needed for the older quantum mechanics, the Hamilton-Jacobi 
equation and the principle of least action provide the transition to wave 
mechanics, while Poisson brackets and canonical transformations are in- 
valuable in formulating the newer quantum mechanics. Secondly, classical 
mechanics affords the student an opportunity to master many of the math- 
ematical techniques necessary for quantum mechanics while still working 
in terms of the familiar concepts of classical physics. 

Of course, with these objectives in mind, the traditional treatment of 
the subject, which was in large measure fixed some fifty years ago, is no 
longer adequate. The present book is an attempt at an exposition of classical 
mechanics which does fulfill the new requirements. Those formulations 
which are of importance for modern physics have received emphasis, and 
mathematical techniques usually associated with quantum mechanics have 
been introduced wherever they result in increased elegance and compact- 
ness. For example, the discussion of central force motion has been broad- 
ened to include the kinematics of scattering and the classical solution of 
scattering problems. Considerable space has been devoted to canonical 
transformations, Poisson bracket formulations, Hamilton-Jacobi theory, and 
action-angle variables. An introduction has been provided to the variational 
principle formulation of continuous systems and fields. As an illustration of 
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the application of new mathematical techniques, rigid body rotations are 
treated from the standpoint of matrix transformations. The familiar Euler’s 
theorem on the motion of a rigid body can then be presented in terms of the 
eigenvalue problem for an orthogonal matrix. As a consequence, such di- 
verse topics as the inertia tensor, Lorentz transformations in Minkowski 
space, and resonant frequencies of small oscillations become capable of a 
unified mathematical treatment. Also, by this technique it becomes possible 
to include at an early stage the difficult concepts of reflection operations 
and pseudotensor quantities, so important in modern quantum mechanics. 
A further advantage of matrix methods is that ‘‘spinors’’ can be introduced 
in connection with the properties of Cayley-Klein parameters. 

Several additional departures have been unhesitatingly made. All too 
often, special relativity receives no connected development except as part 
of a highly specialized course which also covers general relativity. However, 
its vital importance in modern physics requires that the student be exposed 
to special relativity at an early stage in his education. Accordingly, Chapter 
6 has been devoted to the subject. Another innovation has been the inclusion 
of velocity-dependent forces. Historically, classical mechanics developed 
with the emphasis on static forces dependent on position only, such as 
gravitational forces. On the other hand, the velocity-dependent electromag- 
netic force is constantly encountered in modern physics. To enable the 
student to handle such forces as early as possible, velocity-dependent po- 
tentials have been included in the structure of mechanics from the outset, 
and have been consistently developed throughout the text. 

Still another new element has been the treatment of the mechanics of 
continuous systems and fields in Chapter 11, and some comment on the 
choice of material is in order. Strictly interpreted, the subject could include 
all of elasticity, hydrodynamics, and acoustics, but these topics lie outside 
the prescribed scope of the book, and adequate treatises have been written 
for most of them. In contrast, no connected account is available on the 
classical foundations of the variational principle formulation of continuous 
systems, despite its growing importance in the field theory of elementary 
particles. The theory of fields can be carried to considerable length and 
complexity before it is necessary to introduce quantization. For example, 
it is perfectly feasible to discuss the stress-energy tensor, microscopic equa- 
tions of continuity, momentum space representations, etc., entirely within 
the domain of classical physics. It was felt, however, that an adequate 
discussion of these subjects would require a sophistication beyond what 
could naturally be expected of the student. Hence it was decided, for this 
edition at least, to limit Chapter 11 to an elementary description of the 
Lagrangian and Hamiltonian formulation of fields. 

The course for which this text is designed normally carries with it a 
prerequisite of an intermediate course in mechanics. For both the inade- 


| 
A 


PREFACE xiii 


quately prepared graduate student (an all too frequent occurrence) and the 
ambitious senior who desires to omit the intermediate step, an effort was 
made to keep the book self-contained. Much of Chapters 1 and 3 is therefore 
devoted to material usually covered in the preliminary courses. 

With few exceptions, no more mathematical background is required of 
the student than the customary undergraduate courses in advanced calculus 
and vector analysis. Hence considerable space is given to developing the 
more complicated mathematical tools as they are needed. An elementary 
acquaintance with Maxwell’s equations and their simpler consequences is 
necessary for understanding the sections on electromagnetic forces. Most 
entering graduate students have had at least one term’s exposure to modern 
physics, and frequent advantage has been taken of this circumstance to 
indicate briefly the relation between a classical development and its quantum 
continuation. 

A large store of exercises is available in the literature on mechanics, 
easily accessible to all, and there consequently seemed little point to repro- 
ducing an extensive collection of such problems. The exercises appended 
to each chapter therefore have been limited, in the main, to those which 
serve as extensions of the text, illustrating some particular point or proving 
variant theorems. Pedantic museum pieces have been studiously avoided. 

The question of notation is always a vexing one. It is impossible to 
achieve a completely consistent and unambiguous system of notation that 
is not at the same time impracticable and cumbersome. The customary 
convention has been followed of indicating vectors by bold face Roman 
letters. In addition, matrix quantities of whatever rank, and tensors other 
than vectors, are designated by bold face sans serif characters, thus: A. An 
index of symbols is appended at the end of the book, listing the initial 
appearance of each meaning of the important symbols. Minor characters, 
appearing only once, are not included. 

References have been listed at the end of each chapter, for elaboration 
of the material discussed or for treatment of points not touched on. The 
evaluations accompanying these references are purely personal, of course, 
but it was felt necessary to provide the student with some guide to the 
bewildering maze of literature on mechanics. These references, along with 
many more, are also listed at the end of the book. The list is not intended 
to be in any way complete, many of the older books being deliberately 
omitted. By and large, the list contains the references used in writing this 
book, and must therefore serve also as an acknowledgement of my debt to 
these sources. 

The present text has evolved from a course of lectures on classical 
mechanics that I gave at Harvard University, and I am grateful to Professor 
J. H. Van Vleck, then Chairman of the Physics Department, for many 
personal and official encouragements. To Professor J. Schwinger, and other 


xiv PREFACE 


colleagues I am indebted for many valuable suggestions. I also wish to 
record my deep gratitude to the students in my courses, whose favorable 
reaction and active interest provided the continuing impetus for this work. 


yaovan 


Cambridge, Mass. HERBERT GOLDSTEIN 


March 1950 
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CHAPTER 1 
Survey of the 
Elementary Principles 


The motion of material bodies formed the subject of some of the earliest 
researches pursued by the pioneers of physics. From their efforts there has 
evolved a vast field known as analytical mechanics or dynamics, or simply, 
mechanics. In the present century the term “classical mechanics” has come into 
wide use to denote this branch of physics in contradistinction to the newer 
physical theories, especially quantum mechanics. We shall follow this usage, 
interpreting the name to include the type of mechanics arising out of the special 
theory of relativity. It is the purpose of this book to develop the structure of 
classical mechanics and to outline some of its applications of present-day interest 
in pure physics. 

Basic to any presentation of mechanics are a number of fundamental physical 
concepts, such as space, time, simultaneity, mass, and force. In discussing the 
special theory of relativity the notions of simultaneity and of time and length 
scales will be examined briefly. For the most part, however, these concepts will 
not be analyzed critically here; rather, they will be assumed as undefined terms 
whose meanings are familiar to the reader. 


1-1 MECHANICS OF A PARTICLE 
Let r be the radius vector of a particle from some given origin and v its vector 
velocity: 

dr 
~ dt? 


The linear momentum p of the particle is defined as the product of the particle 
mass and its velocity: 


v (1-1) 


p = my. (1-2) 


In consequence of interactions with external objects and fields the particle may 
experience forces of various types, e.g., gravitational or electrodynamic; the 
vector sum of these forces exerted on the particle is the total force F. The 
mechanics of the particle is contained in Newton's Second Law of Motion, which 
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states that there exist frames of reference in which the motion of the particle is 
described by the differential equation 


dp z 
a 133 
F Te (1-3) 
or 
P 
F= g nv): (1-4) 


In most instances the mass of the particle is constant and Eq. (1—3) reduces to 
dy 
F = m— = ma, 1-5 
dt (5) 
where a is the vector acceleration of the particle defined by 
a=—. : (1-6) 


The equation of motion is thus a differential equation of second order, assuming 
F does not depend on highér order derivatives. 

A reference frame in which Eq. (1—3) is valid is called an inertial or Galilean 
system. Even within classical mechanics the notion of an inertial system is 
something ofan idealization. In practice, however, it is usually feasible to set upa 
coordinate system that comes as close to the desired properties as may be 
required. For many purposes a reference frame fixed in the Earth (the “laboratory 
system”) is a sufficient approximation to an inertial system, while for some 
astronomical purposes it may be necessary to construct an inertial system by 
reference to the most distant galaxies. 

Many of the important conclusions of mechanics can be expressed in the 
‘form of conservation theorems, which indicate under what conditions various 
mechanical quantities are constant in time. Equation (1—1) directly furnishes the 
first of these, the 


Conservation Theorem for the Linear Momentum of a Particle: If the total force, F, 
is zero then p = 0 and the linear momentum, p, is conserved. 


The angular momentum of the particle about point O, denoted by L, is 
defined as 


L=r xp, (1-7) 


where r is the radius vector from O to the particle. Notice that the order -of the 
factors is important. We now define the moment of force or torque about O as 


N=rxF. (1-8) 


cee 


aceon eases 
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The equation analogous to (1-3) for N is obtained by forming the cross product 
of r with Eq. (1—4): 


d 
rxF=Ne=rx a): (1-9) 
Equation (1-9) can be written in a different form by using the vector identity: 
d me) 
a x sale M x my +r xz (mY), (1-10) 


+ 
where the first term on the right obviously vanishes. In consequence of this 
identity Eq. (1-9) takes the form 


= fx ALVI 


d dL 
N= a x my) er (1-11) 


dt 
Note that both N and L depend upon the point O, about which the moments are 
taken. 
As was the case for Eq. (1-3), the torque equation, (1-11), also yields an 
immediate conservation theorem, this time the 


Conservation Theorem for the Angular Momentum of a Particle: If the total 
torque, N, is zero then L = 0, and the angular momentum L is conserved. 


Next consider the work done by the external force F upon the particle in 
going from point 1 to point 2. By definition this work is 


W, = [ Fras (1-12) 
1 


For constant mass (as will be assumed from now on unless otherwise specified), 
the integral in Eq. (1-12) reduces to 


d d 
[Fas =m [fava = (v?) dt, 


Js- v, Ay 


~ 2 J dt 
and therefore = 2 
KLETE ly av 
m 3 pe 
Wi. = z0 — 03). (1-13) 


The scalar quantity mv?/2 is called the kinetic energy of the particle and is 
denoted by T, so that the work done is equal to the change in the kinetic energy: 
Wi2=1, —T,. (1-14) 


If the force field is such that the work W,, is the same for any physically 
possible path between points 1 and 2, then the force (and the system) is said to be 
conservative. An alternative description of a conservative system is obtained by 
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imagining the particle being taken from point 1 to point 2 by one possible path 
and then being returned to point 1 by another path. The independence of W,, on 
the particular path implies that the work done around such a closed circuit is 
zero, that is: 


br eds = 0. (1-15) 


Physically it is clear that a system cannot be conservative if friction or other 
dissipation forces are present, because F - ds due to friction is always positive and 
the integral cannot vanish. 

By a well-known theorem of vector analysis* a necessary and sufficient 
condition that the W, , be independent of the physical path taken by the particle is 
that F be the gradient of some scalar function of position: 

F = —VV(r), = (1-16) 
where V is called the potential, or potential energy. The existence of V can be 
inferred intuitively by a simple argument. If W,, is independent of the path of 
integration between the end points 1 and 2, it should be possible to express W, , as 
the change in a quantity that depends only upon the positions of the end points. 
This quantity may be designated by — V, so that for a differential path length we 
have the relation 


F-ds= —dV 
or 
OV 
fe 
i Os’ 


which is equivalent to Eq. (1-16). Note that in Eq. (1-16) we can add to V any 
` quantity constant in space, without affecting the results. Hence, the zero level of V 
is arbitrary. 

For a conservative system the work done by the forces is 


W, = V, — V. TE 4 din, 

oa 7 Pa 
Combining Eq. (1-17) with Eq. (1-14) we have the result t he i? K 
TENS GEN: L aag) 


which states in symbols the 


Energy Conservation Theorem for a Particle: If the forces acting on a particle are 
conservative, then the total energy of the particle, T + V, is conserved. 


* See, for example, W. Kaplan, Advanced Calculus, 2d ed. (Reading, Massachusetts: 
Addison-Wesley, 1973), p. 311, p. 347. 
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The force applied to a particle may in some circumstances be given by the 
gradient of a scalar function that depends explicitly on both the position of the 
particle and the time. However, the work done on the particle when it travels a 
distance ds, 


OV 
a anes 
F-ds 75 tS 


is then no longer the total change in — V during the displacement, since V also 
changes explicitly with time as the particle moves. Hence the work done as the 
particle goes from point 1 to point 2 is no longer the difference in the function V 
between those points. While a total energy T+ V may still be defined, it is not 
conserved during the course of the particle’s motion. 
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In generalizing the ideas of the previous section to systems of many particles, we 
must distinguish between the external forces acting on the particles due to sources 
outside the system, and internal forces on, say, some particle i due to all other 
particles in the system. Thus the equation of motion (Newton’s Second Law) for 


the ith particle is to be written rs ma 
ÈE; i F? = = þ; 5 (1-19) 


where F{® stands for an iani force, and F, is the internal force on the ith 
particle due to the jth particle (F;,, naturally, is zero). We shall assume that the F;; 
(like the F®) obey Newton’s third law of motion in its original form: that the 
forces two particles exert on each other are equal and opposite. This assumption 
(which does not hold for all types of forces) is sometimes referred to as the weak 
law of action and reaction. 

Summed over all particles Eq. (1—19) takes the form 


Te 
The first sum on the right is simply the total external force F©, while the second 
term vanishes, since the law of action and reaction states that each pair F;, + Fj, is 


zero. To reduce the left-hand side, we define a vector R as the average of the radii 
vectors of the particles, weighted in proportion to their mass: 


n=} FO +} Fe (1-20) 


Pr 
ifj 


Emr; Smi; 

aa ae 

The vector R defines a point known as the center of mass, or more loosely as the 

center of gravity, of the system (cf. Fig. 1-1). With this definition (1-20) reduces to 
MER 

Mie 


(1-21) 


=) F}? = Fe, (1-22) 


i 
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FIGURE 1-1 
The center of mass of a system of particles. 


which states that the center of mass moves as if the total external force were acting 
on the entire mass of the system concentrated at the center of mass. Purely 
internal forces, if they obey Newton’s third law, therefore have no effect on the 
motion of the center of mass. An oft-quoted example is the motion of an 
exploding shell—the center of mass of the fragments traveling as if the shell were 
still in a single piece (neglecting air resistance). The same principle is involved in 
jet and rocket propulsion. In order that the motion of the center of mass be 
unaffected, the ejection of the exhaust gases at high velocity must be 
counterbalanced by the forward motion of the vehicle. 
By Eq. (1-21) the total linear momentum of the system, 


dr, 
P= =m, : =M (1-23) 


is the total mass of the system times the velocity of the center of mass. 
Consequently, the equation of motion for the center of mass, (1—23), can be 
_ restated as the 


Conservation Theorem for the Linear Momentum of a System of Particles: If the 
total external force is zero, the total linear momentum is conserved. 


We obtain the total angular momentum of the system by forming the cross 
product r; x p; and summing over i. If this operation is performed in Eq. (1-19) 
there results, with the aid of the identity, Eq. (1-10), 


d ` . 
Dr; x)= Lgi xp)=L=} r; x FP +) r; x Fy. (1-24) 
i i i a 

ifj 


The last term on the right in (1—24) can be considered a sum of the pairs of the 
form 


r; x Fa +r; x F; [= (r; — r) x Fy, (1-25) 
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using the equality of action and reaction. But r; — r; is identical with the vector r,; 
from j to i (cf. Fig. 1-2), so that the right-hand side of Eq. (1-25) can be written as 
T; X Fii 
If the internal forces between two particles in addition to being equal and 
opposite also lie along the line joining the particles—a condition known as the 
strong law of action and reaction—then all of these cross products vanish. The 
sum over pairs is zero under this assumption and Eq. (1-24) may be written in the 

form 

dL 

— = N”, 1-26 

i (1-26) 
The time derivative of the total angular momentum is thus equal to the moment 
of the external force about the given point. Corresponding to Eq. (1-26) is the 


Conservation Theorem for Total Angular Momentum: L is constant in time if the 
applied (external) torque is zero. 


(It is perhaps worthwhile to emphasize that this is a vector theorem, that is, L, 
will be conserved if N is zero, even if N® and N® are not zero.) 


FIGURE I-2 
The vector r,; between the ith and jth particles. 


Note that the conservation of linear momentum in the absence of applied 
forces assumes that the weak law of action and reaction is valid for the internal 
forces. The conservation of the total angular momentum of the system in the 
absence of applied torques requires the validity of the strong law of action and 
reaction—that the internal forces in addition be central. Many of the familiar 
physical forces, such as that of gravity, satisfy the strong form of the law. But it is 
possible to find forces for which action and reaction are equal even though the 
forces are not central (see below). In a system involving moving charges, the forces 
between the charges predicted by the Biot—Savart law indeed may violate both 
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forms of the action and reaction law.* Equations (1-23) and (1~26), and their 
corresponding conservation theorems, are not applicable in such cases, at least in 
the form here given. Usually it is then possible to find some generalization of P or 
L that is conserved. Thus, in an isolated system of moving charges it is the sum of 
the mechanical angular momentum and the electromagnetic “angular 
momentum” of the field that is conserved. 

Equation (1-23) states that the total linear momentum of the system is the 
same as if the entire mass were concentrated at the center of mass and moving 
with it. The analogous theorem for angular momentum is more complicated. 
With the origin O as reference point the total angular momentum of the system is 


L=)r; xp. 


Let R be the radius vector from O to the center of mass, and let r; be the radius 
vector from the center of mass to the ith particle. Then we have (cf. Fig. 1-3) 


r=r;+R (1-27) 
and 
=W +v, 
where 
dR 
v=— 
dt 
is the velocity of the center of mass relative to O, and 
, ar 
v= — 
dt 


is the velocity of the ith particle relative to the center of mass of the system. Using 
Eq. (1-27), the total angular momentum takes on the form 


L=)R x my +} r; x my + [Sm 
i i i 


d 
xvt+Rx—) mar. 
ne oe 


The last two terms in this expression vanish, for both contain the factor = mrj, 
which, it will be recognized, defines the radius vector of the center of mass in the 
very coordinate system whose origin is the center of mass and is therefore a null 
vector. Rewriting the remaining terms, the total angular momentum about O is 


L=R x My +r; xpi. (1-28) 


*If two charges are moving uniformly with parallel velocity vectors that are not 
perpendicular to the line joining the charges, then the mutual forces are equal and opposite 
but do not lie along the vector between the charges. Consider, further, two charges moving 
(instantaneously) so as to “cross the T,” i.e., one charge moving directly at the other, which 
in turn is moving at right angles to the first. Then the second charge exerts a nonvanishing 
force on the first, without experiencing any reaction force at all. 
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FIGURE 1-3 
The vectors involved in the shift of reference 
point for the angular momentum. 


In words, Eq. (1-28) says that the total angular momentum about a point O is the 
angular momentum of the system concentrated at the center of mass, plus the 
angular momentum of motion about the center of mass. The form of Eq. (1-28) 
emphasizes that in general L depends on the origin O, through the vector R. Only 
if the center of mass is at rest with respect to O will the angular momentum be 
independent of the point of reference. In this case the first term in (1-28) vanishes, 
and L always reduces to the angular momentum taken about the center of mass. 

Finally, let us consider the energy equation. As in the case of a single particle, 
we calculate the work done by all forces in moving the system from an initial 
configuration 1, to a final configuration 2: 


2 2 te 
W2 = x | F,- ds, = 3 FO-ds.+ $ | Fyrds; (1-29) 
i J1 ivi ja A 1 
Again, the equations of motion can be used to reduce the integrals to 
2 2 2 
z F; ds; = >| mw; Vv, dt = | dmv? ). 
i vi ivi ivi 


Hence the work done can still be written as the difference of the final and initial 
kinetic energies: 


W2 = T — Tis 
where T, the total kinetic energy of the system, is 


T= >) mv?. (1-30) 


Making use of the transformations to center-of-mass coordinates, given in Eq. 
(1-27), we may write T also as 


T -45 ml + vi) (v + vj) 


= 1 2 1 12 š d ' 
=o taae +y E [Zma], 
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and by the reasoning already employed in calculating the angular momentum, 
the last term vanishes, leaving 


T= 5M +5 Dm? (1-31) 


The kinetic energy, like the angular momentum, thus also consists of two parts: 
the kinetic energy obtained if all the mass were concentrated at the center of mass, 
plus the kinetic energy of motion about the center of mass. 

Consider now the right-hand side of Eq. (1—29). In the special case that the 
external forces are derivable in terms of the gradient of a potential, the first term 
can be written as 


2 2 

Z | Feds = -5 È Vids = -ZV 

i 1 i 1 i 1 
where the subscript i on the del operator indicates that the derivatives are with 
respect to the components of r;. If the internal forces are also conservative, then 
the mutual forces between the ith and jth particles, F,; and F ;;, can be obtained 
from a potential function V,,. To satisfy the strong law of action and reaction, V,; 
can be a function only of the distance between the particles: 


V; = Ville; — rj). (1-32) 
The two forces are then automatically equal and opposite, 
F; = -V Vj = + VV, = —F;, (1-33) 
and lie along the line joining the two particles, 
VV Alt; i rl) =(r;— rf, (1-34) 


where fis some scalar function. If V,; were also a function of the difference of some 
other pair of vectors associated with the particles, such as their velocities or (to 
step into the domain of modern physics) their intrinsic “spin” angular momenta, 
then the forces would still be equal and opposite, but would not necessarily lie 
along the direction between the particles. 

When the forces are all conservative the second term in Eq. (1-29) can be 
rewritten as a sum over pairs of particles, the terms for each pair being of the form 


i'ij 


2 f (V; V; ds; + V;Vy' ds). 


If the difference vector r; — r; be denoted by r 
with respect to r,,, then 


and if V, stands for the gradient 


ij? 


ij? 


and 
ds; — ds; = dr, — dr; = dr 


ij? 
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The total work arising from internal forces then reduces to 


1 2 ; 1 2 
T3 2, VgV drij = T7 ny V; $ (1-35) 
ij iz; 

The factor 4 appears in Eq. (1-35) because in summing over both i and j each 
member of a given pair is included twice, first in the i summation and then in the j 

summation. 

From these considerations it is clear that ifthe external and internal forces are 
both derivable from potentials it is possible to define a total potential energy,V, of 
the system, 


v=5u+55 ve (1-36) 


such that the total energy T + V is conserved, the analog of the conservation 
theorem (1-17) for a single particle. 

The second term on the right in Eq. (1—36) will be called the internal potential 
energy of the system. In general, it need not be zero and, more important, it may 
vary as the system changes with time. Only for the particular class of systems 
known as rigid bodies will the internal potential always be constant. Formally, a 
rigid body can be defined as a system of particles in which the distances r;, are 
fixed and cannot vary with time. In such case the vectors dr; can only be 
perpendicular to the corresponding r,,, and therefore to the F;;. Therefore, in a 
rigid body the internal forces do no work, and the internal potential must remain 
constant. Since the total potential is in any case uncertain to within an additive 
constant, an unvarying internal potential can be completely disregarded in 
discussing the motion of the system. 
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From the previous sections one might obtain the impression that all problems in 
mechanics have been reduced to solving the set of differential equations (1-19): 


mx, = FP +) F; 
i 


One merely substitutes the various forces acting upon the particles of the system, 
turns the mathematical crank, and grinds out the answers! Even from a purely 
physical standpoint, however, this view is an oversimplification. For example, it 
may be necessary to take into account the constraints that limit the motion of the 
system. We have already met one type of system involving constraints, namely 
rigid bodies, where the constraints on the motions of the particles keep the 
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distances r,; unchanged. Other examples of constrained systems can easily be 
furnished. The beads of an abacus are constrained to one-dimensional motion by 
the supporting wires. Gas molecules within a container are constrained by the 
walls of the vessel to move only inside the container. A particle placed on the 
surface of a solid sphere is subject to the constraint that it can move only on the 
surface or in the region exterior to the sphere. 

Constraints may be classified in various ways and we shall use the following 
system. If the conditions of constraint can be expressed as equations connecting 
the coordinates of the particles (and possibly the time) having the form 


fista, r3,...3t) = 0, (1-37) 
then the constraints are said to be holonomic. Perhaps the simplest example of 


holonomic constraints is the rigid body, where the constraints are expressed by 
equations of the form 


(r, =r)? — cf, = 0. 


A particle constrained to move along any curve or on a given surface is another 
obvious example ofa holonomic constraint, with the equations defining the curve 
or surface acting as the equations of constraint. 

Constraints not expressible in this fashion are called nonholonomic. The 
walls of a gas container constitute a nonholonomic constraint. The constraint 
involved in the example of a particle placed on the surface of a sphere is also 
nonholonomic, for it can be expressed as an inequality 


17 —a?=0 


(where a is the radius of the sphere), which is not in the form of (1-37). Thus, in a 
gravitational field a particle placed on the top of the sphere will slide down the 
surface part of the way but will eventually fall off. 

Constraints are further classified according as the equations of constraint 
contain the time as an explicit variable (rheonomous) or are not explicitly 
dependent on time (scleronomous). A bead sliding on a rigid curved wire fixed in 
space is obviously subject to a scleronomous constraint; if the wire is moving in 
some prescribed fashion the constraint is rheonomous. Note that if the wire 
moves, say, as a reaction to the bead’s motion, then the time dependence of the 
constraint enters in the equation of constraint only through the coordinates of the 
curved wire (which are now part of the system coordinates). The overall 
constraint is then scleronomous.* 


* The terminology of constraints can be quite elaborate (cf. Kilmister and Reeve, Rational 
Mechanics (New York: American Elsevier, 1966). Of some use is the distinction between 
bilateral constraints, where the equations of constraint are equalities, and unilateral 
constraints, which involve inequalities. This choice of nomenclature derives from the 
example of motion constrained relative to.a surface. In the bilateral constraint of motion 
on a surface, the force of constraint may be in either direction normal to the surface. A 
particle moving on or outside the surface of a sphere is subject to a unilateral constraint 
where any force of constraint acts in only one direction, along the outward normal. 
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Constraints introduce two types of difficulties in the solution of mechanical 
problems. First, the coordinates r; are no longer all independent, since they are 
connected by the equations of constraint; hence the equations of motion (1-19) 
are not all independent. Second, the forces of constraint, e.g., the force that the 
wire exerts on the bead (or the wail on the gas particle) is not furnished a priori. 
They are among the unknowns of the problem and must be obtained from the 
solution we seek. Indeed, imposing constraints on the system is simply another 
method of stating that there are forces present in the problem that cannot be 
specified directly but are known rather in terms of their effect on the motion of the 
system. 

In the case of holonomic constraints, the first difficulty is solved by the 
introduction of generalized coordinates. So far we have been thinking implicitly in 
terms of Cartesian coordinates. A system of N particles, free from constraints, has 
3N independent coordinates or degrees of freedom. If there exist holonomic 
constraints, expressed in k equations in the form (1-37), then we may use these 
equations to eliminate k of the 3N coordinates, and we are left with 3N — k 
independent coordinates, and the system is said to have 3N — k degrees of 
freedom. This elimination of the dependent coordinates can be expressed in 
another way, by the introduction of new, 3N — k, independent variables 
41-42» -- -qay -p in terms of which the old coordinates r; , r3,» » », Yy are expressed 
by equations of the form 


r = r4 (q1: 423-- -43N -i É) 


(1-38) 


ry = Ty 24a0---293N—ke t) 


containing the constraints in them implicitly. These are transformation equations 
from the set of (r,) variables to the (q,) set, or alternatively Eqs. (1-38) can be 
considered as parametric representations of the (r,) variables. It is always 
assumed that one can also transform back from the (q,) set to the (r,) set, i.e., that 
Eqs. (1-38) combined with the k equations of constraint can be inverted to obtain 
any q; as a function of the (r,) variable and time. 

Usually the generalized coordinates, q,, unlike the Cartesian coordinates, will 
not divide into convenient groups of three that can be associated together to form 
vectors. Thus, in the case of a particle constrained to move on the surface of a 
sphere, the two angles expressing position on the sphere, say latitude and 
longitude, are obvious possible generalized coordinates. Or, in the example ofa 
double pendulum moving in a plane (two particles connected by an inextensible 
light rod and suspended by a similar rod fastened to one of the particles), 
satisfactory generalized coordinates are the two angles 0,, 0,. (Cf. Fig. 1-4.) 
Generalized coordinates, in the sense of coordinates other than Cartesian, are 
often useful in systems without constraints. Thus, in the problem of a particle 
moving in an external central force field (V = V(r)) there is no constraint 
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FIGURE 1-4 


I 
| 
l 
l 
! Double pendulum. 


involved, but it is clearly more convenient to use spherical polar coordinates than 
Cartesian coordinates. One must not, however, think of generalized coordinates 
in terms of conventional orthogonal position coordinates. All sorts of quantities 
may be impressed to serve as generalized coordinates. Thus the amplitudes in a 
Fourier expansion ofr, may be used as generalized coordinates, or we may find it 
convenient to employ quantities with the dimensions of energy or angular 
momentum. 

If the constraint is nonholonomic the equations expressing the constraint 
cannot be used to eliminate the dependent coordinates. An oft-quoted example of 
a nonholonomic constraint is that of an object rolling on a rough surface without 
slipping. The coordinates used to describe the system will generally involve 
angular coordinates to specify the orientation of the body, plus a set of 
coordinates describing the location of the point of contact on the surface. The 
constraint of “rolling” connects these two sets of coordinates; they are not 
independent. A change in the position of the point of contact inevitably means a 
change in its orientation. Yet we cannot reduce the number of coordinates, for the 
“rolling” condition is not expressible as an equation between the coordinates, in 
the manner of (1-37). Rather, it is a condition on the velocities (i.e., the point of 


contact is stationary), a differential condition that can be given in an integrated’ 


form only after the problem is solved. 

A simple case will illustrate the point. Consider a disk rolling on the 
horizontal xy plane constrained to move so that the plane of the disk is always 
vertical. The coordinates used to describe the motion might be the x,y 
coordinates of the center of the disk, an angle of rotation ¢ about the axis of the 
disk, and an angle 0 between the axis of the disk and, say, the x axis (cf. Fig. 1-5). 
As a result of the constraint the velocity of the center of the disk, v, has a 
magnitude proportional to $, _ i 


v= ag, 
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FIGURE 1-5 
Vertical disk rolling on a horizontal 
plane. 


(0) 


where ais the radius of the disk, and its direction is perpendicular to the axis of the 
disk: 
x = vsin 0, 


jy = —vcos 0. 
Combining these conditions, we have two differential equations of constraint: 


dx — asinOdd = 0, 
dy + acos dọ = 0. 


Neither of Eqs. (1-39) can be integrated without in fact solving the problem; that 
is, one cannot find an integrating factor f(x, y, 0, ġ) that will turn either of the 
equations into perfect differentials (cf. Exercise 7).* Hence the constraints cannot 
be reduced to the form of Eq. (1-37) and are therefore nonholonomic. Physically 
we can see that there can be no direct functional relation between ¢ and the other 
coordinates x, y, and 0 by noting that at any point on its path the disk can be 
made to roll around in a circle tangent to the path and of arbitrary radius. At the 
end ofthe process, x, y, and 0 have been returned to their original values, but ġ has 
changed by an amount depending on the radius of the circle. 

Nonintegrable differential constraints of the form of Eqs. (1-39) are of course 
not the only type of nonholonomic constraints. The constraint conditions may 
involve higher order derivatives, or may appear in the form of inequalities, as we 
have seen. 

Partly because the dependent coordinates can be eliminated, problems 
involving holonomic constraints are always amenable to a formal solution. But 
there is no general way of attacking nonholonomic examples. True, if the 
constraint is nonintegrable, the differential equations of constraint can be 
introduced into the problem along with the differential equations of motion, and 


(1-39) 


*In principle, an integrating factor can always be found for a first-order differential 
equation of constraint in systems involving only two coordinates (cf. Kaplan, Advanced 
Calculus, 2d ed., p. 531) and such constraints are therefore holonomic. A familiar example 
is the two-dimensional motion of a circle rolling on an inclined plane. 
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the dependent equations eliminated, in effect, by the method of Lagrange 
multipliers. We shall return to this method at a later point. However, the more 
vicious cases of nonholonomic constraint must be tackled individually, and 
consequently in the development of the more formal aspects of classical 
mechanics it is almost invariably assumed that any constraint, if present, is 
holonomic. This restriction does not greatly limit the applicability of the theory, 
despite the fact that many of the constraints encountered in everyday life are 
nonholonomic. The reason is that the entire concept of constraints imposed in the 
system through the medium of wires or surfaces or walls is particularly 
appropriate only in macroscopic or large-scale problems. But the physicist today 
is primarily interested in atomic problems. On this scale all objects, both in and 
out of the system, consist alike of molecules, atoms or smaller particles, exerting 
definite forces, and thé notion of constraint becomes artificial and rarely appears. 
Constraints are then used only as mathematical idealizations to the actual 
physical case or as classical approximations to a quantum-mechanical property, 
e.g., rigid body rotations for “spin.” Such constraints are always holonomic and 
fit smoothly into the framework of the theory. 

To surmount the second difficulty, namely, that the forces of constraint are 
unknown a priori, we should like to so formulate the mechanics that the forces of 
constraint disappear. We need then deal only with the known applied forces. A 
hint as to the procedure to be followed is provided by the fact that in a particular 
system with constraints, i.e., a rigid body, the work done by internal forces (which 
are here the forces of constraint) vanishes. We shall follow up this clue in the 
ensuing sections and generalize the ideas contained in it. 


1-4 D’ALEMBERT’S PRINCIPLE AND LAGRANGE’S EQUATIONS 


A virtual (infinitesimal) displacement of a system refers to a change in the 
configuration of the system as the result of any arbitrary infinitesimal change of 
the coordinates dr,, consistent with the forces and constraints imposed on the 
system at the given instant t. The displacement is called virtual to distinguish it 
from an actual displacement of the system occurring in a time interval dt, during 
which the forces and constraints may be changing. Suppose the system is in 
equilibrium, i.e., the total force on each particle vanishes, F; = 0. Then clearly the 
dot product F;- ôr;, which is the virtual work of the force F; in the displacement 
ôr;, also vanishes. The sum of these vanishing products over all particles must 
likewise be zero: 


X F; or; = 0. ' (1—40) 


As yet nothing has been said that has any new physical content. Decompose F; into 


the applied force, F®, and the force of constraint, f; 


i? 


F; = Fi? + fi, (1-41) 
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so that Eq. (1-40) becomes 
> FO: dr, +} f; or; = 0. (1-42) 


We now restrict ourselves to systems for which the net virtual work of the forces of 
constraint is zero. We have seen that this condition holds true for rigid bodies and 
it is valid for a large number of other constraints. Thus, if a particle is constrained 
to move on a surface, the force of constraint is perpendicular to the surface, while 
the virtual displacement must be tangent to it, and hence the virtual work 
vanishes. This is no longer true if sliding friction forces are present, and we must 
exclude such systems from our formulation. The restriction is not unduly 
hampering, since the friction is essentially a macroscopic phenomenon. On the 
other hand, the forces of rolling friction do not violate this condition, since the 
forces act on a point that is momentarily at rest and can do no work in an 
infinitesimal displacement consistent with the rolling constraint. Note that if a 
particle is constrained to a surface that is itself moving in time, the force of 
constraint is instantaneously perpendicular to the surface and the work during a 
virtual displacement is still zero even though the work during an actual 
displacement in the time dt does not necessarily vanish. 

We therefore have as the condition for equilibrium ofa system that the virtual 
work of the applied forces vanishes: i 


X EFP- ôr; = 0. (1-43) 


L 


Equation (1—43) is often called the principle of virtual work. Notice that the 
coefficients of ôr, can no longer be set equal to zero, i.e., in general F® # 0, since the 
ôr; are not completely independent but are connected by the constraints. In order 
to equate the coefficients to zero, one must transform the principle into a form 
involving the virtual displacements of the q;, which are independent. Equation 
(1-43) satisfies our needs in that it does not contain the f,, but it deals only with 
statics; we want a condition involving the general motion of the system. 

To obtain such a principle we use a device first thought of by James Bernoulli 
and developed by D’Alembert. The equation of motion, 


F; = Pi 
can be written as 
F; ja b; = 0, 


which states that the particles in the system will be in equilibrium under a force 
equal to the actual force plus a “reversed effective force” — p;. Instead of (1-40) we 
can immediately write 


> (F; — b,)- ôr; = 0, (1-44) 
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and, making the same resolution into applied forces and forces of constraint there 
results 


LEnS J- or; ra or, = 0. 


We again restrict ourselves to systems for which the virtual work of the forces of 
constraint vanishes and therefore obtain 


(Fi — p) dr; = 0, (1-45) 


which is often called D’ Alembert’s principle. We have achieved our aim, in that the 
forces of constraint no longer appear, and the superscript © can now be dropped 
without ambiguity. It is still not in a useful form to furnish equations of motion for 
the system. We must now transform the principle into an expression involving 
virtual displacements of the generalized coordinates, which are then independent 
of each other (for holonomic constraints), so that the coefficients of the òq; can be 
set separately equal to zero. 

The translation from r; to q; language starts from the transformation 
equations (1-38), 


Ty = TQ15425-+-34nsf) 


(assuming n independent coordinates), and is carried out by means of the usual 
“chain rules” of the calculus of partial differentiation.* Thus v; is expressed in 
terms of the 4, by the formula 


Li +. (1-46) 


Similarly, the arbitrary virtual displacement dr, can be connected with the virtual 
displacements dq; by 


g OY; . $ 

mLa i (1-47) 
Notice that no variation of time, òt, is involved here, since a virtual displacement 
by definition considers only displacements of the coordinates. (Only then is the 
virtual displacement perpendicular to the force of constraint if the constraint 


itself is changing in time.) 
In terms of the generalized coordinates the virtual work of the F, becomes 


or; 
Dron = Fi ag, 


= 21 9;6q;, (1-48) 
J 


* See, for example, Kaplan, Advanced Calculus, 2d ed., p. 135. 
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where the Q, are called the components of the generalized force, defined as 


0,= dF, (1-49) 
=2Fr ee 
Note that just as the q’s need not have the dimensions of length, so the Q’s do not 
necessarily have the dimensions of force, but Q;ôq; must always have the 
dimensions of work. 
We turn now to the other term involved in Eq. (1-45), which may be written 


>. by or; = Y më; òr. 
i i 


Expressing ôr; by (1-47), this becomes 


or 
yi më — ôq 
ij oq; 


as 


Consider now the relation 


a OT; df. Or; „d | or; 
dm RR z my; eal (1-50) 


In the last term of Eq. (1-50) we can interchange the differentiation with respect 
to t and q,, for, in analogy to (1—46), 


d (ôr) o Or fete _ oF; 
dt \ðq;] Z ôd; ôd, aq, * ðq;jðt êq; 
Ov; 
ôq; 
by Eq. (1—46). Further, we also see from Eq. (1—46) that 
i Oa (1-51) 
0g; ôq; 


Substitution of these changes in (1-50) leads to the result that 


ôr; av, ôv, 
Dimi" 3a, b= dE (mo sa my; sah. 


and the second term on the left-hand side of Eq. (1-45) can be expanded into 


{tle oh) 2 [pine 


Identifying )'4m;,v? with the system kinetic energy T, D’Alembert’s principle 


d (=) a | 
- Q, ôq, =0. (1-52) 
lta 0q;} ĉa; aie 


becomes 
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Note that in a system of Cartesian coordinates the partial derivative of T with 
respect to q; vanishes. Thus, speaking in the language of differential geometry, 
this term arises from the curvature of the coordinates q,. In polar coordinates, for 
example, it is in the partial derivative of T with respect to an angle coordinate that 
the centripetal acceleration term appears. 

Up to this point no restriction has been made on the/nature of the constraints 
other than that they be workless in a virtual displacement. The variables q, can be 
any set of coordinates used to describe the motion of the system. If, however, the 
constraints are holonomic, then it is possible to find sets of independent 
coordinates q; that contain the constraint conditions implicitly in the 
transformation equations (1-38). Any virtual displacement ôq; is then 
independent of ôq, and therefore the only way for (1-52) to hold is for the 
separate coefficients to vanish: 


a(aT\ aT _ 
dt E 
There are n such equations in all. 

The Eqs. (1-53) are often referred to as Lagrange’s equations, but this 


designation is frequently reserved for the form of Eqs. (1-53) when the forces are 
derivable from a scalar potential function V: 


F; = —ViV. 


a4, Qj. (1-53) 


In this case the generalized forces can be written as 
r; ôr; 
=F Bae = -Y VV, 
Q; 2 ' ôq j 2 ôq j 


which is exactly the same expression for the partial derivative of a function 
— Wri, r3,..-,ry,t) with respect to q;: 


OV 
_=-—., 1-54 
Q; aq, ( ) 
Equations (1-53) can then be rewritten as 
d {oT OT-V) . 
_ =0. - 
za) a 59 


The equations of motion in the form (1-55) are not necessarily restricted to 
conservative systems; only if V is not an explicit function of time is the system 
conservative (cf. p. 5). As here defined the potential V, however, does not depend 
on the generalized velocities. Hence one can include a term in V in the partial 
derivative with respect to q;: 


Ja a(T — V) 
dt\ a4; oq; 


Or, defining a new function, the Lagrangian L, as 


0. 


L=T-V, (1-56) 
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the Eqs. (1-53) become 

az ele | (1-57) 
dt \0q; ôq; 

Unless otherwise specified we shall mean Eqs. (1-57) whenever the term 

“Lagrange’s equations” is used. 

It should be noted that for a particular set of equations of motion there is no 
unique choice of Lagrangian such that Eqs. (1-53) lead to the equations of 
motion in the given generalized coordinates. Thus, in Exercise 14 it is shown that 
if L(q, q, t) is an appropriate Lagrangian and F(q, t) is any differentiable function 
of the generalized coordinates and time, then 


í ; dF 
Lq, q, t) _ L(q, q, t) + dt 


is a Lagrangian also resulting in the same equations of motion. It is also often 
possible to find alternate Lagrangians beside those constructed by this 
prescription (see Exercise 18). While Eq. (1-56) is always a suitable way to 
construct a Lagrangian for a conservative system, it does not provide the only 
Lagrangian suitable for the given system. 


1-5 VELOCITY-DEPENDENT POTENTIALS AND THE 
DISSIPATION FUNCTION 


Lagrange’s equations can be put in the form (1-57) even if there is no potential 
function, V, in the usual sense, providing the generalized forces are obtained from 
a function U(q;,q;) by the prescription 
ðU doU 
+ m E 
ôq; dt\ðå; 
In such case Eqs. (1-57) still follow from Eqs. (1—53) with the Lagrangian given 
by 


0;= (1-58) 


L=T-— U. (1-59) 


U may be called a “generalized potential,” or “velocity-dependent potential.”* 
The possibility of using such a “potential” is not academic; it applies to one very 


* The history of the designation given to such a potential is curious. Apparently spurred by 
Weber’s early (and erroneous) classical electrodynamics, which postulated velocity- 
dependent forces, the German mathematician E. Schering seems to have been the first to 
attempt seriously to include such forces in the framework of mechanics, cf. G6tt. Abh. 18, 3 
(1873). The first edition of Whittaker’s Analytical Dynamics (1904) thus refers to the 
potential as “Schering’s potential function,” but the name apparently did not stick, for the 
title was dropped in later editions. More recently Morgenstern and Szabó (Vorlesungen 
über Theoretische Mechanik, 1961) have used the name “Schering potential” for the 
specific velocity-dependent potential that gives the Coriolis force in a rotating coordinate 
system. We shall preferably use the name “generalized potential,” including within this 
designation also the ordinary potential energy, a function of position only. 
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important type of force field, namely, the electro.. agnetic forces on moving 
charges. Considering its importance, a diversion on this subject is well 
worthwhile. 

In Gaussian units the Maxwell equations are 


Vee V-D = 4np, 
c Ot 
4 
Vet 2 a8 V-B=0. (1-60) 
ct Cc 


The force on a charge q is not given entirely by the electric force 
F = qE = —q Yọ, 


so that the system is not conservative in this sense. Instead, the complete force is 
1 

F= afe +—(v x B}. (1-61) 
c 


E is not the gradient of a scalar function since V x E # 0, but from V-B = 0 it 
follows that B can be represented as the curl of a vector, 


B =V x A, (1-62) 


where A is called the magnetic vector potential. Then the curl E equation becomes 


13 
VET- zV ae a 


e+) ai 
c ôt 


Hence we can set 


1 ðA 
Ser T 
c ôt $ 
or 
13A 
E = —V¢ —--—. -63 
$ c ôt 1263) 


In terms of the potentials @ and A, the so-called Lorentz force (1-61) becomes 


1ôðA 1 
F= == 
af Vo er + z0 x (Vx a}: (1-64) 


The terms of Eq. (1-64) can be rewritten in a more convenient form. As an 
example consider the x component 


ô 
(Vb), = SE 
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and 


xA =i, E 2a) os ae -i 24 


ôx dy “@z ôx 
ad; ðA, OA, ðA, ðA, ðA, 
Biya oy. Cae ag a ea 


where we have added and subtracted the term 
ðA 
v=. 
ox 
Now, the total time derivative of A, is 


dA, aA, aA, OA aA, 


x 


= + 
ie ee op ae 


where the first term arises from the explicit variation of A, with time, and the 
second term results from the motion of the particle with time, which changes the 
spatial point at which A, is evaluated. The x component of v x V x A can 
therefore be written as 

dA, A bAs 

dt ôt 


ð 
(v x (V x A))} = z0 A) — 
With these substitutions, (1—64) becomes 


ð 1 idj ð 
r= a-lo 20-4] - 5 lg (1-64') 


Since the scalar potential is independent of velocity, this expression is equivalent 
to 


F ðU i d ðU 
== @x dt dv,’ 
where 
U = qọ -fA (1-65) 


U is a generalized potential in the sense of Eq. (1-58), and the Lagrangian for a 
charged particle in an electromagnetic field can be written 


L=T—q¢ +A. (1-66) 


It should be noted that if not all the forces acting on the system are derivable 
from a potential, then Lagrange’s equations can always be written in the form 


dfoL\_ ab _ 
dt\aq,} aq, P 
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where L contains the potential of the conservative forces as before, and Q; 
represents the forces not arising from a potential. Such a situation often occurs 
when there are frictional forces present. It frequently happens that the frictional 
force is proportional to the velocity of the particle, so that its x component has the 
form 


Fy = —k,v,. 


Frictional forces of this type may be derived in terms of a function F, known as 
Rayleigh’s dissipation function, and defined as 


F=} (kvi ix T kog + k,vz), (1-67) 


where the summation is over the particles of the system. From this definition it is 
clear that 


OF 
Fe or ov,” 
or, symbolically, 
F,= —V,F. (1-68) 


One can also give a physical interpretation to the dissipation function. The work 
done by the system against friction is 


dW, = —F,-dr = ~F, vdt = (koz + kv, + kv?) dt. 


Hence 2F is the rate of energy dissipation due to friction. The component of the 
generalized force resulting from the force of friction is then given by 


or; 
= LE a= = 


Or: 
= LVF aes by (1.51), 
j 


ô 
0g; 
The Lagrange equations now become 
= 
d (z _ ôL a de a (1-70) 
dt\0q;} ôq; 94; 


so that two scalar functions, L and F, must be specified to obtain the equations of 
motion. 


ai et 


| 
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1-6 SIMPLE APPLICATIONS OF THE LAGRANGIAN FORMULATION 


The previous sections show that for systems where one can define a Lagrangian, 

i.e, holonomic systems with applied forces derivable from an ordinary or 
generalized potential and workless constraints, we have a very convenient way of 
setting up the equations of motion. We were led to the Lagrangian formulation by 
the desire to eliminate the forces of constraint from the equations of motion, and 
in achieving this goal we have obtained many other benefits. In setting up the 
original form of the equations of motion, Eqs. (1—19), it is necessary to work with 
many vector forces and accelerations. With the Lagrangian method one has only 
to deal with two scalar functions, T and V, which greatly simplifies the problem. A 
straightforward routine procedure can now be established for all problems of 
mechanics to which the Lagrangian formulation is applicable. One has only to 
write T and V in generalized coordinates, form L from them, and substitute in 
(1-57) to obtain the equations of motion. The needed transformation of T and V 
from Cartesian coordinates to generalized coordinates is obtained by applying 
the transformation equations (1-38) and (1-46). Thus T is given in general by 


T= ggm? = Jå nzia 


It is clear that on carrying out the expansion, the expression for T in generalized 
coordinates will have the form 


eee 
T= My +} Må +3} Mu dit, (1-71) 
i j,k 


where Mo, M,, M ,, are definite functions of the r’s and t and hence of the q’s and t. 
In fact, a comparison shows that 


Or; Or; 
M, =F mt AE f 
j dm at aq,” G2) 
and 
Or; Or; 
My = smg TA 


Thus the kinetic energy of a system can always be written as the sum of three 
homogeneous functions of the generalized velocities, 
T=T,+T,+T, (1-73) 


where To is independent of the generalized velocities, T, is linear in the velocities, 
and T" is quadratic in the velocities. If the transformation equations do not 
contain the time explicitly, as may occur when the constraints are independent of 
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time (scleronomous), then only the last term in Eq. (1-71) is nonvanishing and T 
is always a homogeneous quadratic form in the generalized velocities. 
Let us now consider simple examples of this procedure: 


1. Single particle in space 
a. Cartesian coordinates 
b. Plane polar coordinates 


bo 


. Atwood’s machine 
3. Time-dependent constraint—bead sliding on rotating wire 


1. (a) Motion of one particle: using Cartesian coordinates. The generalized 
forces needed in Eq. (1-53) are obviously F,, F, and F.. Then 
T =4$m(x? + jf? + 27), 
T ôT ôT 
ð S 


ox dy az” 
ae mx. ca = my, Zi = mz 
Oe Ope E See 
and the equations of motion are 
d d. 
£ (mš) = F; g”) =F, ae =F. (1-74) 


We are thus led back to the original Newton’s equations of motion. 


(b) Motion of one particle: using plane polar coordinates. Here we must 
express T in terms of * and @. The equations of transformation, i.e., the Eqs. 
(1-38), in this case are simply 


x =rcos 0, 
y=rsin0. 
In analogy to (1-46), the velocities are given by 
x =fcos@ — rdsin 6, 
y= fsind + rÊ cos 0. 
The kinetic energy T = 4m(X? + j*) then reduces formally to 
T =4m(? + (r6)*). (1-75) 


An alternative derivation of Eq..(1—75) is obtained by recognizing that the plane 
polar components of the velocity are * along r, and r@ along the direction 
perpendicular to r, denoted by the unit vector n. Hence the square of the velocity 


rene 
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expressed in polar coordinates is simply 7? + (r). The components of the 
generalized force can be obtained from the definition, Eq. (1-49), 


0,=F-=F-=F, 
or 
cr 
oF Fez F-m=rF; i 


since the derivative ofr with respect to 0 is, by definition ofa derivative, a vector in 
the direction of n (cf. Fig. 1-6). There are two generalized coordinates, and 
therefore two Lagrange equations. The derivatives occurring in the r equation are 
OT i d z > 
Se = ini, =|=] = mi, 


— = mh’, 


or di or 


and the equation itself is 
mi — mÅ? = FE, 


the second term being the centripetal acceleration term. For the 0 equation we 
have the derivatives 


oT A q 
0 = = mr?ð, = 


YA 2B) me m20 t Ont 
m0 26 ae 0) = mr^ + 2mrré, 


so that the equation becomes 
d a3 i “3 
qr) = nue? + 2rd = rF. 


Note that the left is just the time derivative of the angular momentum, and the 
right is exactly the applied torque, so that we have simply rederived the torque 
equation (1-26). 

2. The Atwood’s machine—an example of a conservative system with 
holonomic, scleronomous constraint (the pulley is assumed frictionless and 


FIGURE 1-6 
Derivative of r with respect to 0. 


es. 


28 SURVEY OF THE ELEMENTARY PRINCIPLES 


massless). Clearly there is only one independent coordinate x, the position of the 
other weight being determined by the constraint that the length of the rope 
between them is J. The potential energy is 


= —M,ex — Mgl! — x), 
while the kinetic energy is 
T=4(M, + M,)x?. 
Combining the two, fig Lagrangian has the form 
L=T—V=4(M, + M,)x? + M,gx + Myg(I — x). 


There is only one equation of motion, involving the derivatives 


ðL 
IE L (M, — Male, 
ðL 
aR = (M, + M,)x, 


so that we have 


(M, + M,)X =(M, — M,)g, 
or 
. M,-M, 
“SM, FM,” 


which is the familiar result obtained by more elementary means. This trivial 
problem emphasizes that the forces of constraint—here the tension in the rope— 
appear nowhere in the Lagrangian formulation. By the same token neither can 
the tension in the rope be found directly by the Lagrangian method. 


FIGURE 1-7 
Atwood’s machine. 
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3. A bead sliding on a uniformly rotating wire in a force-free space. The wire is 
straight, and is rotated uniformly about some fixed axis perpendicular to the wire. 
This example has been chosen as a simple illustration of a constraint being time 
dependent, with the transformation equations therefore containing the time 
explicitly: 

x = rcos wt, 
i w = angular velocity of rotation. = 
y = rsin ot. i 
While one could then find T (here the same as L) by the same procedure used to 
obtain (1-71), it is simpler to take over (1-75) directly, expressing the constraint 
by the relation Î =o: 


T=}4m(P + rw’). 


Notice that T is not a homogeneous quadratic function of the generalized 
velocities, since’ there is now an additional term not involving 7. The equation of 
motion is then 

mF — mro = 0 
or 

F= ro’, 

which is the well-known result that the bead moves outward because of the 
centripetal acceleration. Again, the method cannot furnish the force ofconstraint 
keeping the bead on the wire. 
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C. TRUESDELL, Essays in the History of Mechanics. The style is highly personalized and 
forceful. brooking no gainsaying. But these essays are perfused by an intense historical 
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in Section 196 of the next reference. 
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E. T. WHITTAKER, Analytical Dynamics. A well-known treatise that presents an exhaustive 
treatment of analytical mechanics from the older viewpoints. The development is marked, 
regrettably, by an apparent dislike of diagrams (of which there are only four in the entire 
book) and of vector notation, and by a fondness for the type of pedantic mechanics 
problems made famous by the Cambridge Tripos examinations. It remains, however, a 
practically unique source for the discussion of many specialized topics. For the present 
chapter reference should be made principally to Chapter II, especially Section 31, which 
discusses velocity-dependent potentials. Sections 92-94 of Chapter VIII are concerned 
with the dissipation function. 


Lorp RAYLEIGH, The Theory of Sound. The dissipation function is introduced in Chapter 
IV, Vol. I of this classic treatise. 


EXERCISES 


1. A nucleus, originally at rest, decays radioactively by emitting an electron of 
momentum 1.73 MeV/c, and at right angles to the direction of the electron a neutrino with 
momentum 1.00 MeV/c. (The MeV (million electron volt) is a unit of energy, used in 
modern physics, equal to 1.60 x 10~% erg. Correspondingly. MeV/c is a unit of linear 
momentum equal to 5.34 x 107!’ gm-cm/sec.) In what direction does the nucleus recoil? 
What is its momentum in MeV/c? If the mass of the residual nucleus is 3.90 x 107? gm, 
what is its kinetic energy, in electron volts? 


EXERCISES 3] 


2. The escape velocity of a particle on the earth is the minimum velocity required at the 
surface of the earth in order that the particle can escape from the earth’s gravitational field. 
Neglecting the resistance of the atmosphere, the system is conservative. From the 
conservation theorem for potential plus kinetic energy show that the escape velocity for 
the earth, ignoring the presence of the moon, is 6.95 mi/sec. 


3. Rockets are propelled by the momentum reaction of the exhaust gases expelled from 
the tail. Since these gases arise from the reaction of the fuels carried in the rocket the mass 
of the rocket is not constant, but decreases as the fuel is expended. Show that the equation 
of motion for a rocket projected vertically upward in a uniform gravitational field, 
neglecting atmospheric resistance, is 

dv dm 
m= o mg, 
where m is the mass of the rocket and v’ is the velocity of the escaping gases relative to the 
rocket. Integrate this equation to obtain vas a function of m, assuming a constant tite rate 
of loss of mass. Show, for a rocket starting initially from rest, with v’ equal to 6800 ft/sec 
and a mass loss per second equal to 1/60th of the initial mass, that in order to reach the 


escape velocity the ratio of the weight of the fuel to the weight of the empty rocket must be 
almost 300! 


4. Show that for a single particle with constant mass the equation of motion implies the 
following differential equation for the kinetic energy: 


while if the mass varies with time the corresponding equation is 


d(mT) 


dt 


5. Prove that the magnitude R of the position vector for the center of mass from an 
arbitrary origin is given by the equation 


2 2 2 1 2 
MPR? = My, mi? SLi mmi 

i "ET 
6. Suppose a system of two particles is known to obey the equations of motion, Eqs. 
(1-22) and (1-26). Then from the equations of the motion of the individual particles show 
that the internal forces between particles satisfy both the weak and the strong laws of 


action and reaction. The argument may be generalized to a system with arbitrary number | 


of particles, thus proving the converse of the arguments leading to Eqs. (1-22) and (1-26). 


7. The equations of constraint for the rolling disk, Eqs. (1-39), are special cases of 
general linear differential equations of constraint of the form 


È goody = 0. 


i=] 
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A constraint condition of this type is holonomic only if an integrating function 
J (X1,---,X,,) can be found that turns it into an exact differential. Clearly the function must 


be such that 
êg) _ êg) 


Ox; ~ Ox; 
for all i + j. Show that no such integrating factor can be found for either of Eqs. (1-39). 


8. Two wheels of radius a are mounted on the ends ofa common axle of length b such that 
the wheels rotate independently. The whole combination rolls without slipping on a plane. 
Show that there are two nonholonomic equations of constraint, 


cos ð dx + sin 8 dy = 0, 
sin 0 dx — cos Ody = a(d + dd’), 


(where 0, ġ, and ¢’ have meanings similar to those in the problem ofa single vertical disc, 
and (x, y) are the coordinates of a point on the axle midway between the two wheels) and 
one holonomic equation of constraint, 


a f 
8 =C -7$ -0 


where C is a constant. 


9. A particle moves in the x-y plane under the constraint that its velocity vector is always 
directed towards a point on the x axis whose abscissa is some given function of time f (t). 
Show that for f(t) differentiable, but otherwise arbitrary, the constraint is nonholonomic. 


10. Two points of mass m are joined by a rigid weightless rod of length l, the center of 
which is constrained to move ona circle of radius a. Set up the kinetic energy in generalized 
coordinates. 


11, Show that Lagrange’s equations in the form of Eq. (1-53) can also be written as 


oT ôT 


These are sometimes known as the Nielsen form of the Lagrange equations. 


12. A point particle moves in space under the influence of a force derivable from a 
generalized potential of the form 


U(r, v) = V(r) +o L, 


where r is the radius vector from a fixed point, L is the angular momentum about that 
point, and o is a fixed vector in space. 

a) Find the components of the force on the particle in both Cartesian and spherical polar 
coordinates, on the basis of Eq. (1—58): 

b) Show that the components in the two coordinate systems are related to each other as 
in Eq. (1-49). 

c) Obtain the equations of motion in spherical polar coordinates. 
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13. A particle moves in a plane under the influence of a force, acting toward a center of 
force, whose magnitude is 


where r is the distance of the particle to the center of force. Find the generalized potential 
that will result in such a force, and from that the Lagrangian for the motion ina plane. (The 
expression for F represents the force between two charges in Weber’s electrodynamics.) 


14. If L is a Lagrangian for a system of n degrees of freedom satisfying Lagrange’s 


equations, show by direct substitution that ~N 
L =e dF(q,,.--5 yt) 
dt 


also satisfies Lagrange’s equations where F is any arbitrary, but differentiable, function of 
its arguments. 


15. Letq,,...,q,, bea set of independent generalized coordinates fora system ofn degrees of 


freedom, with a Lagrangian L(q, å, t). Suppose we transform to another set of independent 
coordinates s,,...,s, by means of transformation equations 


qi = G(Sq.--- Sm t), i=1,...,n. 

(Such a transformation is called a point transformation.) Show that if the Lagrangian 
function is expressed as a function of S; §;, and t through the equations of transformation, 
then L satisfies Lagrange’s equations with respect to the s coordinates: 

d 5 ðL 

dt\ðs;]) ôs; 
In other words, the form of Lagrange’s equations is invariant under a point 
transformation. 


16. A Lagrangian for a particular physical system can be written as 
, m 2 .. .7 K 2 
L'= 5 (ae? + 2bx} + cp?) — zo + 2bxy + cy’), 


where a, b, and care arbitrary constants but subject to the condition that b? — ac + 0. What 
are the equations of motion? Examine particularly the two cases a = 0 = c and b = 0, 
¢ = —a. What is the physical system described by the above Lagrangian? Show that the 
usual Lagrangian for this system as defined by Eq. (1-56) is related to L’ by a point 
aes (cf. Exercise 15 above). What is the significance of the condition on the value 
of b? — ac? 

17. Obtain the Lagrange equations of motion for a spherical pendulum, i.e., a mass point 
suspended by a rigid weightless rod. 


18. A particle of mass m moves in one dimension such that it has the Lagrangian 


2. 
17x 


L= 


+ mxX?V(x) — V(x), 


where V is some differentiable function of x. Find the equation of motion for x(t) and 
describe the physical nature of the system on the basis of this equation. 


i 
| 
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19, Two mass points of mass m, and m, are connected by a string passing through a hole 
in a smooth table so that m, rests on the table surface and m, hangs suspended. Assuming 
m, moves only in a vertical line, what are the generalized coordinates for the system? Write 
down the Lagrange equations for the system and, if possible, discuss the physical 
significance any of them might have. Reduce the problem to a single second-order 
differential equation and obtain a first integral of the equation. What is its physical 
significance? (Consider the motion only so long as neither m, nor m, passes through the 
hole.) 

20. Obtain the Lagrangian and equations of motion for the double pendulum illustrated 
in Fig. 1-4, where the lengths of the pendula are /, and l, with corresponding masses m, 
and m,. 

21. The electromagnetic field is invariant under a gauge transformation of the scalar and 
vector potential given by 


A >A + Vy(r,t), 
@ Ei a a? 
£ 


where y is arbitrary (but differentiable). What effect does this gauge transformation have 
on the Lagrangian of a particle moving in the electromagnetic field? Is the motion 
affected? 

22. Obtain the equation of motion for a particle falling vertically under the influence of 
gravity when frictional forces obtainable from a dissipation function $kv” are present. 
Integrate the equation to obtain the velocity as a function of time and show that the 
maximum possible velocity for fall from rest is v = mg/k. 


CHAPTER 2 s 
Variational Principles and 
Lagrange’s Equations 


2-1 HAMILTON’S PRINCIPLE 


The derivation of Lagrange’s equations presented in the previous chapter has 
started from a consideration of the instantaneous state of the system and small 
virtual displacements about the instantaneous state, i.e., from a “differential 
principle” such as D’Alembert’s principle. It is also possible to obtain Lagrange’s 
equations from a principle that considers the entire motion of the system between 
times t, and t,, and small virtual variations of the entire motion from the actual 
motion. A principle of this nature is known as an “integral principle.” 

Before presenting the integral principle, the meaning attached to the phrase 
“motion of the system between times ¢, and t,” must first be stated in more precise 
language. The instantaneous configuration of a system is described by the values 
of the n generalized coordinates q; ...q,, and corresponds to a particular point in 
a Cartesian hyperspace where the q’s form the n coordinate axes. This n- 
dimensional space is therefore known as configuration space. As time goes on the 
state of the system changes, and the system point moves in configuration space 
tracing out a curve, described as “the path of motion of the system.” The “motion 
of the system,” as used above, then refers to the motion of the system point along 
this path in configuration space. Time can be considered formally as a parameter 
of the curve; to each point on the path there is associated one or more values of 
the time. It must be emphasized that configuration space has no necessary 
connection with the physical three-dimensional space, just as the generalized 
coordinates are not necessarily position coordinates. The path of motion in 
configuration space will not have any necessary resemblance to the path in space 
of any actual particle; each point on the path represents the entire system 
configuration at some given instant of time. 

The integral Hamilton’s Principle describes the motion of those mechanical 
systems for which all forces (except the forces of constraint) are derivable from a 
generalized scalar potential that may be a function of the coordinates, velocities, 
and time. Borrowing from the terminology devised by C. Lanczos, such systems 
will be denoted as monogenic.* Where the potential is an explicit function of 


*C. Lanczos, The Variational Principles of Mechanics, 4th ed. (Toronto: U. of Toronto 
Press, 1970), p. 30. The term indicates all forces are generated from a single function. 
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position coordinates only, then a monogenic system is also conservative (cf. 
Section 1-2). For monogenic systems, Hamilton’s principle can be stated as The 
motion of the system from time t, to time t, is such that the line integral 


t2 
is Í Ldt, = ui 
ti 


where L = T — V, has a stationary value for the correct path of the motion.* 
Thatis, out ofall possible paths by which the system point could travel from its 


position at time ¢, toits position at time t,, it will actually travel along that path for - 


which the value of the integral (2-1) is stationary. By the term “stationary value” 
for a line integral we mean that the integral along the given path has the same value 
to within first-order infinitesimals as that along all neighboring paths (i.e., those 
that differ from it by infinitesimal displacements). (Cf. Figure 2-1.) The notion ofa 
stationary value for a line integral thus corresponds in ordinary function theory to 
the vanishing of the first derivative. 

We can summarize Hamilton’s principle by saying that the motion is such 
that the variation of the line integral I for fixed t, and t, is zero: 


t2 
51 =à | Llaqi- -s ladis- -3 et) at = 0. (2-2) 
Sty 


Where the system constraints are holonomic, Hamilton’s principle, Eq. (2-2) 
is both a necessary and sufficient condition for Lagrange’s equations, Eqs. (1—57). 
Thus, it can be shown that Hamilton’s principle follows directly from Lagrange’s 
equations (cf. Whittaker’s Analytical Dynamics, 4th ed., p. 245). Instead we shall 
prove the converse, namely, that Lagrange’s equations follow from Hamilton’s 
principle, as being the more important theorem. That Hamilton’s principle is a 
sufficient condition for deriving the equations of motion enables us to construct 


Yy 


FIGURE 2-1 


Path of the system point in configuration space. 


* The quantity J is referred to as the action or action integral. 
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the mechanics of monogenic systems from Hamilton’s principle as the basic 
postulate rather than Newton’s laws of motion. Such a formulation has 
advantages; for example, since the integral I is obviously invariant to the system 
of generalized coordinates used to express L, the equations of motion must 
always have the Lagrangian form no matter how the generalized coordinates are 
transformed. More important, the formulation in terms of a variational principle 
is the route that must be followed when we try to describe apparently 
nonmechanical systems in the mathematical clothes of classical mechanics, as in 
the theory of fields. 


2-2 SOME TECHNIQUES OF THE CALCULUS OF VARIATIONS 


Before demonstrating that Lagrange’s equations do follow from (2-2), a 
digression must first be made on the methods of the calculus of variations, for one 
of the chief problems of this calculus is to find the curve for which some given line 
integral has a stationary value. 

Consider first the problem in an essentially one-dimensional form: we have a 
function f(y, }, x) defined ona path y = y(x) between two values x , and x,, where ji 
is the derivative of y with respect to x. We wish to find a particular path y(x) such 
that the line integral J of the function f between x, and x,, 


._ dy 
y= ax’ 
pe f * f0, ),x)dx, (2-3) 


has a stationary value relative to paths differing infinitesimally from the correct 
function y(x). The variable x here plays the role of the parameter t, and we 
consider only such varied paths for which y(x,) = y1, y(X2) = y2. (Cf. Fig. 2-2.) 


y (4,39) 

y) FIGURE 2-2 — l i 
Varied paths in the one-dimensional 
extremum problem. 

x 


; 
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Note that the diagram does not represent configuration space. In the one- 
dimensional configuration space both the correct and varied paths are the 
segment of the straight line connecting y, and y,; the paths differ only in the 
functional relation between y and x.) 

We put the problem in a form that enables us to use the familiar apparatus of 
the differential calculus for finding the stationary points of a function. Since J 
must havea stationary value for the correct path relative to any neighboring path, 
the variation must be zero relative to some particular set of neighboring paths 
labeled by an infinitesimal parameter «. Such a set of paths might be denoted by 
y(x,@), with y(x, 0) representing the correct path. For example, if we select any 
function y(x) that vanishes at x = x, and x = x,, then a possible set of varied 
paths is given by 


y(x, a) = y(x, 0) + an(x). (2-4) 


For simplicity, it is assumed that both the correct path y(x) and the auxiliary 
function y(x) are well-behaved functions—continuous and nonsingular between 
x, and x,, with continuous first and second derivatives in the same interval. For 
any such parametric family of curves, J in Eq. (2-3) is also a function of «: 


(a) = |" f%,0), 55,0), x) dx, 0-5) 
and the condition for obtaining a stationary point is the familiar one that 
dJ 
E =0. 2-6 
(aa). ( 
By the usual methods of differentiating under the integral sign one finds that 
dJ x2 (Af dy ofe 
= + ~> dx. 2-7 
da [. z PT Gn) 


Consider the second of these integrals: 


[aoe -[ 4 i 


CY ôa x, CF Ox ôa 


Integrating by parts the integral becomes 


= of dy af ay |? ike d [of\ dy 
or TT OF ða |y, xı 4x \ OS} ĝa a 


x1 


The conditions on all the varied curves are that they pass through the points 
(Xi: Y1), (X2, ¥2), and hence the partial derivative of y with respect to g at x, and x, 
must vanish. Therefore the first term of (2-8) vanishes and Eq. (2-7) reduces to 


aJ T df adf) ay 
da x, \Oy dx Op} Oa ~~ 


TARTEA 
iai 


= 
2 
a 
= 
é 
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The condition for a stationary value, Eq. (2-6), is therefore equivalent to the 


equation 
“2 fof d of oy , 
la- azllelL "= 0) 


Now, the partial derivative of y with respect to « occurring in Eq. (2-9) is a 
function of x that is arbitrary except for continuity and end point conditions. For 
example, for the particular parametric family of varied paths given by Eq. (2—4), it 
is the arbitrary function y(x). One can therefore apply to Eq. (2-9) the so-called 
“fundamental lemma” of the calculus of variations, which says if 


| ~M(x)y(x)dx = 0 (2-10) 


for all arbitrary functions (x) continuous through the second derivative, then 
M(x) must identically vanish in the interval (x,,x,). While a formal 
mathematical proof of the lemma may be found in the texts on the calculus of 
variations cited in the references, the validity of the lemma is easily seen 
intuitively. One can imagine constructing a function y that is positive in the 
immediate vicinity of any chosen point in the interval and zero everywhere else. 
Equation (2-10) can then hold only if M(x) vanishes at that (arbitrarily) chosen 
point, which shows M must be zero throughout the interval. From Eq. (2-9) and 
the fundamental lemma it therefore follows that J can havea stationary value only 


if 
6 d {of 
ats =0. (2-11) 
The differential quantity 
(2 ; da. = ôy (2-12) 


represents the infinitesimal departure of the varied path from the correct path y(x) 

at the point x and thus corresponds to the virtual displacement introduced in 

Chapter 1 (hence the notation dy). Similarly the infinitesimal variation of J about 

the correct path can be designated 

(= da = oJ. (2-13) 
dajo 


The assertion that J is stationary for the correct path can thus be written 


_ [F dof E 
oJ i | ay. a a ôy dx = 0, 


requiring that y(x) satisfy the differential equation (2-11). The 6-notation, 
introduced through equations (2-12) and (2-13), may be used as a convenient 
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shorthand for treating the variation ofintegrals, remembering always that it stands 
for the manipulation of parametric families of varied paths such as Eq. (2-4). 

Some simple examples of the application of Eq. (2-11) (which clearly 
resembles a Lagrange equation) may now be considered: 


1. Shortest distance between two points in a plane. An element of arc length ina 


plane is 
ds = ./dx? + dy? 


and the total length of any curve going between points 1 and 2 is 


fe [ a= iG lee (Z) ax 
í E dx 


The condition that the curve be the shortest path is that J be a minimum. This is 
an example of the extremum problem as expressed by Eq. (2-3), with 


f=S1 +f’. 
Substituting in (2—11) with 
a: E. 


ay D ta 


we have 


or 


where c is constant. This solution can be valid only if 
amr 


jaa 
where a is a constant related to c by 
g 


But this is clearly the equation of a straight line, 


a = 


y=ax+b, 


where b is another constant of integration. Strictly speaking, the straight line has 
only been proved to be an extremum path, but for this problem it is obviously also 
a minimum. The constants of integration, a and b, are determined by the 
condition that the curve pass through the two end points, (x,,y,), (X2, Y2). 
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` 


In a similar fashion one could obtain the shortest distance between two 
points on a sphere, by setting up the arc length on the surface of the sphere in 
terms of the angle coordinates of position on the sphere. In general, curves that 
give the shortest distance between two points on a given surface are called the 
geodesics of the surface. 

2. Minimum surface of revolution. Suppose we form a surface of revolution by 
taking some curve passing between two fixed end points (x,,y,) and (x3, y2) and 
revolving it about the y axis (cf. Fig. 2-3). The problem then is to find that curve 
for which the surface area is a minimum. The area of a strip of the surface is 


2nx ds = 2nx,/1 + fy? dx, and the total area is 
2 
2n{ x /1 +f? dx. 
1 


The extremum of this integral is again given by (2-11) where 


fax/f/1t+¥ 


and 


Equation (2-11) becomes in this case 


ee 
dx\ /1 + ¥ 


or 
xp 


where a is some constant of integration clearly smaller than the minimum value of 
x. Squaring the above equation and factoring terms we have 


jy? — a’) ws a? 


(xy, y2) 


FIGURE 2-3 
Minimum surface of revolution. 
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or solving, 


The general solution of this differential equation, in light of the nature of a, is 


dx x 
y=al : + b = a arccosh— + b 
fx? an a 


or 


y—b 
x = acosh2 ; 
a 


which is the equation ofa catenary. Again the two constants of integration, a and 
b, are determined in principle by the requirements that the curve pass through the 
two given end points. It must be pointed out, however, that when examined in 
detail the nature of the solution turns out to be a good deal more complicated 
than these considerations suggest. For some pairs ofend points, unique constants 
ofintegration a and b can indeed be found. But for other end points, two catenary 
solutions result, while in still other regions no possible values can be found for aand 
b. Further, it should be. remembered that Eq. (2-11) represents a condition for 
finding curves y(x), continuous through the second derivatives, that render the 
integral stationary. The catenary solutions therefore do not always represent 
minimum values, but may give “points of inflexion.” For certain combinations of 
end points, the absolute minimum in the surface of revolution is provided by a 
__ curve composed ofstraight line segments—from the first end point parallel to the x 
axis until the y axis is reached, then along the y axis until the point (0, y,) and then 
out in a straight line to the second end point. Such a curve has discontinuous first 
derivatives and one could not expect to find it as a solution to Eq. (2-11). This 
example is valuable in emphasizing the restrictions that surround the derivation 
and meaning of the stationary condition. Further details will be found in some of 
the exercises and in the cited texts on the calculus of-variations. 


3. The brachistochrone problem. This well-known problem is to find the curve 
joining two points, along which a particle falling from rest under the influence of 
gravity travels from the higher to the lower point in the least time. 


If vis the speed along the curve, then the time required to fall an arc length ds 


is ds/v, and the problem is to find a minimum of the integral 
2 ds 
10° 


If y is measured down from the initial point of release the conservation theorem 
for the energy of the particle can be written as 


mv = mgy 


: 
= 
E] 
z 
2 
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ny 


FIGURE 2-4 
The brachistochrone problem. 


or 


v = ./2gy. 


Then the expression for t,, becomes 


ti = PAE a 
i 1 22y ; 


and f is identified as 


1+}? 


d 2gy ` 


The integration of Eq. (2-11) with this form for f is straightforward and will be 
left as one of the exercises for this chapter. The brachistochrone problem is 
famous in the history of mathematics, for it was the analysis of this problem by 
John Bernoulli that led to the formal foundation of the calculus of variations. 


2-3 DERIVATION OF LAGRANGE’S EQUATIONS FROM HAMILTON'S 
PRINCIPLE 


The fundamental problem of the calculus of variations is easily generalized to the 
case where f is a function of many independent variables y;, and their derivatives 
ĵi- (Of course, all these quantities are considered as functions of the parametric 
variable x.) Then a variation of the integral J, 


61 = | Srl yal)... 9d (2-44) 
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is obtained, as before, by considering J as a function of a parameter « that labels a 
possible set of curves y,(x,«). Thus we may introduce « by setting 


y(x, æ) = y, (x, 0) + an, (x), 
Ya(x, &) = y2(x, 0) + ay, (x), 


(2-15) 


where y,(x,0), y(x, 0), etc., are the solutions of the extremum problem (to be 
obtained) and 7,, 72, etc., are independent functions of x that vanish at the 
end points and that are continuous through the second derivative, but otherwise 
are completely arbitrary. The calculation proceeds as before. The variation of J is 
given in terms of 


ð of oy; 
Tu= “32 : Sida +£ Fee dx. (2-16) 
Again we integrate by parts the integral involved in the second sum of Eq. (2—16): 
7a Ph p ADP Pad [Z] ax 
1 OY; Oa Ax Ap, da |, J, Ga dx \ dj, 


where the first term vanishes because all curves pass through the fixed end points. 
Substituting in (2-16), dJ becomes 


d of 
ad z 
ôJ = 3 |2 ano ike A ôy; dx, (2-17) 
where, in analogy with T the variation dy, is 
Oy; 
Oy; = (2 ; da. 


Since the y variables are independent, the variations dy, are independent (e.g., the 
functions 77,(x) will be independent of each other). Hence, by an obvious extension 
of the fundamental lemma (cf. above Eq. 2—10), the condition that ôJ is zero 
requires that the coefficients of the ôy; separately vanish: 

Tra =0 i= 12 


E TA i 


dy, dxôj  ” 


Equations (2—18) represent the appropriate generalization of (2—11) to several 
variables and are known as the Euler-Lagrange Differential Equations. Their 
solutions represent curves for which the variation of an integral of the form given 
in (2-14) vanishes. Further generalizations of the fundamental variational 
problem are oe Lae Thus one can take f as a function of higher 


eo ose 


an: (2-18) 


i 
E 
f 
f 


calle Ss dinates noprorste as 
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extended to cases where there are several parameters x, and the integral is then 
multiple, with f also involving as variables derivatives of y, with respect to each of 
the parameters x,. Finally, it is possible to consider variations in which the end 
points are not held fixed. 

For present purposes what we have derived here suffices, for the integral in 
Hamilton’s principle, 


2 
T= | Lapdetat (2-19) 
1 
has just the form stipulated in (2-14) with the transformations 
xt 
yi> Qi 
Oi bi x) > Ldi 4: t). 


In deriving Eqs. (2—18) it was assumed that the y; variables are independent. The 
corresponding condition in connection with Hamilton’s principle is that the 
generalized coordinates q; be independent, which requires that the constraints be 
holonomic. The Euler-Lagrange equations corresponding to the integral J then 
become the Lagrange equations of motion, i 

ae a > i=1,2,...,m. 

dt dq; ôq; 
and we have accomplished our original aim, to show that Lagrange’s equations 
follow from Hamilton’s principle—for monogenic systems with holonomic 
constraints. 


2-4 EXTENSION OF HAMILTON’S PRINCIPLE 
TO NONHOLONOMIC SYSTEMS 


It is possible to extend Hamilton’s principle, at least in a formal sense, to cover 
certain types of nonholonomic systems. In deriving Lagrange’s equations from 
either Hamilton’s or D’Alembert’s principle, the requirement of holonomic 
constraints does not appear until the last step, when the variations q; are 
considered as independent of each other. With nonholonomic systems the 
generalized coordinates are not independent of each other, and it is not possible 
to reduce them further by means of equations of constraint of the form 
S(t Qas-++> Ins t) = 0. Hence it is no longer true that the q;’s are all independent. 

Another difference that must be considered in treating the variational 
principle is the manner in which the varied paths are constructed. In the 
discussion of Section 2-2 it was pointed out that dy (or ôq) represents a virtual 
displacement from a point on the actual path to some point on the neighboring 
varied path. But, with independent coordinates it is the final varied path that is 
significant, and not how it is constructed. When the coordinates are not 
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independent, but subject to constraint relations, it becomes important whether the 
varied path is or is not constructed by displacements consistent with the 


constraints. Virtual displacements, in particular, may or may not satisfy the ` 


constraints. 

It appears that a reasonably straightforward treatment of nonholonomic 
systems by a variational principle is possible only when the equations of 
constraint can be put in the form 


2 dq, + a, dt = 0, (2-20) 


that is, a linear relation connecting the differentials of the q’s. The index / indicates 
there may be more than one such equation; it will be assumed there are m equations 
in all, that is, | = 1,2,...,m. It should be noted that the coefficients a,,, a, may be 
functions of the q’s and time. 

It would be expected that the varied paths, or equivalently, the displacements 
constructing the varied path, should satisfy the constraints of Eq. (2-20). However, 
it has been proven that no such varied path can be constructed* unless Eqs. (2-20) 
are integrable, in which case the constraints are actually holonomic. A variational 
principle leading to the correct equations of motion can nonetheless be obtained 
when the varied paths are construeted--from the actual motion by virtual 
displacements. The constraint equations valid for the virtual displacements are 
then 

È, 4 54x = 9, (2-21) 
k 


and the varied path will then in general not satisfy Eqs. (2-20). 

We can now use Eqs. (2-21 ) to reduce the number of virtual displacements 
to independent ones. The procedure for eliminating these extra virtual 
displacements is the method of Lagrange undetermined multipliers. If Eqs. (2-21) 
hold,-then it is also true that 


A, ay, 69, = 0, (2-22) 
k 


where the 4,, [= 1,2,...,m, are some undetermined quantities, functions in 
general of the coordinates and of the time t. In addition, Hamilton’s principle, 


òf Lat =0, (2-2) 


is assumed to hold for. the nonholonomic system. Following the development of 
Section (2-3), Hamiltons principle then implies that 


cL deL 
dt = z 
[ A dt a? a? nas 


* See, for example, H. Rund, The Hamilton-Jacobi Theory in the Calculus of Variations 
(New York: Van Nostrand, 1966), Chapter 5. 
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We can combine Eq. (2—23) with the m equations of constraint on the virtual 
displacements ôq, by summing Eqs. (2-22) over l and integrating the result with 
respect to time from point 1 and point 2: 


i Ș 2a ôq, dt = 0. (2-24) 
1 k,l 
The sum of Eqs. (2-23) and (2-24) is then the relation 
3 ôL sod OL 
dt = x 
f x (E- aa, + Yay ôq, = 0. (2-25) 


The 6q,’s are still not independent, of course; they are connected by the m 
relations (2-21). That is, while the first n— m of these may be chosen 
independently, the last m are then fixed by the Eqs. (2—21). However, the values of 
the 7s remain at our disposal. Suppose we now choose the /,’s to be such that 


ôL dL ; 
— ——— +Y 1a, =0, c=n— m + 1,...,7. 2-26 
ôq, dt 04, 2 iii i ; 


which are in the nature of equations of motion for the last m of the q, variables. 
With the 2, determined by (2—26), we can write (2—25) as 


2 nom ðL d OL 
f at 2 are + Yue) 54, = 0. (2-27) 
l 


1 ôq, dt 04, 
Here the only 6q,’s involved are the independent ones. Hence it follows that 


ôL déL : 
— — —— + Ya, = 0, k = 1,2,...,n — m. 2-28 
ôq, dt 04, 2 ai i ; 


Combining (2-26) and (2-28) we have finally the complete set of Lagrange’s 
equations for nonholonomic systems: 


PETA pn on = È han k =1,2,...,n. (2-29) 
But this is not the whole story, for now we have n + m unknowns, namely the n 
coordinates q, and the m Lagrange multipliers 2,, while (2—29) gives us a total of 
only n equations. The additional equations needed, of course, are exactly the 
equations of constraint linking up the q,’s, Eqs. (2-20), except that they are now 
to be considered as first-order differential equations: 


È nde +a, = 0. (2-30) 
k 


Equations (2-30) and (2-29) together constitute n + m equations for n +m 
unknowns. 

In this process we have obtained more information than was originally 
sought. Not only do we get the q,’s we set out to find, but we also get m 2ps. What 
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is the physical significance of the 4s? Suppose one removed the constraints on 
the system, but instead applied external forces Q; in such a manner as to keep the 
motion of the system unchanged. The equations of motion would likewise remain 
the same. Clearly these extra applied forces must be equal to the forces of 
constraint, for they are the forces applied to the system so as to satisfy the 
condition of constraint. Under the influence of these forces Q;, the equations of 
motion are 


dôðL ðL 

dt 0g, aq, 
But these must be identical with Eqs. (2-29). Hence we can identify X A,a,, with 
Q’,, the generalized forces of constraint. In this type of problem we really do not 
eliminate the forces of constraint from the formulation, and they are supplied as 
part of the answer. 

Although it is not obvious, the version of Hamilton’s principle adopted here 
for nonholonomic systems also requires that the constraints do no work in virtual 
displacements. This can be most easily seen by rewriting Hamilton’s principle in 
the form 


= Qi. (2-31) 


t2 t2 t2 
öf Lat 4{ Tat — 5] U dt =0. 
ti ti ti 


Tf the variation of the integral over the generalized potential is carried out by the 
procedures of Section (2-3), the principle takes the form 


t2 t2 ðU dðU 
af Tdt = Z-a] dt; 
tt th 2 dq, at \ 04, i 
or, by Eq. (1-58), 
t2 


t2 
5 i Tdt = — Q, ôq, dt. (2-32) 
ti k 


ti 
In this dress, Hamilton’s principle says that the difference in the time integral of 
the kinetic energy between two neighboring paths is equal to the negative of the 
time integral of the work done in the virtual displacements between the paths. The 
work involved is that done only by the forces derivable from the generalized 
potential. If we take the same Hamilton’s principle to hold for both holonomic 
and nonholonomic systems, it must be required that the additional forces of 
nonholonomic constraints do no work in the displacements 6q,. This restriction 
parallels the earlier condition that the virtual work of the forces of holonomic 
constraint also be zero (cf. Section 1—4). In practice, the restriction presents little 
handicap to the applications, as most problems in which the nonholonomic 
formalism is used relate to rolling without slipping, where the constraints are 
obviously workless. i 

Indeed, if the assumption of workless constraints is made from the start, then 
the physical arguments leading to Eqs. (2—31) can be directly extended to derive 


cies: 
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the full form of the nonholonomic Lagrange’s equations, Eqs. (2~29). The 
condition that the virtual work of the constraint forces is zero can be written as 


29% dq, = 0. (2-33) 
At the same time the equations of constraint imply that 


2an òq, = 0, l= 1,2,...,m. (2-21) 


Hence, Eq. (2-33) will be satisfied if the constant forces are given by 
Q; = È iiag, 
l 


where the 4,’s are (as yet) undetermined multipliers. The rest of the treatment then 
follows the lines as given above from Eqs. (2-28) on.* 

Notice that Eq. (2-20) is not the most general type of nonholonomic 
constraint, e.g., it does not include equations of constraint in the form of 
inequalities. On the other hand, it does include holonomic constraints. A 
holonomic equation of constraint, 


Sdi 925939 +++5 It) = 0 (2-34) 
is equivalent to a differential equation, 
of of 
dq, atg 0, (2-35) 


which is identical in form with (2—20), with the coefficients 


of ĝ 
ag = a Mn Le (2-36) 
k 


Thus the Lagrange multiplier method can be used also for holonomic constraints 
when (1) it is inconvenient to reduce all the q’s to independent coordinates or (2) 
we might wish to obtain the forces of constraint. 

As an example of the method, consider the following somewhat trivial 
illustration—a hoop rolling, without slipping, down an inclined plane. In this 
example the constraint of “rolling” is actually holonomic, but this fact will be 
immaterial to the discussion. On the other hand, the holonomicconstraint that the 


hoop be on the inclined plane will be contained implicitly in the choice of 
generalized coordinates. 


*In view of the difficulties in formulating a variational principle for nonholonomic 
systems, and the relative ease with which the equations of motion can be obtained directly, 
it 1s natural to question the usefulness of the variational approach in this case. It is for 
this reason that discussions of variational principles and their consequences will be 


confined from here on to holonomic systems in which generalized coordinates are 
independent. 
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The two generalized coordinates are x, 0, as in Fig. 2-5, and the equation of 
rolling constraint is 
rd@ = dx. 
The kinetic energy can be resolved into kinetic energy of motion of the center 
of mass plus the kinetic energy of motion about the center of mass: 
T =4Mx?2 +4Mr È’. 
The potential energy is 
V = Mgl(l — x)sin 4, 
where l is the length of the inclined plane and the Lagrangian is 
L=T- V. 
M% Mr?6? 
A = + 
2 2 


Since there is one equation of constraint, only one Lagrange multiplier 2 is needed. 
The coefficients appearing in the constraint equation are 


— Mg(l — x)sing@. 


a =T, 
a {= —1. 


The two Lagrange equations therefore are 


MX — Mgsing +2 =0, (2-37) 
Mr’6 — Ar = 0, (2-38) 

which along with the equation of constraint, 
rÅ = x, (2-39) 


constitutes three equations for three unknowns, 8, x, À. 
Differentiating (2-39) with respect to time, we have 


r§ = X. 
Hence from (2-38) 
Mł =4 
FIGURE 2-5 


a~ A hoop rolling down an inclined plane. 
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and (2-37) becomes 


ga gsing ` 
2 
along with 
Mgsin ġ 
T ik A 
2 
and 
~ gsing 
g= ; 
2r 


Thus the hoop rolls down the incline with only one half the acceleration it would 
have slipping down a frictionless plane, and the friction force of constraint is 
A= Mgsin ¢/2. 

From 


one gets v = ,/glsing at the bottom, which can, of course, be obtained by 
elementary means too. 
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Although it is thus possible to extend the original formulation of Hamilton’s 
principle (2—2) to include some nonholonomic constraints, practically, this 
formulation of mechanics is most useful when a Lagrangian of independent 
coordinates can be set up for the system. The variational principle formulation 
has beén justly described as “elegant,” for in the compact Hamilton’s principle is 
contained all of the mechanics of holonomic systems with forces derivable from 
potentials. The principle has the further merit that it involves only physical 
quantities that can be defined without reference to a particular set of generalized 
coordinates, namely, the kinetic and potential energies. The formulation is 
therefore automatically invariant with respect to the choice of coordinates for the 
system. 

From the variational Hamilton’s principle it is also obvious why the 
Lagrangian is always uncertain to a total time derivative of any function of the 
coordinates and time, as mentioned at the end of Section 1—4. The time integral of 
such a total derivative between points 1 and 2 depends only on the values of the 
arbitrary function at the end points. As the variation at the end points is zero, the 
addition of the arbitrary time derivative to the Lagrangian does not affect the 
variational behavior of the integral. 

Another advantage is that the Lagrangian formulation can be extended 
easily to describe systems that are not normally considered in dynamics—such as 
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the elastic field, the electromagnetic field, field properties of elementary particles. 
Some of these generalizations will be considered later, but as a simpleexample ofits 
application outside the usual framework ofmechanics, let us consider the following’ 


case. 
Suppose we have a system for which there is a Lagrangian 


1 a gil oe g 
L=>} L;i +5% M aå å — Dae + YE Mtg; (2-40) 
27 ik, T20 7j 


and a dissipation function 


1 +2 
F = Rå}. (2-41) 
J 
The Lagrange equations are 
dq, dq, dq, , 4; 
ao + k +R,—14+ = E(t). 2-42 
` fy dt? 2 Mj, dt? idt CÇ; i(t) 0-42) 


jHk 

These equations of motion can be interpreted in at least two ways: One can say 
the q’s are charges, the L;’s self-inductances, the M s mutual inductances, the 
R;'s resistances, the C;’s capacities, and the E,’s external emf’s. Then Eqs. (2-42) 
are a set of equations describing a system of mutually inductively coupled 
networks, e.g., for j = 1,2,3 we would have three networks somewhat as in Fig. 
2-6. On the other hand, it is seen that the first two terms in L together constitute 
an arbitrary homogeneous quadratic function of the generalized velocities. 
Whenever the system constraints (holonomic) are independent of time, the 
kinetic energy, T, can be put into such a form (cf. Section 1-6). The coefficients L,, 
M „then partake of the character of masses—they are inertial terms. The next term 
in the Lagrangian exactly corresponds to the potential energy ofa set of springs— 
harmonic oscillators—where the forces obey Hooke’s law, 


F = —kx, 


FIGURE 2-6 

A system of coupled circuits to which 
the Lagrangian formulation can be 
applied. 


E coca 
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with the resulting potential 


so that the 1/C,’s represent spring constants. The last term corresponds to the 
potential due to driving forces E, = Q ; that are independent of coordinates (as for 
example, gravitational forces) except that the E jS may be time-varying forces. 
Finally, the dissipation function corresponds to the existence of dissipative or 
viscous forces, proportional to the generalized velocities. We are thus led to an 
alternative interpretation of Eqs. (2-40) and (2-41), or (2-42), which brings to 
mind a picture of a complicated system of masses on springs moving in some 
viscous fluid and driven by external forces. 

This description of two different physical systems by Lagrangians of the same 
form means that all the results and techniques devised for investigating one of the 
systems can be taken over immediately and applied to the other. In this particular 
case the study of the behavior of electrical circuits has been pursued intensely and 
some special techniques have been developed; these can be directly applied to the 
corresponding mechanical systems. Much work has been done in formulating 
equivalent electrical problems for mechanical or acoustical systems, and vice 
versa. Terms normally reserved for electrical circuits (reactance, susceptance, etc.) 
are the accepted modes of expression in much of the theory of vibrations of 
mechanical systems.* 

But, in addition, there is a type of generalization of mechanics that is due toa 
subtler form of equivalence. We have seen that the Lagrangian and Hamilton’s 
principle together form a compact invariant way of implying the mechanical 
equations of motion. This possibility is not reserved-for mechanics only; in almost 
every field of physics variational principles can be used to express the “equations 
of motion,” whether they be Newton’s equations, Maxwell’s equations, or the 
Schrodinger equation. Consequently, when a variational principle is used as the 
basis of the formulation, all such fields will exhibit, at least to some degree, a 
structural analogy. When the results of experiments show the need for alteration 
of the physical content in the theory of one field, this degree of analogy has often 
indicated how similar alterations may be carried out in other fields. Thus, the 
experiments performed early in this century showed the need for quantization of 
both electromagnetic radiation and elementary particles. The methods of 
quantization, however, were first developed for particle mechanics, starting 
essentially from the Lagrangian formulation of classical mechanics. By describing 
the electromagnetic field by a Lagrangian and corresponding Hamilton’s 

variational principle, it is possible to carry over the methods of particle 
gee to construct a quantum electrodynamics (cf. Sections 12-5 and 


oo E 
* - ae 
For a detailed exposition, see H. F. Olson, Solutions of Engineering Problems by Dynamic 


Analogues (New York: Van Nostrand, 1966). 
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2-6 CONSERVATION THEOREMS AND SYMMETRY PROPERTIES 


Thus far we have been concerned primarily with obtaining the equations of 
motion, and little has been said about how to solve them for a particular problem 
once they have been obtained. In general, this is a question of mathematics. A 
system of n degrees of freedom will have n differential equations that are second 
order in time. The solution of each equation will require two integrations 
resulting, all told, in 2n constants of integration. In a specific problem these 
constants will be determined by the initial conditions, i.e., the initial values of the 
ng;sand the nq;’s. Sometimes the equations of motion will be integrable in terms 
of known functions, but not always. In fact, the majority of problems are not 
completely integrable. However, even when complete solutions cannot be 
obtained, it is often possible to extract a large amount of information about the 
physical nature of the system motion. Indeed, such information may be of greater 
interest to the physicist than the complete solution for the generalized 
coordinates as a function of time. It is important, therefore, to see how much can 
be stated about the motion of a given system without requiring a complete 
integration of the problem.* 

In many problems a number of first integrals of the equations of motion can 
be obtained immediately; by this we mean relations of the type 


S(t. da. -31:42 ---, t) = constant, (2-43) 


which are first-order differential equations. These first integrals are of interest 
because they tell us something physically about the system. They include, in fact, 
the conservation laws obtained in Chapter 1. 
Consider as an example a system of mass points under the influence of forces 
derived from potentials dependent on position only. Then 
OL ƏT OV oT ð BF soe: ac hats Ae 
Bk, = Ok, aR OR ORE DMG +E + 2) 


t I L 


= MX = Pixs 


which is the x component ofthe linear momentum associated with the ith particle. 
This result suggests an obvious extension to the concept of momentum. The 
generalized momentum associated with the coordinate q; shall be defined as 
_ 6L Sa 
Pj aq, (2-44) 
The terms canonical momentum or conjugate momentum are often also used for P;- 
Notice that if q; is not a Cartesian coordinate, p; does not necessarily have the 
dimensions of a linear momentum. Further, if there is a velocity-dependent 


* In this and succeeding sections it will be assumed, unless otherwise specified, the system is 
such that its motion is completely described by a Hamilton’s principle of the form (2-2). 
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potential, then even with a Cartesian coordinate q; the associated generalized 
momentum will not be identical with the usual mechanical momentum. Thus in 
the case of a group of particles in the electromagnetic field the Lagrangian is (cf. 
1—66) 


1 
L= poms; — as o(x;) o i A(x) +f; 
(q; here denotes charge) and the generalized momentum conjugate to x; is 
i L A, 
P= Hem +i q (2-45) 


that is, mechanical momentum plus an additional term. 

If the Lagrangian ofa system does not contain a given coordinate q; (although 
it may contain the corresponding velocity 4,), then the coordinate is said to be 
cyclic or ignorable. This definition is not universal,* but it is the customary one 
and will be used here. The Lagrange equation of motion, 


d0L ôL 0 
dtéqg, ôq ` 
reduces, for a cyclic coordinate, to 
d ôL 
dt éq; — 
or 
ap; 
dt , 
which means that 
, p; = constant. (2-46) 


Hence, we can state as a general conservation theorem that the generalized 
momentum conjugate to a cyclic coordinate is conserved. 

Equation (2—46) constitutes a first integral of the form (2-43) for the 
equations of motion. It can be used formally to eliminate the cyclic coordinate 
from the problem, which can then be solved entirely in terms of the remaining 
generalized coordinates. Briefly, the procedure, originated by Routh, consists in 


* The two terms are usually taken as interchangeable and as having the meaning assigned 
above. However, a few authors distinguish between them, defining a cyclic coordinate as 
one not in the kinetic energy, T, and an ignorable coordinate as one not in the Lagrangian 
(cf. Webster, The Dynamics of Particles, and Byerly, Generalized Coordinates). Ames and 
Murnaghan (Theoretical Mechanics) use the two terms interchangeably but apparently 
confine them to meaning a coordinate not in T. Lanczos (Variational Principles of 
Mechanics) has revived an older term, “kinosthenic,” as equivalent to cyclic or ignorable. 
In addition, “cyclic” is sometimes used in a different sense in connection with periodic 
variables (cf. Section 9-5 and Synge, Encyclopedia of Physics, Vol. 3/1, p. 102). 
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modifying the Lagrangian so that it is no longer a function of the generalized 
velocity corresponding to the cyclic coordinate, but instead involves only its 
conjugate momentum. The advantage in so doing is that p; can then be 
considered one of the constants of integration, and the remaining integrations 
involve only the noncyclic coordinates. We shall defer a detailed discussion of 
Routh’s method until the Hamiltonian formulation (to which it is quite similar) is 
treated. 

Note that the conditions for the conservation of generalized momenta are 
more general than the two momentum conservation theorems previously derived. 
For example, they furnish a conservation theorem for a case in which the law of 
action and reaction is violated, namely, when electromagnetic forces are present. 
Suppose we have a single particle in a field in which neither @ nor A depends on x. 
Then x nowhere appears in L and is therefore cyclic. The corresponding 
canonical momentum p, must therefore be conserved. From (1—66) this 
momentum now has the form 


x 


Py, = MX + hte a constant. (2-47) 
In this case it is not the mechanical linear momentum må that is conserved but 
rather itssum with qA,/c.* Nevertheless, itshould still be true that the conservation 
theorems of Chapter 1 are contained within the general rule for cyclic coordinates; 
with proper restrictions (2-46) should reduce to the theorems of Section 1-2. 
Consider first a generalized coordinate q,, for which a change dq, represents a 
translation of the system as a whole in some given direction. An example would be 


one of the Cartesian coordinates of the center of mass of the system. Then clearly _ 


q; cannot appear in T, for velocities are not affected by a shift in the origin, and 
therefore the partial derivative of Twith respect to q, must be zero. Further we will 
assume conservative systems for which Vis not a function of the velocities, so as to 
eliminate such anomalies as electromagnetic forces. The Lagrange equation of 
motion for a coordinate so defined then reduces to 


d ôT ôV 
—— = þh, = —— = 0.. 2-48 
dt 04; Pi = ( ) 
We will now show that (2-48) is the equation of motion for the total linear 
momentum, i.e., that Q, represents the component of the total force along the 
direction of translation of q;, and p; is the component of the total linear 
momentum along this direction. In general, the generalized force Q; is given by 
Eq. (1-49): 


a 


or 


i 


* It can be shown from classical electrodynamics that under these conditions, i.e., neither A 
nor @ depending on x, that qA,/c is exactly the x component of the electromagnetic linear 
momentum of the field associated with the charge q. 


PETITES TADS OTT ETAETA OENES OSTENIE EAEE tee eo rem EN 


ia 


ceva 


doesent 


HG Matias Hiatt Marana è 
TE rene steer nese 


2-6 CONSERVATION THEOREMS AND SYMMETRY PROPERTIES 57 


Since dq, corresponds to a translation of the system along some axis, the vectors 
r;(q;) and r,(q, + dq;) are related as shown in Fig. 2-7. By definition of derivative 
we have 


or; = L ri(q; + dq;) — r:(4;) = dq; 
Ôq; — aqj~0 dq; dq 


n= Nf, (2-49) 


where n is the unit vector along the direction of translation. Hence 
Q=} F-n=n-F, 


which, as was stated, is the component of the total force in the direction of n. To 
prove the other half of the statement note that with the kinetic energy in the form 


the conjugate momentum is 


using Eq. (1-51). Then from Eq. (2-49) 


pi =n- > my, 
i 


which again, as predicted, is the component of the total system linear momentum 
along n. 
Suppose now that the translation coordinate q; that we have been discussing 
is cyclic. Then q, cannot appear in V and therefore 
ôV 


1,9; +dq;) 


FIGURE 2-7 
Change in a position vector under translation 
of the system. 
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But this is just the familiar conservation theorem for linear momentum—that ifa 
given component of the total applied force vanishes, the corresponding 
component of the linear momentum is conserved. 

In a similar fashion it can be shown that if a cyclic coordinate q, is such that 
dq, corresponds to a rotation of the system of particles around some axis, then the 
conservation of its conjugate momentum corresponds to conservation of an 
angular momentum. By the same argument as used above, T cannot contain q,, 
for a rotation of the coordinate system cannot affect the magnitude of the 
velocities. Hence the partial derivative of T with respect to q, must again be zero, 
and since V is independent of å, we once more get Eq. (2-48). But now we wish to 
show that with q ;a rotation coordinate the generalized force is the component of 
the total applied torque about the axis of rotation, and p, is the component of the 
total angular momentum along the same axis. 

The generalized force Q; is again given by 


= LE a 


only the derivative now has a different meaning. Here the change in q; must 
correspond to an infinitesimal rotation of the vector r,, keeping the magnitude of 
the vector constant. From Fig. 2-8 the magnitude of the derivative can easily be 
obtained: 


|dr,| = r;sin 8 dq; 


and 
Or; . 
—-| = rsin 9; 
ð : , 
j 
wr 
Pa 
\ 
“A 
FIGURE 2-8 


Change of a position vector under 
` rotation of the system. 
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and its direction is perpendicular to both r, and n. Clearly the derivative can be 
written in vector form as 


(2-50) 


With this result the generalized force becomes 
Q;= DF rn xr; 


=) n'r; xF, 
reducing to 
DEINEN, 


which proves the first part. A similar manipulation of p; provides proof of the 
second part of the statement: 


ôT ôr; 
P= g = Lm a a r; X MV; 
=n-)L,=n-L. 


Summarizing these results we see that if the rotation coordinate q; is cyclic, 
then Q;, which is the component of the applied torque along n, vanishes, and the 
component of L along n is constant. Here we have recovered the angular 
momentum conservation theorem out of the general conservation theorem 
relating to cyclic coordinates. 

The significance of cyclic translation or rotation coordinates in relation to 
the properties of the system deserves some notice at this point. If a coordinate 
corresponding to a displacement is cyclic, it means that a translation of the 
system, as if rigid, has no effect on the problem. In other words, if the system is 
invariant under translation along a given direction, the corresponding linear 
momentum is conserved. Similarly, the fact that a rotation coordinate is cyclic 
(and therefore the conjugate angular momentum conserved) indicates that the 
system is invariant under rotation about the given axis. Thus the momentum 
conservation theorems are closely connected with the symmetry properties of the 
system. If the system is spherically symmetric we can say without further ado that 
all components of angular momentum are conserved. Or, if the system is 
symmetric only about the z axis, then only L, will be conserved, and so on for the 
other axes. These symmetry considerations can often be used with relatively 
complicated problems to determine by inspection whether certain constants of 
the motion exist. Suppose, for example, the system consisted of a set of mass 
points moving in a potential field generated by fixed sources uniformly distributed 
on an infinite plane, say, the z = 0 plane. (The sources might bea mass distribution 
if the forces were gravitational, or a charge distribution for electrostatic forces.) 
Then the symmetry of the problem is such that the Lagrangian is invariant under a 
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translation of the system of particles in the x or y directions (but not in the z 
direction) and also under a rotation about the z axis. It immediately follows that 


the x and y components of the total linear momentum, P, and P,, are constants of ` 


the motion along with L., the z component of the total angular momentum. 
However, if the sources were restricted only to the half plane, x > 0, then the 
symmetry for translation along the x axis and for rotation about the z axis would be 
destroyed. In that case, P., and L, could not be conserved, but P, would remain a 
constant of the motion. We will encounter the connections between the constants 
ofmotion and the symmetry properties of the system several times in the following 
chapters. ect 
Another conservation theorem we should expect to obtain in the Lagrangian 
formulation is the conservation of total energy for systems where the forces are 
derivable from potentials dependent only on position. Indeed, it is possible to 
demonstrate a conservation theorem for which conservation of total energy 
represents only a special case. Consider a general Lagrangian, which will be a 
function of the coordinates q; and the velocities g; and may also depend explicitly 
on the time. (The explicit time dependence may arise from the time variation of 
external potentials, or from time-dependent constraints.) Then the total time 
derivative of L is 
dL OL dq; OL dq; z ôL 


Josha a tA awe (2-51) 
dt dag, dt ‘F064, dt at 
From Lagrange’s equations, 
a, 
dq;  dt\êà 
and (2-45) can be rewritten as 
ðL dg; ƏL 
a ey ie 
dt *'dt\0q, 7 04; dt t 
or 
dL dj, ôL ôL 
=A ua | ta 
dt “Fdt\' 04; t 
It therefore follows that 
d ôL ôL 
Fl 24) = = 0. 2-52 
PLE z) ta oe 
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The quantity in the brackets is oftentimes called the energy function* and will be 
denoted by h: 


ðL 
h(4.4.t) = Vaya L (2-53) 
3 4; 


and Eq. (2-52) can be looked on as giving the total time derivative of h: 


dh ðL 
m (2-54) 


Ifthe Lagrangian is not an explicit function of time, that is, if t does not appear in 
L explicitly but only implicitly through the time variation of q and å, then Eq. 
(2-54) says that h is conserved; it is one of the first integrals of the motion and is 
sometimes referred to as Jacobi’s integral.f 

Under certain circumstances, the function / is the total energy of the system. 
To determine what these circumstances are, we recall that the total kinetic energy 
of a system can always be written as 


T=T,+T,+T, (1-73) 


where To is a function of the generalized coordinates only, T, (, 4) is linear in the 
generalized velocities, and T, (q, 4) is a quadratic function of the qs. For a very 
wide range of systems and sets of generalized coordinates, the Lagrangian can be 
similarly decomposed as regards its functional behavior in the q variables: 


L(q, a, t) = Lo(4, t) + L,(q, 4, t) T L-(q, a, t). (2-55) 


Here L, is a homogeneous function of the second degree (not merely quadratic) in 
å while L, is homogeneous of the first degree in å. There is no reason intrinsic to 
mechanics that requires the Lagrangian to conform to Eq. (2-55), but in fact it 
does for almost all problems of interest. The Lagrangian clearly has this form 
when the forces are derivable from a potential not involving the velocities. Even 
with the velocity-dependent potentials we note that the Lagrangian for a charged 
particle in an electromagnetic field, Eq. (1-66), satisfies Eq (2-55). Now, it will be 


* The energy function h is identical in value with the Hamiltonian H (see Chapter 8). It is 
here given a different name and symbol to emphasize that h is considered a function of n 
independent variables q; and their time derivatives q;, (along with the time), whereas the 


Hamiltonian will be treated as a function of 2n independent variables, 4; P; (and possibly 
the time). 


T This designation is most often confined to a first integral in the restricted three-body 
problem. However, the integral there is merely a special case of the energy function h, and 


there is some historical precedent to apply the name Jacobi integral to the more general 
situation. 
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remembered that Euler’s theorem states that if f is a homogeneous function of 
degree n in the variables x,, then* 


Sx, =. (2-56) 


Applied to the function h, Eq. (2-53), for Lagrangians of the form (2—55) this 
theorem implies that 


h=2L, + L, — L= L, — Lọ. (2-57) 


If the transformation equations defining the generalized coordinates, Eqs. (1—38), 
do not involve the time explicitly, then by Eqs. (1-68) T = T,. If, further, the 
potential does not depend on the generalized velocities, then L, = T and 
Ly = —V, so that 


h=T+V=E, (2-58) 


and the energy function is indeed the total energy. Under these circumstances, if y 
does not involve the time explicitly neither will L, and by Eq. (2—54) h, which is 
here the total energy, will be conserved. , , 

It should be emphasized that the conditions for conservation of h are in 
principle quite distinct from those that identify h as the total energy. One can have 
a set of generalized coordinates such that in a particular problem h is conserved 
but is not the total energy. On the other hand, it can occur that h is the total 
energy, in the form T + V, but is not conserved. It may also be noted that whereas 
the Lagrangian is uniquely fixed for each system by the prescription 


L=T-U 


independent of the choice of generalized coordinates, the energy function h 
depends in magnitude and functional form on the specific set of generalized 
coordinates. For one and the same system, various energy functions h of different 
physical content can be generated depending on how the generalized coordinates 
are chosen. 

Finally it may be noted that where the system is not conservative, but there 
are frictional forces derivable from a dissipation function ¥, it can be easily 
shown that ¥ is related to the decay rate of h. When the equations of motion are 
given by Eq. (1-70), including dissipation, then Eq. (2-52) has the form 


dh ôL OF 
+ 


* See most textbooks on advanced calculus; e.g., W. Kaplan, Advanced Calculus, 2d ed., p. 
139. 
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By the definition of F, Eq. (1-67), it is a homogeneous function of the @’s of 
degree 2. Hence, applying Euler’s theorem again, we have 


dh OL 

— = -1F ~—., 2-59 

di at ee 
If Lis not an explicit function of time, and the system is such that / is the same as 
the energy, then Eq. (2—59) says that 2¥ is the rate of energy dissipation, 


dE 
GF: (2-60) 


a statement proved above (cf. p.24) in less general circumstances. 
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Section 3-7. 
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Conservation theorems are discussed in Chapter III, while Hamilton’s principle and its 
derivation from Lagrange’s equations (the converse of the route taken in the present 
chapter) will be found in Chapter IX. The presence of a set of differential equations in the 
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363 (1957). 
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and careful reading will be repaid in relation to almost any topic in the present book. The 
style might be described as that of “hand-waving arguments” written down on paper, and 
some holes are often left in the reasoning, but the physical insights are invaluable. Chapters I 
and II are particularly relevant to the present chapter. 


W. E. BYERLY, Generalized Coordinates. Happily still available in reprint form, this little 
book is of value particularly for the many detailed examples of the Lagrangian technique 
for setting up and solving mechanical problems. The lack of an index is a deplorable defect 
that makes use of the book somewhat difficult. 


D. W. WELLS, Lagrangian Dynamics. Although sometimes mislabeled as unsophisticated, 
this “outline” contains a wealth of detail and practical problems on a wide variety of 
aspects of Lagrangian mechanics. Chapter 6 has an unusually detailed treatment of 
frictional and dissipative sources within the Lagrangian framework (the author’s “power 
functidn” is our dissipation function). Chapter 15 is devoted to Lagrange’s equations for 
electrical systems and their interaction with mechanical systems. Chapters 12 (on 


constraint forces) and 17 (on Hamilton’s principle) are also useful. 


H. F. Oxson, Solution of Engineering Problems by Dynamical Analogies. This book 
discusses in great detail the electrical circuit problems equivalent to given mechanical and 
acoustical systems and illustrates the application of circuit theory to the solution of purely 
mechanical or acoustical problems. Lagrangians per se are introduced and used only 
briefly. A more pervasive Lagrangian viewpoint characterizes the following reference. 


B. R. Gossick, Hamilton’s Principle and Physical Systems. Although other nonmechanical 
systems are discussed, the emphasis is on applications from electrical engineering. The 
author’s particular interest is in nonconservative (but linear) systems, and he enlarges the 
concept of a dissipation function to include energy loss by electromagnetic radiation. 


H. Runp, Hamilton—Jacobi Theory in the Calculus of Variations. A good deal has been 
written about Hamilton’s principle for nonholonomic systems, and most of it is wrong 
(including some things that were said in the first edition). Rund’s book, though highly 
mathematical, has a number of interesting discussions on “pathological” problems 
encountered in the actual physical world and will be referred to here on several occasions. 
What is particularly relevant here is Section 5.5 on nonholonomicdynamical systems, which 
arrives at the flat conclusion that Hamilton’s principle, in the form of Eq. (2-2), is applicable 
only to holonomic constraints. The Lagrange multiplier procedure used here, based on 
varied paths constructed from virtual displacements, is gone into much greater detail in a 
pair of papers by H. Jeffreys and L: A. Pars, respectively, published in 1954 in the Quarterly 
Journal of Mechanics and Applied Mathematics, vol. 7, p. 335 and p. 338. 
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EXERCISES 
1. Prove-that the shortest distance between two points in space is a straight line. 


2. Show that the geodesics of a spherical surface are great circles, i.e., circles whose 
centers lie at the center of the sphere. 


3. Complete the solution of the brachistochrone problem begun in Section 2-2 and show 
that the desired curve is a cycloid with a cusp at the initial point at which the particle is 
released. Show also that if the particle is projected with an initial kinetic energy $mvg that 
the brachistochrone is still a cycloid passing through the two points with a cusp at a height 
z above the initial point given by vz = 2gz. 


4. Find the Euler-Lagrange equation describing the brachistochrone curve for a particle 
moving inside a spherical Earth of uniform mass density. Obtain a first integral for this 
differential equation by analogy to the Jacobi integral h. With the help of this integral show 
that the desired curve is a hypocycloid (the curve described by a point on a circle rolling on 
the inside of a larger circle). Obtain an expression for the time of travel along the 
brachistochrone between two points on the surface of the Earth. How long would it take to 
go from New York to Los Angeles (assumed to be 3,000 miles apart) along a 
brachistochrone tunnel (assuming no friction) and how far below the surface would the 
deepest point of the tunnel be? 


5. In the problem of the minimum surface of revolution examine the symmetric case 
Y2 =1,X2 = —X, > 0, and express the condition for the parameter a as a transcendental 
equation in terms of the dimensionless quantities k = x,/a, and a = y,/x,. Show that for « 
greater than a certain value a, two values of k are possible, for « = a, only one value of k is 
possible, while if a < &o no real value of k (or a) can be found, so that no catenary solution 
exists in this region. Find the value of «), numerically if necessary. 


-6. The broken-segment solution described in the text (cf. p. 42), in which the area of 
revolution is only that of the end circles of radius y, and y,, respectively, is known as the 
Goldschmidt solution. For the symmetric situation discussed in Exercise 5 above, obtain an 
expression for the ratio of the area generated by the catenary solutions to that given by the 
Goldschmidt solution. Your result should.be a function only of the parameters k and «a. 
Show that for sufficiently large values of & at least one of the catenaries gives an area below 
that of the Goldschmidt solution. On the other hand show that ifa = a, the Goldschmidt 
solution gives a lower area than the catenary. 


7. A chain or rope of indefinite length passes freely over pulleys at heights y, and y, above 
the plane surface of the earth, with a horizontal distance x, — x, between them. If the 
chain or rope has a uniform linear mass density show that the problem of finding the curve 
assumed between the pulleys is identical with that of the problem of minimum surface of 
revolution. (The transition to the Goldschmidt solution as the heights y, and y, are changed 
makes for a striking lecture demonstration.) 


8. Suppose that is was known experimentally thata particle fell a given distance yina time 


to = V 2yo/g, but that the time of fall for distances other than yo were not known. Suppose 
further that the Lagrangian for the problem is known, but that instead of solving the 


66 VARIATIONAL PRINCIPLES AND LAGRANGE’S EQUATIONS 


equation of motion for y as a function of t, it is guessed that the functional form is 


y =at + bt. 


If the constants a and b are adjusted always so that the time to fall y, is correctly given by 
to, show directly that the integral 
to 
Í Ldt 
0 


is an extremum for real values of the coefficients only when a = 0 and b = g/2. 


9. When two billiard balls collide the instantaneous forces between them are very large 
but act only in an infinitesimal time At, in such a manner that the quantity 


Fdt 
At 
remains finite. Such forces are described as impulsive forces, and the integral over At is 
known as the impulse of the force. Show that if impulsive forces are present Lagrange’s 
equations may be transformed into 


ôL | | aL | Je 
oå als 04 jli ai 
where the subscripts i and f refer to the state of the system before and after the impulse, S; is 


the impulse of the generalized impulsive force corresponding to q;, and L is the Lagrangian 
including all the nonimpulsive forces. 


10. The term generalized mechanics has come to designate a variety of classical mechanics 
in which the Lagrangian contains time derivatives of q; higher than the first. By applying 
the methods of the calculus of variations, show that if there is a Lagrangian of the form 
L(q;, di ği t), and Hamilton’s principle holds with the zero variation of both q; and q; at the 
end points, then the corresponding Euler-Lagrange equations are 


2 
z aZ o, oe. 


dt? \0g,} dt\0q,} ôq: 
Apply this result to the Lagrangian 


pee k, 
= 744 z1 


Do you recognize the equations of motion? 


11. A heavy particle is placed at the top of a vertical hoop. Calculate the reaction of the 
hoop on the particle by means of the Lagrange’s undetermined multipliers and Lagrange’s 
equations. Find the height at which the particle falls off. 


12. A uniform hoop of mass m and radius r rolls without slipping on a fixed cylinder of 
radius R as shown in the figure. The only external force is that of gravity. If the smaller 
cylinder starts rolling from rest on top of the bigger cylinder, find by the method of 
Lagrange multipliers the point at which the hoop falls off the cylinder. 
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13. A form of the Wheatstone impedance bridge has, in addition to the usual four 
resistances, an inductance in one arm and a capacitance in the opposite arm. Set up L and 
for the unbalanced bridge, with the charges in the elements as coordinates. Using the 
Kirchhoffjunction conditions as constraints on the currents, obtain the Lagrange equations 
of motion, and show that eliminating the /’s reduces these to the usual network equations. 


14. In certain situations, particularly one-dimensional systems, it is possible to 
incorporate frictional effects without introducing the dissipation function. As an example, 
find the equations of motion for the Lagrangian 


How would you describe the system? Are there any constants of motion? Suppose a point 
transformation is made of the form 


s = eg. 
What is the effective Lagrangian in terms of s? Find the equation of motion for s. What do 
these results say about the conserved quantities for the system? 
15. Show that if the potential in the Lagrangian contains velocity-dependent terms, the 


canonical momentum corresponding to a coordinate of rotation 8 of the entire system is 
no longer the mechanical angular momentum L, but is given by 
Po = Ly — yar, x V,,U, 
i 
where V, is the gradient operator in which the derivatives are with respect to the velocity 


components and n is a unit vector in the direction of rotation. If the forces are 
electromagnetic in character the canonical momentum is therefore 


Pp = Ly + X n'r; xA, 


16. It sometimes occurs that the generalized coordinates appear separately in the kinetic 
energy and the potential energy in such a manner that T and V may be written in the form 


T=Y fa)? and V= Vq). 


68 VARIATIONAL PRINCIPLES AND LAGRANGE'’S EQUATIONS 


Show that Lagrange’s equations then separate, and that the problem can always be 
reduced to quadratures. 


17. A point mass is constrained to move on a massless hoop of radius a fixed in a vertical 
plane that is rotating about the vertical with constant angular speed w. Obtain the 
Lagrange equations of motion assuming the only external forces arise from gravity. What 
are the constants of motion? Show that if œ is greater than a critical value wg, there can be 
a solution in which the particle remains stationary on the hoop at a point other than at the 
bottom, but that ifw < wo, the only stationary point for the particle is at the bottom of the 
hoop. What is the value of w? 


18. A particle moves in a conservative field of force produced by various mass 
distributions. In each instance the force generated by a volume element of the distribution 
is derived from a potential that is proportional to the mass of the volume element and is a 
function only of the scalar distance from the volume element. For the following fixed, 
homogeneous mass distributions, state the conserved quantities in the motion of the 
particle: 


a) The mass is uniformly distributed in the plane z = 0. 

b) The mass is uniformly distributed in the half-plane z = 0, y > 0. 

c) The mass is uniformly distributed in a circular cylinder of infinite length, with axis 
along the z axis. 

d) The mass is uniformly distributed in a circular cyclinder of finite length, with axis along 
the z axis. 

e) The mass is uniformly distributed in a right cylinder of elliptical cross section and 
infinite length, with axis along the z axis. 

f) The mass is uniformly distributed in a dumbbell whose axis is oriented along the z 
axis. 

g) The mass is in the form of a uniform wire wound in the geometry of an infinite helical 
solenoid, with axis along the z axis. : 


19. A particle of mass m slides without friction on a wedge of angle « and mass M that can 
move without friction on a smooth horizontal surface (cf. figure). Treating the constraint 
of the particle on the wedge by the method of Lagrange multipliers, find the equations of 
motion for the particle and wedge. Also obtain an expression for the forces of constraint. 
Calculate the work done in time t by the forces of constraint acting on the particle and on 
the wedge. What are the constants of motion for the system? Contrast the results you have 
found with the situation when the wedge is fixed. [Suggestion: For the particle you may 
either use a Cartesian coordinate system with y vertical, or one with y normal to the wedge 
or, even more instructively, do it in both systems. ] i 


20. A carriage runs along rails on a rigid beam. The carriage is attached to one end of a 
spring, equilibrium length rọ and force constant k, whose other end is fixed on the beam. 
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On the carriage there is another set ofrails perpendicular to the first along which a particle 
ofmass m moves, held by a spring fixed on the beam, of force constant k and zero equilibrium 
length. Beam, rails, springs and carriage are assumed to have zero mass. The whole system 
is forced to move in a plane about the point of attachment of the first spring, with a 


constant angular speed w. The length of the second spring is at all times considered small 
compared to ro. 


a) What is the energy of the system? Is it conserved? 

b) Using generalized coordinates in the laboratory system what is the Jacobi integral for 
the system? Is it conserved? 

c) In terms of generalized coordinates relative to a system rotating with the angular 
speed w, what is the Lagrangian? What is the Jacobi integral? Is it conserved? Discuss 
the relationship between the two Jacobi integrals. 


21. Suppose that a particle moves in space subject to a conservative potential V(r) but is 
constrained always to move on a surface whose equation is o(r,t) = 0. (The explicit 
dependence on t indicates that the surface may be moving.) The instantaneous force of 
constraint is taken as always perpendicular to the surface. Show analytically that the 
energy of the particle is not conserved if the surface moves in time. What physically is the 
reason for nonconservation of the energy under this circumstance? 


22. The one-dimensional harmonic oscillator has the Lagrangian L = mX?/2 — kx?/2, 
Suppose you did not know the solution to the motion, but realized that the motion must be 
periodic and therefore could be described by a Fourier series of the form 


x(t) = }, a;cosjat 
j=0 
(taking t = 0 at a turning point) where w is the (unknown) angular frequency of the motion. 
This representation for x(t) defines a many-parameter path for the system point in 
configuration space. Consider the action integral J for two points t, and t, separated by the 
period T = 2z/w. Show that with this form for the system path, J is an extremum for 
nonvanishing x only if a; = 0, for j # 1, and only if w? = k/m. 


CHAPTER 3 
The Two-Body 
Central Force Problem 


In this chapter we shall discuss the problem of two bodies moving under the 
influence of a mutual central force as an application of the Lagrangian 
formulation. Not all the problems of central force motion are integrable in terms 
of well-known functions. However, we shall attempt to explore the problem as 
thoroughly as is possible with the tools already developed. 


3-1 REDUCTION TO THE EQUIVALENT ONE-BODY PROBLEM 


Consider a monogenic system of two mass points, m, and m,, where the only 
forces are those due to an interaction potential U. It will be assumed at first that U 
is any function of the vector between the two particles, r, — r,, or of their relative 
velocity, t, — ï}, or of any higher derivatives of r, — r,. Such a system has six 
degrees of freedom and hence six independent generalized coordinates. Let us 
choose these to be the three components of the radius vector to the center of mass, 
R, plus the three components of the difference vectorr = r, — r,. The Lagrangian 
will then have the form 


L = T(Ř, it) — U(,i,...). (3-1) 
my 
T 
R my 
FIGURE 3-1 
Coordinates for the two-body 
problem. 
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The kinetic energy T can be written as the sum of the kinetic energy of the 
motion of the center of mass, plus the kinetic energy of motion about the center of 
mass, T’: 


T =4(m, + m,)R? + T' 
with 
T =4m i? +4m,r7?. 
Here r; and r; are the radii vectors of the two particles relative to the center of 
mass and are related to r by 


z At Se 
m +m,’ 
(3-2) 
o m 
2 mo +m, | 
Expressed in terms of r by means of Eq. (3-2), T’ takes on the form 
, lL mm 2 
2m, +m, 
and the total Lagrangian (3—1) is’ 
m, +m p 1 mm 
=R? + -i — Uri...) (3-3) 
2 2m, +m, 


It is seen that the three coordinates R are cyclic, so that the center of mass is 
either at rest or moving uniformly. None of the equations of motion for r will 
contain terms involving R or R. Consequently the process of ignoration is 
particularly simple here. We merely drop the first term from the Lagrangian in all 
subsequent discussion. 

The rest of the Lagrangian is exactly what would be expected if we had a fixed 
center of force with a single particle at a distance r from it, having a mass 


mm, 
a (3-4) 
m, +m, 


where p is known as the reduced mass. Frequently Eq. (3—4) is written in the form 
=> +. (3-5) 


Thus the central force motion of two bodies about their center of mass can always 
be reduced to an equivalent one-body problem. 


3-2 THE EQUATIONS OF MOTION AND FIRST INTEGRALS 


We now restrict ourselves to conservative central forces, where the potential is 
V(r), a function of r only, so that the force is always along r. By the results of the 
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preceding section we need consider only the problem ofa single particle of mass m 
moving about a fixed center of force, which will be taken as the origin of the 


coordinate system. Since potential energy involves only the radial distance, the i 


problem has spherical symmetry, i.e., any rotation, about any fixed axis, can have 
no effect on the solution. Hence an angle coordinate representing rotation about 
a fixed axis must be cyclic. These symmetry properties result in a considerable 
simplification in the problem. Since the system is spherically symmetric, the total 
angular momentum vector, 


L=rxp, 


is conserved. It therefore follows that r is always perpendicular to the fixed 
direction of L in space. This can be true only if r always lies in a plane whose 
normal is parallel to L. While the reasoning breaks down if L is zero, the motion 
in that case must be along a straight line going through the center of force, for 
L = 0 requires r to be parallel to ï, which can be satisfied only in straight line 
motion.* Thus, central force motion is always motion in a plane. Now, the motion 
of a single particle in space is described by three coordinates; in spherical polar 
coordinates these are the azimuth angle 0, the zenith angle (or colatitude) y, and 
the radial distance r. By choosing the polar axis to be in the direction of L, the 
motion is always in the plane perpendicular to the polar axis. The coordinate y 
then has only the constant value 2/2 and can be dropped from the subsequent 
discussion. The conservation of the angular momentum vector furnishes three 
independent constants of motion (corresponding to the three Cartesian 
components). In effect, two of these, expressing the constant direction of the 
angular momentum, have been used to reduce the problem from three to two 
degrees of freedom. The third of these constants, corresponding to the 
conservation of the magnitude of L, remains still at our disposal in completing the 
solution. 
Expressed now in plane polar coordinates the Lagrangian is 


L=T-—V 
= 4m(i? + 176?) — V(r). (3-6) 
As was foreseen 0 is a cyclic coordinate, whose corresponding canonical 
momentum is the angular momentum of the system: 
Po = a = mr 
z : 


One of the two equations of motion is then simply 


Ba = £ (m6) =0 8-7) 


* Formally: t = im, + réng, hence r x i = 0 requires 0 = 0. 
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X 


with the immediate integral 
m? =l, (3-8) 


where lis the constant magnitude of the angular momentum. From (3-7) it also 
follows that 


d{i,. 
—|=*0] =0. - 
zla] 9) 
The factor 4 is inserted because4r76 is just the areal velocity—the area swept out 
by the radius vector per unit time. This interpretation follows from the diagram, 
Fig. 3-2, the differential area swept out in time dt being 


dA = 4r(rd6), 
and hence 

dA 1 ,d6 

di dE 
The conservation of angular momentum is thus equivalent to saying the areal 
velocity is constant. Here we have the proof of the well-known Kepler’s second law 
of planetary motion: the radius vector sweeps out equal areas in equal times. It 
should be emphasized, however, that the conservation of the areal velocity is a 
general property of central force motion and is not restricted to an inverse square 
law of force. 

The remaining Lagrange equation, for the coordinate r, is 


d , 
an) — mr? + —-=0. (3-10) 


Designating the value of the force along r, ent by f(r) the equation can be 
rewritten as or 


mi — mÊ? = f(r). (3-11) 


FIGURE 3-2 
The area swept out by the radius vector in 
a time dt. 


| 
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By making use of the first integral, Eq. (3—8), Ê can be eliminated from the 


equation of motion, yielding a second order differential equation involving r 


only: 
P 
mf — — = f(r). 3-12 
z = fir) 8-12) 
There is another first integral of motion available, namely the total energy, since 
the forces are conservative. On the basis of the general energy conservation 
theorem we can immediately state that a constant of the motion is 
1 . 
E = sm(i? +1767) + V(r), (3-13) 
where E is the energy of the system. Alternatively, this first integral could be 


derived again directly from the equations of motion (3—7) and (3—12). The latter 
can be written as 


m? = V+ D 3-14 
n = —— >a}. = 

dr 2 mr? Gals) 
If both sides of Eq. (3-14) are multiplied by 7 the left-hand side becomes 


nih = bid Ie 
~ dt\2 ; 


The right-hand side similarly can be written as a total time derivative, for if g(r) is 
any function of r, then the total time derivative of g has the form 


Hence Eq. (3—14) is equivalent to 


d{t_,) d|, 1P 
shim |- al¥+ i] 


or 
dli „ 1P 
po +V) = 
ats 2 mr r] 0, 
and therefore 
2 
m??? + z+ V = constant. (3-15) 
2 mre ` 


Equation (3-15) is the statement of the conservation of total energy, for by using 
(3-8) for I the middle term can be written 


1 P o mÈ? 
2 ae TIm? mpira = i 
and (3—15) reduces to (3—13). 
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These two first integrals give us in effect two of the quadratures necessary to 
complete the problem. As there are two variables, r and 0, a total of four 
integrations are needed to solve the equations of motion. The first two 
integrations have left the Lagrange equations as two first order equations (3—8) 
and (3—15); the two remaining integrations can be accomplished (formally) in a 
variety of ways. Perhaps the simplest procedure starts from Eq. (3—15). Solving 
for * we have 


2 P 
r= Ple-v-s5), (3-16) 
or - 
dt = dr 
2 P 
po ae a re (3-17) 


At time t = 0 let r have the initial value rg. Then the integral of both sides of the 
equation from the initial state to the state at time ¢ takes the form 


r dr 
a a 
haza 


m 2mr? 


(3-18) 


Asit stands Eq. (3—18) gives t as a function ofr and the constants of integration E, |, 
andro. However, it may be inverted, at least formally, to giver as a function of tand 
the constants. Once the solution for r is thus found, the solution 0 follows 
immediately from Eq. (3-8), which can be written as 


d 
ia (3-19) 


If the initial value of 8 is 6), then the integral of (3—19) is simply 


= if +0 (3-20) 
— Jom ~ 

Equations (3—18) and (3—20) are the two remaining integrations, and formally 
the problem has been reduced to quadratures, with four constants of integration 
E, |, ro, 89. These constants are not the only ones that can be considered. We 
might equally as well have taken rg, 09,9, 8; but of course E and l can always be 
determined in terms of this set. For many applications, however, the set containing 
the energy and angular momentum is the natural one. In quantum mechanics such 
constants as the initial values ofr and 0, or of f and 6, become meaningless, but we 
can still talk in terms of the system energy or of the system angular momentum. 
Indeed, the salient differences between classical and quantum mechanics appear in 
the properties of E and l in the two theories. In order to discuss the transition to 
quantum theories it is important therefore that the classical description of the 
system be in terms of its energy and angular momentum. 
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3-3 THE EQUIVALENT ONE-DIMENSIONAL PROBLEM, 
AND CLASSIFICATION OF ORBITS 


While the problem has thus been solved formally, practically speaking the 
integrals (3-18) and (3—20) are usually quite unmanageable, and in any specific 
case it is often more convenient to perform the integration in some other fashion. 
But before obtaining the solution for specific force laws, let us see what can be 
learned about the motion in the general case, using only the equations of motion 
and the conservation theorems, without requiring explicit solutions. 

For example, with a system of known energy and angular momentum, the 
magnitude and direction of the velocity of the particle can be immediately 
determined in terms of the distance r. The magnitude v follows at once from the 
conservation of energy in the form 


1 
E =i + V(r) 


v= ats — V(r)). (3-21) 
m 


The radial velocity—the component of r along the radius vector—has already 
been given in Eq. (3-16). Combined with the magnitude v this is sufficient 
information to furnish the direction of the velocity.* These results, and much 
more, can also be obtained from consideration of an equivalent one-dimensional 
problem. 

The equation of motion in r, with 6 expressed in terms of l, Eq. (3-12), 
involves only rand its derivatives. It is the same equation as would be obtained fora 
fictitious one-dimensional problem in which a particle of mass m is subject to a 
force 


or 


aE 


mr?’ 


fast 


The significance of the additional term is clear if it is written as mr6? = mv3/r, 
which is the familiar centrifugal force. An equivalent statement can be obtained 
from the conservation theorem for energy. By Eq. (3-15) the motion of the 
particle in r is that of a one-dimensional problem with a fictitious potential 
energy: 


As a check we note that 


ov’ P 
=J(r) +—, 
mr 


* Alternatively, the conservation of angular momentum furnishes 6, the angular velocity, 
and this together with } gives both the magnitude and direction of t. 


| 
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which agrees with Eq. (3—22). The energy conservation theorem (3—15) can thus 
also be written as 


„al a 
Ee=V tgm. (3-15’) 
As an illustration of this method of examining the motion, consider a plot of 
V’ against r for the’specific case of an attractive inverse square law of force: 


k 
f Has. 
T 


((For positive k the minus sign ensures that the force is toward the center of force.) 
The potential energy for this force is 


ya 
r 


and the corresponding fictitious potential is 


2 k P 
V =- =. 
ro 2m 


Such a plot is shown in Fig. 3-3; the two dotted lines represent the separate 
components 
k P 


—— and 
r 2mr?’ 


FIGURE 3-3 
The equivalent one-dimensional potential for 
attractive inverse square law of force. 
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Let us consider now the motion of a particle having the energy E,, as shown 
in Figs. 3-3 and 3—4. Clearly this particle can never come closer than r, (cf. Fig. 
3—4). Otherwise with r < r}, V’ exceeds E, and by Eq. (3—15’) the kinetic energy 
would have to be negative, corresponding to an imaginary velocity! On the other 
hand, there is no upper limit to the possible value of r, so that the orbit is not 
bounded. A particle will come in from infinity, strike the “repulsive centrifugal 
barrier,” be repelled, and travel back out to infinity (cf. Fig. 3-5). The distance 
between E and V’ is4mr*, that is, proportional to the square of the radial velocity, 
and becomes zero, naturally, at the turning point r, . At the same time the distance 
between E and Von the plot is the kinetic energy 4mv at the given value of r. 
Hence the distance between the V and V’ curves is 4mr?6?. These curves therefore 
supply the magnitude of the particle velocity and its components for any distancer, 
at the given energy and angular momentum. This information is sufficient to 
provide an approximate picture of the form of the orbit. 


FIGURE 3-4 
Unbounded motion at positive energies for 
inverse square law of force. 


For the energy E, = 0 (cf. Fig. 3-3) a roughly similar picture of the orbit 
behavior is obtained. But for any lower energy, such as E, indicated in Fig. 3—6, 
we have a different story. In addition to a lower bound r,, there is also a 
maximum value r, that cannot be exceeded by r with positive kinetic energy. The 
motion is then “bounded,” and there are two turning points, r, and r,, also 
known as apsidal distances. This does not necessarily mean that the orbits are 
closed. All that can be said is that they are bounded, contained between two 
circles of radius r, and r, with turning points always lying on the circles (cf. Fig. 
3-7). 
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FIGURE 3-5 
Schematic picture of the orbit for E, 
corresponding to unbounded motion. 


If the energy is E, just at the minimum of the fictitious potential as shown in 
Fig. 3-8, then the two bounds coincide. In such case motion is possible at only 
one radius; # = 0, and the orbit is a circle. Remembering that the effective “force” 
is the negative of the slope of the V’ curve, the requirement for circular orbits is 
simply that f” be zero, or 

2 


I 42 
fr)= r —mr*. 


FIGURE 3-6 

The equivalent one-dimensional potential 
for inverse square law of force, illustrating 
bounded motion at negative energies. 


We have here the familiar elementary condition for a circular orbit, that the 
applied force be equal and opposite to the “reversed effective force” of centripetal 


| 
| 
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FIGURE 3-7 
Schematic illustration of the nature of 
the orbits for bounded motion. 


acceleration.* The properties of circular orbits and the conditions for them will be 
studied in greater detail below in Section 3-6. 

It is to be emphasized that all of this discussion of the orbits for various 
energies has been at one value of the angular momentum. Changing l will change 
the quantitative details of the V’ curve but it will not affect the general classification 
of the types of orbits. 

For the attractive inverse square law of force discussed above, we shall see that 
the orbit for E, is a hyperbola, for E, a parabola, and for E, an ellipse. With other 
forces the orbits may not have such simple forms. However, the same general 
qualitative division into open, bounded, and circular orbits will be true for any 


FIGURE 3-8 

The equivalent one-dimensional potential 
of inverse square law of force, illustrating 
the condition for circular orbits. 


* The case E < E, does not correspond to physically possible motion, for then #* would 
have to be negative, or * imaginary. 
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FIGURE 3-9 
The equivalent one-dimensional potential 
for an attractive inverse fourth law of force. 


attractive potential that (1) falls off slower than 1/r? as r— œo; (2) becomes 
infinite slower than 1/r? as r — 0. The first condition ensures that the potential 
predominates over the centrifugal term for large r, while the second condition is 
such that for small r it is the centrifugal term that is the important one. 

The qualitative nature of the motion will be altered if the potential does not 
satisfy these requirements, but we may still use the method of the equivalent 
potential to examine features of the orbits. As an example, consider the attractive 
potential 


Vo) =-5 with f= -4 


The energy diagram then is as shown in Fig. 3-9. For an energy E there are two 
possible types of motion, depending upon the initial value of r. If rọ is less than r, 
the motion will be bounded, r will always remain less than r, , and the particle will 
eventually pass through the center of force. If r is initially greater than r,, then it 
will always remain so; the motion is unbounded, and the particle can never get 
inside the “potential” hole. The initial condition F; < rọ <r, is again not 
physically possible. 

Another interesting example of the method occurs for a linear restoring force 
(isotropic harmonic oscillator): 


f= —kr, V= Zk, 


For zero angular momentum, corresponding to motion along a straight line, 
V’ = V and the situation is as shown in Fig. 3—10. For any positive energy the 
motion is bounded and, as we know, simple harmonic. If] 4 0 we have the state of 
affairs shown in Fig. 3-11. The motion then is always bounded for all physically 


| 
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i 


82 THE TWO-BODY CENTRAL FORCE PROBLEM 


FIGURE 3-10 


possible energies and does not pass through the center of force. In this particular 
case it is easily seen that the orbit is elliptic, for iff = — kr, the x and y components 
of the force are 


fe = —kx, fy = —ky. 


The total motion is thus the resultant of two simple harmonic oscillations at right 
angles, and of the same frequency, which in general leads to an elliptic orbit. A 
well-known example is the spherical pendulum for small amplitudes. The familiar 
Lissajous figures are obtained as the composition of two sinusoidal oscillations at 
right angles where the ratio of the frequencies is a rational number.* Central force 
motion under a linear restoring force therefore constitutes the simplest of the 
Lissajous figures. 


FIGURE 3-11 


3—4 THE VIRIAL THEOREM 


Another property of central force motion can be derived as a special case of a 
general theorem valid for a large variety of systems—the virial theorem. It differs 


* See, for example, K. R. Symon, Mechanics, 3rd ed., (Reading, Massachusetts: Addison- 
Wesley, 1971), Section 3-10. 
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in character from the theorems previously discussed in being statistical in nature, 
i.e., it is concerned with the time averages of various mechanical quantities. 

Consider a general system of mass points with position vectors r; and applied 
forces F (including any forces of constraint). The fundamental equations of 
motion are then 


p; = FE. (1-1) 
We shall be interested in the quantity 


G =) pi Ts 


where the summation is over all particles in the system. The total time derivative 
of this quantity is 


qT Lieh t Eber (3-23) 

The first term can be transformed to 
Fiep =} misi =) mo = 2T, 
while the second by Eq. (1-1) is 
Pit; = LFE r. 

Equations (3—23) therefore reduces to 

d 

goru = 2T + Rr, (3-24) 


The time average of Eq. (3—24) over a time interval t is obtained by integrating 
both sides with respect to t from 0 to z, and dividing by t: 


1pdG, dG — 
> aT 2 +2 cor; 
or 
== = 1 
2T+)E-r,; = —[G(r) — G(0)]. (3-25) 


If the motion is periodic, i.e., all coordinates repeat after a certain time, and if t is 
chosen to be the period, then the right-hand side of (3—25) vanishes. A similar 
conclusion can be reached even if the motion is not periodic, provided that the 
coordinates and velocities for all particles remain finite so that there is an upper 
bound to G. By choosing ¢ sufficiently long, the right-hand side of Eq. (3—25) can 
be made as small as desired. In both cases it then follows that 


= ls 
T= —5LE (3-26) 


84 THE TWO-BODY CENTRAL FORCE PROBLEM 


Equation (3—26) is known as the virial theorem, and the right-hand side is called 
the virial of Clausius. In this form the theorem is very useful in the kinetic theory of 
gases. Thus the virial theorem can be used to derive Boyle’s Law for perfect gases 
by means of the following brief argument. 

Consider a gas consisting of N atoms confined within a container of volume 
V. The gas is further assumed to be at a temperature T (not to be confused with the 
symbol for kinetic energy). Then by the equipartition theorem of kinetic theory, 
the average kinetic energy of each atom is given by 3kT, k being the Boltzmann 
constant, a relation that in effect is the definition of temperature. The left-hand 
side of Eq. (3—26) is therefore 


3 
NET 


On the right-hand side of Eq. (3—26), the forces F; include both the forces of 
interaction between atoms and the forces of constraint on the system. A perfect 
gas is defined as one for which the forces ofinteraction contribute negligibly to the 
virial. This occurs, e.g., ifthe gas is so tenuous that collisions between atoms occur 
rarely, compared to collisions with the walls of the container. It is these walls that 
constitute the constraint on the system, and the forces of constraint, F,, are 
localized at the wall and come into existence whenever a gas atom collides with the 
wall. The sum on the right-hand side of Eq. (3—26) can therefore be replaced in the 
average by an integral over the surface of the container. The force of constraint 
represents the reaction of the wall to the collision forces exerted by the atoms on the 
wall, i.e., to the pressure P. With the usual outward convention for the unit vector n 
in the direction of the normal to the surface, we can write therefore 


dF, = —PndaA, 
or 


1 P 

QUA = -5 | nrda. 
But, by Gauss’ theorem, 

faras = [v-rav = 3V. 


The virial theorem, Eq. (3—26), for the system representing a perfect gas therefore 
can be written 

3 3 

—NkT =—PY, 

2 2 
which, cancelling the common factor of on both sides, is the familiar Boyle’s 
Law. Where the interparticle forces contribute to the virial, the perfect gas law of 
course no longer holds. The virial theorem is then the principal tool, in classical 
kinetic theory, for calculating the equation-of-state corresponding to such 
imperfect gases. 
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One can further show that if the forces F, are the sum of nonfrictional forces F; 
and frictional forces f; proportional to the velocity, then the virial depends only 
on the F;; there is no contribution from the f,. Of course, the motion of the system 
must not be allowed to die down as a result of the frictional forces. Energy must 
constantly be pumped into the system to maintain the motion; otherwise all time 
averages would vanish as t increases indefinitely. (See Exercise 4.) 

If the forces are derivable from a potential, then the theorem becomes 


n les 
Te LNE (3-27) 


and for a single particle moving under a central force it reduces to 


— 1V 
T =-~. 3-28 
2 ôr Pn 
If V is a power-law function of r, 
V =ar"! 


where the exponent is chosen so that the force law goes as r”, then 
Ti = (n + lV, 

or 
and Eq. (3—28) becomes 


nti, 


T= l 3-29 
T 5 V. (3-29) 


Byan application ofEuler’s theorem for homogeneous functions (cf. p.61) itisclear 
that Eq. (3-29) holds also whenever V is a homogeneous function in r of degree 
n + 1. For the further special case of inverse square law forces nis — 2 and the virial 
theorem takes on a well-known form: 

ite 


ee z 
y (3-30) 


3-5 THE DIFFERENTIAL EQUATION FOR THE ORBIT, 
AND INTEGRABLE POWER-LAW POTENTIALS 


In treating specific details of actual central force problems a change in the 
orientation of our discussion is desirable. Hitherto solving a problem has meant 
finding r and 8 as functions of time with E, l, and so on, as constants of integration. 
But most often what we really seek is the equation ofthe orbit, i.e., the dependence 
of r upon 9, eliminating the parameter t. For central force problems the 
elimination is particularly simple, since t occurs in the equations of motion only 
as a variable of differentiation. Indeed one equation of motion, (3-8), simply 
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provides a definite relation between a differential change dt and the 
corresponding change d0: 


ldt = mr? dé. (3-31) 
The corresponding relation between derivatives with respect to t and @ is 

d_ č l d (3-32) 

dt mr? d` = 


These relations may be used to convert the equation of motion (3-12) into a 
different equation for the orbit. Alternatively they can be applied to the formal 
solution of the equations of motion, given in Eq. (3—17), to furnish the equation of 
the orbit directly. For the moment we shall follow the former of these possibilities. 
From (3-32) a second derivative with respect to ¢ can be written 
i l d | l d | 


d? mr? do 


mr? dO 


and the Lagrange equation for r, (3—12), becomes 


l d| l dr P? 
ai a E eaa; S. 3-33 
r? a z] mr? fo) poe 
Now, to simplify (3-33) we notice that 
1 dre d(i/r) - 
r? dð dð ° 
hence if the variable is changed to u = 1/r, we have 
Pu [du 1 
3 = — f=]. -34 
m (e x | sii] Gan 
Since 
d dd _ i d 
du dudr u? dr’ 
Eq. (3-34a) can be written alternatively in terms of the potential as 
du md fl 
= . —34b 
dee" Pd E) S 


Either form of Eq. (3—34) is thus a differential equation for the orbit if the force 
law f, or the potential V, is known. Conversely if the equation of the orbit is 
known, that is, r is given as a function of 0, then one can work back and obtain the 
force law f(r). 

Here, however, we want to obtain some rather general results. For example, it 
can be shown from (3—34) that-the orbit is symmetrical about the turning points. 
To prove this statement it will be noted that if the orbit is symmetrical it should be 
possible to reflect it about the direction of the turning angle without producing 


“sven aran genres 
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any change. If the coordinates are so chosen that the turning point occurs for 
8 = 0, then the reflection can be effected mathematically by the substitution of 
—6 for 6. The differential equation for the orbit, (3—34), is obviously invariant 
under such a substitution. Further the initial conditions, here 


du 
dé 
will likewise be unaffected. Hence the orbit equation must be the same whether 
expressed in terms of 0 or —6, which is the desired conclusion. The orbit is 
therefore invariant under reflection about the apsidal vectors. In effect this means 
that the complete orbit can be traced if the portion of the orbit between any two 
turning points is known. Reflection of the given portion about one of the apsidal 
vectors produces a neighboring stretch of the orbit, and this process can be 


repeated indefinitely until the rest of the orbit is completed, as illustrated in Fig. 
3-12. 


u = u(0), | | = 0, for 6 = 0, 
0 


FIGURE 3-12 
Extension of the orbit by reflection of a portion 
about the apsidal vectors. 


For any particular force law the actual equation of the orbit must be obtained 
by-integrating the differential equation Eq. (3—34), in either ofits forms. However 
it is not necessary to go through all the details of the integration, as most of the 
work has already been done in solving the equation of motion (3—12). All that 
remains is to eliminate ¢ from the solution (3—17) by means of (3—31), resulting in 


ldr 


dd = —; n (3-35) 
2 Jj = 2 
mr J =| E — V(r) Fart | 


With slight rearrangements the integral of (3—35) is 


dr 


+ (3-36) 


| 
DLA 
l 
po: 


88 THE TWO-BODY CENTRAL FORCE PROBLEM 


or, if the variable of integration is PEE to u = 1/r, 


a foe AA 5 l 
—u 


As in the case of the equation of motion, Eq. (3—37), while solving the 
problem formally, is not always a practicable solution, because the integral often 
cannot be expressed in terms of well-known functions. In fact, only certain types 
of force laws have been investigated. The most important are the power-law 
functions of r, 


(3-37) 


V=ar"*! (3-38) 


so that the force varies as the nth power of r.* With this potential (3-37) becomes 


(3-39) 
‘| = Aera 


This again will be integrable in terms of simple functions only in certain cases. If 
the quantity in the radical is of no higher power in u than quadratic, the 
denominator has the form Jar + fu + y and the integration can be directly 
effected in terms of circular functions. This restriction is equivalent to requiring 
that 


—n — 1 = 0,1,2, 
or, excluding the n = —1 case, for 
n= —2, —3, 


corresponding to inverse square or inverse cube force laws. One further easily 
integrable case is for n = 1, i.e., the linear force; for then Eq. (3—39) can be written 


as 
08 = 9 _ . (3-39') 
sili < L 


2 
uw” 


If now we make the substitution 


dx 
u? = x, du = 3 
2/x 
* The case n = — 1 is to be excluded from the following discussion. In the potential (3—38) 


it corresponds to a constant potential, i.e., no force at all. It is an equally anomalous case if 
the exponent is used in the force law directly, since a force varying as r~ ' corresponds to a 
logarithmic potential, which is not a power law at all. A logarithmic potential is unusual 
for motion about a point; it is more characteristic of a line source. 
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Eq. (3-39’) becomes 


(3-40) 


v3 = 2ma 2 , 

Sage 
which again is in the desired form. Thus, a solution in terms of simple functions is 
obtained for the exponents. 


n= 1, —2, —3. 


This does not mean other powers are not integrable, merely that they lead to 
functions not as well known. For example, there is a range of exponents for which 
Eq. (3—39) involves elliptic integrals, with the solution expressed in terms of 
elliptic functions. 

By definition an elliptic integral is 


ll R(x, w) dx, 
where R is any rational function of x and w, and w is defined as 
w = axt + Bx? + yx? + dx + 7. 


Of course g and f cannot simultaneously be zero, for then the integral could be 
evaluated in terms of circular functions. It can be shown (Whittaker and Watson, 
Modern Analysis, 4th ed., p. 512) that any such integral can be reduced to forms 
involving circular functions and the Legendre elliptic integrals of the first, second, 
and third kind. There exist complete and detailed tables of these standard elliptic 
integrals, and their properties and connections with elliptic functions have been 
discussed exhaustively in the literature. Intrinsically they do not require any 
higher logical concept for their use than do circular functions; they are just not as 
familiar. From the definition it is seen that the integral in (3—39) can be evaluated 
in terms of elliptic functions if 


n= —4, —5. 
We can attempt to put the integral in another form also leading to elliptic 


integrals by multiplying numerator and denominator by u?” where p is some 
undetermined exponent. The integral then becomes 


u’ du 
| u?’ — eynni tte & y2ie* 1) 
where the expression in the radical will be a polynomial of higher order than a 
quartic except if p = 1. The integral will therefore be no worse than elliptic only if 


—n—1+2=0,1,2,3,4 


1 
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or 
n= +1,0,—-1, —2, —3. 


Forn = +1, —2, —3 the solutions reduce to circular functions, the casen = — 1 
has already been eliminated, so that this procedure leads to elliptic functions only 


for n = 0. 
We again can obtain integrals of the elliptic type in certain cases by changing 
the variable to u? = x. The integral in question then appears as 


1 dx 
| Ez, — A xt x2 


which reduces to the elliptic for for 


Latsa 


leading to the exponents 
n= —5, —7. 


Finally we again can perform the trick of multiplying numerator and 
denominator by x, and the condition for obtaining elliptic integrals or simpler is 
then 

ERAS 
2 
or 
EE E a E E N S 


which leads to new possibilities only for n = +5, +3. The total number of 
integral exponents resulting in elliptic functions is thus 


n = +5, +3,0, —4, —5, —7. 


Although this exhausts the possibilities for integral exponents, with suitable 
transformations some fractional exponents can also be shown to lead to elliptic 
integrals. 


3-6 CONDITIONS FOR CLOSED ORBITS (BERTRAND’S THEOREM) 


We have not yet extracted all the information that can be obtained from the 
equivalent one-dimensional problem or from the orbit equation without 
explicitly solving for the motion. In particular, it is possible to derive a powerful 
and thought-provoking theorem on the types of attractive central forces that lead 
to closed orbits, i.e., orbits in which the particle eventually retraces its own 
footsteps. 
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Conditions have already been described for one kind of closed orbit, namely a 
circle about the center of force. For any given |, this will occur if the equivalent 
potential V(r) has a minimum or maximum at some distance ry and if the energy 
E is just equal to V'(ry). The requirement that V’ have an extremum is equivalent 
to the vanishing of f” at rg, leading to the condition derived previously (cf. p. 79), 

P 
r p Say 3-41 
fo) mr’ = yy 
which says the force must be attractive for circular orbits to be possible. In 
addition, the energy of the particle must be given by 


P 
7> (3-42) 


E = V(ro) + — 
o) 2mr 


which, by Eq. (3—15), corresponds to the requirement that for a circular orbit F is 
zero. Equations (3-41) and (3-42) are both elementary and familiar. Between 
them they imply that for any attractive central force it is possible to have a 
circular orbit at some arbitrary radius ry, provided the angular momentum | is 
given by Eq. (3-41) and the particle energy by Eq. (3-42). 

The character of the circular orbit depends on whether the extremum of V’ is 
a minimum, as in Fig. 3-8, or a maximum, as in Fig. 3-9. If the energy is slightly 
above that required for a circular orbit at the given value of l, then for a minimum 
in V’ the motion, though no longer circular, will still be bounded. However if V’ 
exhibits a maximum, then the slightest raising of E above the circular value, Eq. 
(3-34), results in motion that is unbounded, with the particle moving both 
through the center of force and out to infinity for the potential shown in Fig. 3-9. 
Borrowing the terminology from the case of static equilibrium the circular orbit 
arising in Fig. 3-8 is said to be stable; that in Fig. 3-9 is unstable. The stability of 
the circular orbit is thus determined by the sign of the second derivative of V’ at 
the radius of the circle, being stable for positive second derivative (V’ concave up) 
and unstable for V’ concave down. A stable orbit therefore occurs if 


av’ 0 P 
aan beeen CV | arg PNG 
Using Eq. (3—41) this condition can be written 
af 3S0) a 
or r=ro Fo 
or 
D ae (3-43) 
dinr | =r 
If the force behaves like a power law of r in the vicinity of the circular radius No 
k 
J=- are 


i 
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then the stability condition, Eq. (3—43), becomes 


(n+ 1)k 3k 
ae > jara 
or 
n< 2. (3-44) 


A power-law attractive potential varying more slowly than 1 /r? is thus capable of 
stable circular orbits for all values of rg. 

If the circular orbit is stable, then a small increase in the particle energy above 
the value for a circular orbit results in only a slight variation ofr about rg. It can 
be shown (cf. Appendix A) that for such small deviations from the circularity 
conditions, the particle executes a simple harmonic motion in u(= 1/r) about ug: 


u =U, + acos fO. (3-45) 


Here a is an amplitude that depends on the deviation of the energy from the value 
for circular orbits, and f is a quantity arising from a Taylor series expansion of the 
force law f(r) about the circular orbit radius ry. It is shown in Appendix A that f 
is given by 
23400 x 

B ee dr lan (3-46) 
As the radius vector of the particle sweeps completely around the plane, u goes 
through f cycles ofits oscillation (cf. Fig. 3—13). If 2 is a rational number, the ratio 
of two integers, p/q, then after q revolutions of the radius vector the orbit would 
begin to retrace itself, i.e., the orbit would be closed. 

At each ry such that the inequality in Eq. (3—43) is satisfied, it is possible to 
establish a stable circular orbit by giving the particle an initial energy and angular 
momentum prescribed by Eqs. (3—41) and (3—42). The question naturally arises 
as to what form must the force law take in order that the slightly perturbed orbit 


FIGURE 3-13 
Orbit for motion in a central force deviating 
slightly from a circular orbit. 
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about any of these circular orbits should be closed. It is clear that under these 
conditions f must not only be a rational number, but it must be the same rational 
number at all distances that a circular orbit is possible. Otherwise, since f can 
take on only discrete values, the number of oscillatory periods would change 
discontinuously with rọ, and indeed the orbits could not be closed at the 
discontinuity. With B? everywhere constant, the defining equation for 7, Eq. 
(3-46), becomes in effect a differential equation for the force law fin terms of the 
independent variable r,. We can indeed consider Eq. (3—46) to be written in terms 
ofr if we keep in mind that the equation is valid only over the ranges in r for which 
stable circular orbits are possible. A slight rearrangement of Eq. (3—46) leads to the 
equation 


din f 
dinr 


= B? — 3, (3-47) 


which can be immediately integrated to give a force law: 


k 


I) = =z (3-48) 


All force laws of this form, with £ a rational number, lead to closed stable orbits for 
initial conditions that differ only slightly from conditions defining a circular 
orbit. Included within the possibilities allowed by Eq. (3-48) are some familiar 
forces such as the inverse square law (f = 1), but of course many other behaviors, 
such as f = — kr~7/?, (8 = 3) are also permitted. 

Suppose the initial conditions deviate more than slightly from the 
requirements for circular orbits; will these same force laws still give circular 
orbits? The question can be answered directly by keeping an additional term in 
the Taylor series expansion of the force law and solving the resultant orbit 
equation. While the calculations involved are elementary they are somewhat 
lengthy. Details are given in Appendix A. What is found is that for more than first- 
order deviations from circularity, the orbits are closed only for 8? = 1 and f? =4. 
The first of these values of 8, by Eq. (3—48), leads to the familiar attractive inverse 
square law; the second is an attractive force proportional to the radial 
distance— Hooke’s law! These force laws, and only these, could possibly produce 
closed orbits for any arbitrary combination ofl and E(E < 0), and in fact we know 
from direct solution of the orbit equation that they do. Hence, the only central forces 
that result in closed orbits for all bound particles are the inverse square law and 
Hooke’s law.* 

This is a remarkable result, well worth the tedious algebra required. It is a 
commonplace of astronomical observation that celestial objects that are bound 
move in orbits that are in first approximation closed. For the most part, the small 


* This conclusion was apparently first derived by J. Bertrand, Comptes Rendus 77, 849-853 
(1873), and is frequently referred to as Bertrand’s theorem. See other pertinent literature 
referenced at the end of this chapter. 
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deviations from a closed orbit are traceable to perturbations such as the presence 
of other bodies. The prevalence of closed orbits holds true whether we consider 
only the solar system, or look out to the many examples of true binary stars that 
have been examined. Now, Hooke’s law is a most unrealistic force law to hold at all 
distances, for it implies a force increasing indefinitely to infinity. Thus, the existence 
of closed orbits fora wide range ofinitial conditions by itselfleads to the conclusion 
that the gravitational force varies as the inverse square of the distance. It is not 
necessary, for example, to use the elliptic character of the orbits to arrive at the 
gravitational force law. 

We can phrase this conclusion in a slightly different manner, one that is of 
somewhat more significance in modern physics. The orbital motion in a plane can 
be looked on as compounded of two oscillatory motions, one in r and one in @. 
That the orbit is closed is equivalent to saying that the periods of the two 
oscillations are commensurate—that they are degenerate. Hence, the degenerate 
character of orbits in a gravitational field fixes the form of the force law. Later on 
we shall encounter other formulations of the relation between degeneracy and the 
nature of the potential. 


3-7 THE KEPLER PROBLEM: INVERSE SQUARE LAW OF FORCE 


The inverse square law is the most important of all the central force laws and it 
deserves detailed treatment. For this case the force and potential can be written as 
k k 


f= 75> V= = (3-49) 


There are several ways to integrate the equation for the orbit, the simplest being 
to substitute (3—49) in the differential equation for the orbit (3—34): 


1 
du 7 n|] mk 


P PO 


(3-50) 


k : ‘ : 
Changing the variable to y = u — aa the differential equation becomes 


m +y=0, 
which has the immediate solution 
y = Bcos (0 — 6’), 
B and 0’ being the two constants of integration. In terms of r the solution is 


- E an + ecos (0 — 8'))}, (3-51) 
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where 


P 
= B—. - 

g mk (3-52) 
It is instructive to obtain the orbit equation also from the formal solution 
(3-39). While this procedure is longer than the simple integration of the 
differential equation (3—50), it has the advantage that the significant constant of 
integration e is automatically evaluated in terms of the energy E and the angular 

momentum l of the system. We write (3-39) in the form 


0 = 6" a (3-53) 
2mE Amku 3 
a i 


where the integral is now taken as indefinite. The quantity 6’ appearing in (3—53) 
is a constant of integration determined by the initial conditions and will not 
necessarily be the same as the initial angle 9, at time t = 0. The indefinite integral 
is of the standard form,* 


+2 

a a = sot are cos — erar (3-54) 

Ja + Bx + yx? J- Jaq 
where 

q = B’ — 4oy. 
To apply this to (3-53) we must set 
2mE 2mk 
“= P’ =p? y= —1, 


and the discriminant q is therefore 


_ [2mk\?|, , 2EP 
15 P mk? | 


With these substitutions, Eq. (3-53) becomes 


Pu i 
mk 


mn 2EP? 
mk? 
* Cf, for example, B. O. Pierce, A Short Table of Integrals, 3d ed. no 161; 4th ed. no. 166. See 
also I.S. Gradshtein and I. W. Ryzhik, Table of Integrals, no. 2.261, or M. R. Spiegel, 
Mathematical Handbook no. 14.280. (For full description of these books, see the section on 
“Works of Reference’ in the Bibliography, p.6 0). A constant, — 7/2, is to be added to the 


result as given in all of these tables of integrals in order to obtain (3—45), a procedure that is 
permissible since the integral is indefinite. 


8 = 0’ — arccos 
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; À 1 . Le 
Finally, by solving for u, =—, the equation of the orbit is found to be 
: 


1 k 2E? 
cen 1+ /1+—-cos(6 — 6’)], (3-55) 
r mk? 


which agrees with (3—51), except that here e is evaluated in terms of E and l. The 
constant of integration 9’ can now be identified from Eq. (3—55) as one of the 
turning angles of the orbit. It will be noted that only three of the four constants of 


integration appear in the orbit equation, and this is always a characteristic 


property of the orbit. In effect, the fourth constant locates the initial position of 
the particle on the orbit. If we are interested solely in the orbit equation this 
information is clearly irrelevant and hence does not appear in the answer. Of 
course, the missing constant has to be supplied if it is desired to complete the 
solution by finding r and @ as functions of time. Thus, if one chooses to integrate 
the conservation theorem for angular momentum, 


mr? dO = ldt, 


by means of (3—55), one must specify in addition the initial angle 6). 
Now, the general equation of a conic with one focus at the origin is 
1 
a= C(1 + ecos (0 — 6’)), (3-56) 
where e is the eccentricity of the conic section. By comparison with Eq. (3-55) it 
follows that the orbit is always a conic section, with the eccentricity 


2EP 


= /l+—->. 
E mk? 


(3-57) 


The nature of the orbit depends on the magnitude of e according to the following 
scheme: 


e> 1, E>0 hyperbola, 
e= 1, E=0: parabola, 
e<l, E<0 ellipse, 
mee 
e=0, E=— oe circle. 


This classification agrees with the qualitative discussion of the orbits based on the 
energy diagram of the equivalent one-dimensional potential V’. The condition for 
circular motion appears here in a somewhat different form, but it can easily be 
derived as a consequence of the previous conditions for circularity. For a circular 
orbit, T and V are constant in time, and from the virial theorem 


V V 
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k 
fae (3-58) 
2ra 
But from Eq. (3—41), the statement of equilibrium between the central force and 
the “effective force,” we can write 


k P 
OA mọ 
or 
An L (3-59) 
mk 
With this formula for the orbital radius, Eq. (3-58) becomes 
o mě 


the above condition for circular motion. 

In the case of elliptic orbits it can be shown the major axis depends solely on 
the energy, a theorem of considerable importance in the Bohr theory of the atom. 
The semimajor axis is one half the sum of the two apsidal distances r, and r, (cf. 
Fig. 3-6). By definition the radial velocity is zero at these points, and the 
conservation of energy implies that the apsidal distances are therefore the roots of 
the equation 


P k 
= —=0, 
mr? l 
or 
k P 
aa eaa = 3-60 
oe E 2mE ( ) 


Now, the coefficient of the linear term in a quadratic equation is the negative of 

the sum of the roots. Hence the semimajor axis is given by 

^ +1, zZ k , (3-61) 
2 2E 


a 


Note that in the circular limit, Eq. (3—61) agrees with Eq. (3-58). In terms of the 
semimajor axis, the eccentricity of the ellipse can be written 


P 


Doe 3-62 
: mka’ ( 


e= 


(a relation we will have use for in a later chapter). Further, from Eq. (3-62) we 
have the expression 


— = a(l — e°), (3—63) 
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in terms of which the elliptical orbit equation (3—51) can be written 
a(l — e) 
~ 1+ecos(8 — 6’) 
From Eq. (3-64) it follows that the two apsidal distances (which occur when 


0 — @’ is 0 and z, respectively) are equal to a(1 — e) and a(l + e), as is to be 
expected from the properties of an ellipse. 


3-8 THE MOTION IN TIME IN THE KEPLER PROBLEM 


The orbital equation for motion in a central inverse-square force law can thus be 
solved in a fairly straightforward manner with results that can be stated in simple 
closed expressions. To describe the motion of the particle in time as it traverses 
the orbit is, however, a much more involved matter. In principle the relation 
between the radial distance of the particle r and the time (relative to some starting 
point) is given by Eq. (3-18), which here takes on the form 


il e 


Similarly, the polar Sie 8 and the time are connected through the conservation 
of angular momentum, 


(3-65) 


2 
mr” 


dt = = 46, 
which combined with the orbit equation (3—51) leads to 
[78 dð 


~ mk? aL + ecos (8 — (A (88) 
Either of these integrals can be carried out in terms of elementary functions. (For 
Eq. (3-66) see, for example, formula 14.391 in Mathematical Handbook of 
Formulas and Tables, ed. by M. R. Spiegel). But the relations are very complex, 
and their inversion to give r or 0 as functions of t pose formidable problems, 
especially when one wants the high precision needed for astronomical 
observations. 

To illustrate some of these involvements let us consider the situation for 
parabolic motion (e = 1), where the integrations can be most simply carried out. 
It is customary to measure the plane polar angle from the radius vector at the 
point of closest approach—-a point most usually designated as the perihelion.* 
This convention corresponds to setting 6’ in the orbit equation (3—51) equal to 


* Literally, the term should be restricted to orbits around the sun, while the more general 
term should be periapsis. However, it has become customary to use perihelion no matter 
where the center of force is. Even for space craft orbiting the moon, official descriptions of 
the orbital parameters refer to perihelion where pericynthion would be the pedantic term. 


(3-64) ` 
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zero. Correspondingly, time is measured from the moment, T, of perihelion 
passage. Using the trigonometric identity 


8 
1 + cos = 2cos*5, 


Eq. (3—66) then reduces for parabolic motion to the form 


3 po 
= zl cae” dé. 
4mk?* Jo 2 


The integration is easily performed by a change ofvariable to x = tan(@/2), leading 


to the integral 
tan(0/2) 
Í (1+ x?)dx, 
0 


2mk? 
or 


B 0 1 0 
= ——~|tan— +-—tan?—]. 3-67 
plens gn A a 


This is a straightforward relation for t as a function of 0; inversion to obtain 0 ata 
given time requires solving a cubic equation for tan(6/2), and then finding the 
corresponding arctan. The radial distance at the given time is then given through 
the orbital equation. 

For elliptic motion, Eq. (3—65) is most conveniently integrated through an 
auxiliary variable wy, denoted as the eccentric anomaly,* and defined by the 
relation 


= a(l — ecosw). (3-68) 


By comparison with the orbit equation, (3—64), it is clear that y also covers the 
interval 0 to 2x as 0 goes through a complete revolution, and that the perihelion 
occurs at y = 0 (where 8 = 0 by convention) and the aphelion at y = n = 0. A 
geometrical interpretation can be given to y, but it is of historical interest only 
(see, e.g., McCuskey, Introduction to Celestial Mechanics, p.45). Expressing E and! 
in terms of a, e, and k, Eq. (3—65) can be rewritten for elliptic motion as 


= Jf rdr (3-69) 
d-i if aie) 


where, by the convention on the starting time, rg is the perihelion distance. 
Substitution of r in terms of y from Eq. (3-68) reduces this integral, after some 


* The name connects with the terminology of medieval astronomy in which @ was called 
the true anomaly. 
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algebra, to the simple form 


t= ee i (1 — ecosw) dy. (3-70) 


First, we may note that Eq. (3-70) provides an expression for the period, t, of 
elliptical motion, if the integral is carried over the full range in y of 2z: 


m 
9) 2 a 
T = 2ra? af (3-71) 


This important result can also be obtained directly from the properties of an 
ellipse. From the conservation of angular momentum the areal velocity is 
constant and is given by 


Pr =5r 0 = Fm (3-72) 


The area of the orbit, A, is to be found by integrating (3—72) over a complete 
period t: 
"dA Feda lt 
odt © 2m 
Now, the area of an ellipse is 
A = nab, 


where, by the definition of eccentricity, the semiminor axis b is related to a 
according to the formula 
b=a,/1 —e?. 


By (3-62) it is seen that the semiminor axis can also be written as 


2 


anne 


as was found previously. Equation (3—71) states that, other things being equal, the 
square of the period is proportional to the cube of the major axis, and this 
conclusion is often referred to as the third of Kepler’s laws.* Actually, Kepler was 


and the period is therefore 


* Kepler’s three laws of planetary motion, published around 1610, were the result of his 
pioneering analysis of planetary observations and laid the groundwork for Newton’s great 
advances. The second law, the conservation of areal velocity, is a general theorem for 
central force motion, as has been noted previously. However, the first—that the planets 
move in elliptical orbits about the sun at one focus—and the third are restricted 
specifically to the inverse square law of force. 
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concerned with the specific problem of planetary motion in the gravitational field 
ofthesun. A more precise statement ofhis law would therefore be: Thesquare ofthe 
periods of the various planets are proportional to the cube of their major axes. In 
this form the law is only approximately true. It must be remembered that the 
motion ofa planet about the sun is a two-body problem and min (3—71) must be 
replaced by the reduced mass: 


_ mm, 
m +m’ 
where m, may be taken as referring to the planet and m, to the sun. Further, the 
gravitational law of attraction is 
mm, 


f=-G D 2 


r? 


so that the constant k is 
k = Gm,m,. (3-73) 
Under these conditions (3-71) becomes 


2nd? Dna? 
JSG, + m) RET 


if we neglect the mass of the planet compared to the sun. It is the approximate 
version of Eq. (3—74) that is Kepler’s third law, for it states that t is proportional 
to a*/?, with the same constant of proportionality for all planets. However, the 
planetary mass m, is not always completely negligible compared to the sun’s; for 
example, Jupiter has a mass about 0.1 % of the mass of the sun. On the other hand 
Kepler’s third law is rigorously true for the electron orbits in the Bohr atom, since u 
and k are then the same for all orbits in a given atom. 

To return to the general problem of the position in time for an elliptic orbit, 
we may rewrite Eq. (3—70) slightly by introducing the frequency of revolution w 
as 


(3-74) 


2n k 
o=—= |. (3-75) 
Tt ma 
The integration in Eq. (3—70) is of course easily performed, resulting in the 
relation 


ot = ý — esin y, (3-76) 


known as Keplers equation. The quantity wt goes through the range 0 to 2z, 
along with w and 9, in the course of a complete orbital revolution and is therefore 
also denoted as an anomaly, specifically the mean anomaly. 

To find the position in orbit at a given time t, Kepler’s equation, (3-76), 
would first be inverted to obtain the corresponding eccentric anomaly w. 
Equation (3—68) then yields the radial distance, while the polar angle @ can be 


102 THE TWO-BODY CENTRAL FORCE PROBLEM 4-9 THE LAPLACE~RUNGE-LENZ VECTOR 103 


expressed in terms of y by comparing the defining equation (3—68) with the orbit 


(or, in less formi terms, the component of the velocity in the radial direction is 7). 
equation (3—64): 


As L is constant, Eq. (3-80) can then be rewritten, after a little manipulation, as 


1 — e? 


_ | d o Ji r 
1 + ecos Leesi PAG x L) = -mro = =| 
With a little algebraic manipulation this can be simplified to oe l 
cosy — e d ~ -dfr 
cos 8 = ae (3-77) a? x L) = —m/f oet, (3-81) 


By successively adding and subtracting both sides of Eq. (3—77) from unity and 


: 7 Without specifying the form of f(r) we can go no further. But Eq. (3-81) can be 
taking the ratio of the resulting two equations, one is led to the alternate form 


immediately integrated if f(r) is inversely proportional to r? —the Kepler 


9 fea problem. Writing then f(r) in the form prescribed by Eq. (3-49), Eq. (3-81) 
tan- = tan—. (3-78) becomes 
2 l-e 2 
: : ; d d | mkr 
Either Eq. (3—77) or (3-78) thus provides 8, once y is known. The solution of the ae x L) = aie 

transcendental Kepler’s equation (3—76) to give the value of corresponding toa 
given time is a problem that has attracted the attention of many famous : which says that for the Kepler problem there exists a conserved vector A defined 
mathematicians ever since Kepler posed the question early in the seventeenth by 
century. Newton, for example, contributed what today would be called an analog ] A=pxL—m kn. (3-82) 
solution. Indeed, it can be claimed that the practical need to solve Kepler’s } 
equation to accuracies of a second of arc over the whole range of eccentricity In recent times, the vector A has become known amongst physicists as the 
| fathered many of the developments in numerical mathematics in the eighteenth : Runge-Lenz vector, but priority belongs to Laplace.* 
| and nineteenth centuries. A few of the more than 100 methods of solution i From the definition of A, one can easily see that 


developed in the pre-computer era are considered in the exercises to this chapter. 


A-L=0, (3-83) 
d since L is perpendicular to p x L and r is perpendicular to L = r x p. It follows 
oe THE DARA CER UNGESLENZ VECTOR T from this orthogonality of A to L that A must be some fixed vector in the plane of 
The Kepler problem is also distinguished by the existence of an additional T the orbit. If @ is used to denote the angle between r and the fixed direction of A, 
j conserved vector besides the angular momentum. For a general central force, then the dot product of r and A is given by 
: : : iall 
| Newton’s second law of motion can be written vectorially as Ac = E Saeki 3-84) 
i : : 
' p= f(r) z (3-79) T Now, by permutation of the terms in the triple dot product, we have 
r I 


# . e . = 2 
The cross product of p with the constant angular momentum vector L therefore Ppt Ses eS 


can be expanded as 


mf (r) ; * Laplace explicitly exhibited the components of A in the first part of his “Traite de 

xL= g [r x (r x r)] Mecanique Celeste,” which appeared in 1799. The designation as the Laplace vector, 

a? common in a number of treatises on celestial mechanics, is therefore probably the proper 
i mf(r) J ” eponym. W.R. Hamilton apparently discovered A as a conserved quantity independently in 
' = [r(r-r) — r*r]. (3-80) 1845. The first derivation in vector language, substantially as given here, was that of J. W. 


r Gibbs about 1900. C. Runge repeated the derivation in a popular German text on vector 
analysis (1919) and was quoted as a reference by W. Lenz in a 1924 paper on quantum 
mechanical treatment of the perturbed hydrogen atom. Since then the literature on the 
Laplace-Runge-Lenz vector and its uses has become enormous. For further historical 
details see H. Goldstein, American Journal of Physics, 43, 735 (1975) and 44, 1123 (1976). 


Equation (3-80) can be further simplified by noting that 
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so that Eq. (3—84) becomes 


Arcos @ = P — mkr, 
or 


1 mk A 
i | |. (3-85) 


+ — 

p 1 Ak cos 8 

The Laplace-Runge—Lenz vector thus provides still another way of deriving the 
orbit equation for the Kepler problem! Comparison of Eq. (3-85) with the orbit 


equation in the form of Eq. (3—51) shows that A is in the direction of the radius 
vector to the perihelion point on the orbit, and has a magnitude 


A = mke. (3-86) 


For the Kepler problem we thus have identified two vector constants of the 
motion L and A, and a scalar E. Since a vector must have three independent 
components, this corresponds to seven conserved quantities in all. Now, a system 
such as this with three degrees of freedom has six independent constants of the 
motion, corresponding, say, to the three components each of the initial position 
and velocity of the particle. Further, the constants of the motion we have found 
are all algebraic functions ofr and p that describe the orbit as a whole (orientation 
in space, eccentricity, etc.); none of these seven conserved quantities relate to 
where the particle is located in the orbit at the initial time. Since one of the 
constants of the motion must relate to this information, say in the form of T; the 
time of the perihelion passage, there can be only five independent constants of 
the motion describing the size, shape, and orientation of the orbit. It can there- 
fore be concluded that not all of the quantities making up L, A, and E can be 
independent; there must in fact be two relations connecting these quantities. One 
such relation has already been obtained as the orthogonality of A and L, Eq. 
(3—83). The other follows from Eq. (3-86) when the eccentricity is expressed in 
terms of E and / from Eq. (3-57), leading to 


A? = mk + 2mEP, (3-87) 


thus confirming that there are only five independent constants out of the seven.* 

The angular momentum vector and the energy alone contain only four 
independent constants of the motion: the Laplace-Runge—Lenz vector thus adds 
one more. It is natural to ask why there should not exist for any general central 
force law some conserved quantity that together with L and E serves to define the 
orbit ina manner similar to the Laplace~R unge—Lenz vector for the special case of 
the Kepler problem. The answer seems to be that such conserved quantities can in 
fact be constructed,7 but that they are in general rather peculiar functions of the 


*The arguments in the above paragraph were apparently first presented by Laplace in 
1799. He also then explicitly demonstrated the relation between the magnitude of A and 
the eccentricity, Eq. (3—86). 

+See, for example, D. M. Fradkin, Progress of Theoretical Physics 37, 798, May 1967. 
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motion. The constants of the motion relating to the orbit between them define the 
orbit, i.e., lead to the orbit equation giving ras a function of 0. We have seen that in 
general orbits for central force motion are not closed ; the arguments of Section 3—6 
showed that closed orbits implied rather stringent conditions on the form of the 
force law. It is a property of nonclosed orbits that the curve will eventually pass 
through any arbitrary (r, 0) point that lies between the bounds of the turning points 
ofr. Intuitively this can be seen from the nonclosed nature of the orbit; as 0 goes 
around a full cycle the particle must never retrace its footsteps on any previous 
orbit. Thus the orbit equation is such that r is a multivalued function of 0 (modulo 
27), in fact it is an infinite-valued function of 0. The corresponding conserved 
quantity additional to Land E defining the orbit must similarly involve an infinite- 
valued function of the particle motion. Only where the orbits are closed, or more 
generally where the motion is degenerate, as in the Kepler problem, can we expect 
the additional conserved quantity to be a simple algebraic function ofr and p such 
as the Laplace—-Runge—Lenz vector. From these arguments we would expect a 
simple analog of such a vector to exist for the case ofa Hooke’s Law force, where, as 
we have seen, the orbits are also degenerate. This is indeed the case, except that the 
natural way to formulate the constant of the motion leads not to a vector but toa 
tensor of the second rank (see Section 9-7). Thus, the existence of an additional 
constant or integral of the motion, beyond E and L, that is a simple algebraic 
function of the motion is sufficient to indicate that the motion is degenerate and the 
bounded orbits are closed. 
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Historically, the interest in central forces arose out of the astronomical problems 
of planetary motion. There is no reason, however, why central force motion must 
be thought of only in terms of such problems; mention has already been made of 
the orbits in the Bohr atom. Another field that can be investigated in terms of 
classical mechanics is the scattering of particles by central force fields. Of course, if 
the particles are on the atomic scale it must be expected that the specific results of 
a classical treatment will often be incorrect physically, for quantum effects are 
usually large in such regions. Nevertheless there are many classical predictions 
that remain valid to a good approximation. More important, the procedures for 
describing scattering phenomena are the same whether the mechanics is classical 
or quantum; one can learn to speak the language equally as well on the basis of 
classical physics. 

In its one-body formulation the scattering problem is concerned with the 
scattering of particles by a center of force. We consider a uniform beam of 
particles—whether electrons, or «-particles, or planets is irrelevant—all of the 
same mass and energy incident upon a center of force. It will be assumed that the 
force falls off to zero for very large distances. The incident beam is characterized by 
specifying its intensity I (also called flux density), which gives the number of 
particles crossing unit area normal to the beam in unit time. As a particle 
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approaches the center of force it will be either attracted or repelled, and its orbit wil] 
deviate from the incident straight line trajectory. After passing the center of force, 
the force acting on the particle will eventually diminish so that the orbit once again 
approaches astraight line. In general the final direction ofmotionis not the same as 
the incident direction, and the particle is said to be scattered. The cross section for 


Once E and s are fixed, the angle of scattering © is then determined uniquely.* 
For the moment it will be assumed that different values of s cannot lead to the 
same scattering angle. Therefore, the number of particles scattered into a solid 
angle dQ lying between © and © + dO must be equal to the number of the 
incident particles with impact parameter lying between the corresponding s and 


scattering in a given direction, a(Q), is defined by ot stds: 
: ; . I 2nIs|ds| = 2ro(O)}I sin® |dO}|. 3-91 
number of particles scattered into solid angle dQ per unit time : ids (9) jae. l ! 
o(Q2)dQ = incident intensity —, I Absolute signs are introduced in Eq. (3—91) because numbers of particles must of 
T course always be positive while s and © often vary in opposite directions. If s is 
(3-88) considered as a function of the energy and the corresponding scattering angle, 
where dQ is an element of solid angle in the direction Q. Often c(Q) is also 1 s = s(0, E), (3-92) 
designated as the differential scattering cross section. With central forces there T : : . ae 
must be complete symmetry around the axis of the incident beam, hence the | then the dependence of the differential cross section on © is given by 
element of solid angle can be written T s lds 
i o(9) = ————]. (3-93) 
dQ = 2z sin © dO, (3-89) sin O| dO 


where © is the angle between the scattered and incident directions, known as the 
scattering angle (cf. Fig. 3-14, where repulsive scattering is illustrated). It will be 
noted that the name “cross section” is deserved in that ¢(Q) has the dimensions of 
an area. 

~ For any given particle the constants of the orbit, and hence the amount of 
scattering, are determined by its energy and angular momentum. It is convenient 
to express the angular momentum in terms of the energy and a quantity known as 
the impact parameter, s, defined as the perpendicular distance between the center of 
force and the incident velocity. If vg is the incident speed of the particle, then 


l = mugs = ON; 2mE. (3-90) 


A formal expression for the scattering angle © as a function of s can be 
directly obtained from the orbit equation, Eq. (3—36). Again, for simplicity, we 
will consider the case of purely repulsive scattering (cf. Fig. 3-15). As the orbit 
must be symmetric about the direction of the periapsis, the scattering angle is 
given by 


O=n — 2Y, (3-94) 


where Y is the angle between the direction of the incoming asymptote and the 
periapsis direction. In turn, ¥ can be obtained from Eq. (3-36) by setting rg = œ% 
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parece Ne f Relation of orbit parameters and scattering angle in an example of repulsive 
R scattering. 
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-* It is at this point in the formulation that classical and quantum mechanics part company. 
Indeed it is fundamentally characteristic of quantum mechanics that one cannot 
FIGURE 3-14 unequivocally predict the trajectory of any particular particle. One can only give 


Scattering of an incident beam of particles by a center of force. Probabilities for scattering in various directions. 
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when 6) = x (the incoming direction), whence 0 = x — ¥ when r= Yn» the 
distance of closest approach. A trivial rearrangement then leads to 


Y= : (3-95) 


Expressing | in terms of the impact parameter s (Eq. 3-90), the resultant 


expression for @(s) is 
O=x—2 ° bud (3-96) 
l r je: = a — 3? 
O=n-2| sae (3-97) 
i ji = a, a 


Equations (3-96) and (3-97) are rarely of use except for direct numerical 
computation of the scattering angle. However, when an analytic expression is 
available for the orbits; the relation between © and scan often be obtained almost 
by inspection. An historically important illustration of such a procedure is the 
repulsive scattering of charged particles by a coulomb field. The scattering force 
field is that produced by a fixed charge — Ze acting on theincident particles having 
a charge —Z’e; so that the force can be written as 

ZZ'e? 
fas, 


that is, a repulsive inverse square law. The results of Section 3-7 can be taken over 
here with no more change than writing the force constant as 


or 


k= ~ZZ'e?. (3-98) 


The energy E is greater than zero, and the orbit is a hyperbola with the 
eccentricity given by* 


Syl. OEE |, (2B) 
£ m(ZZ'e?)? H ZZ'e? > (3-99) 


where use has been made of Eq. (3-90). If6’ in Eq. (3—51 )is chosen to be r, periapsis 
corresponds to 0 = 0 and the orbit equation becomes 
1 mZZ'e 


z= p cos 6 — 1). (3-100) 


*To avoid confusion with the electron charge e, the eccentricity will temporarily be 
denoted by e. 


| 


3-10 SCATTERING IN A CENTRAL FORCE FIELD 109 


The direction of the incoming asymptote, ‘F, is then determined by the condition 
r= o: 


cos ¥ =— 
£ | 
or, by Eq. (3—94), | 
l ie = r | 
2 e 
Hence 
cot? 2 Sge] 
7 , 
and using Eq. (3-99) 
ie = a 
2 ZZ'e? 


The desired functional relationship between the impact parameter and the 
scattering angle is therefore 


£ (3-101) 


so that on carrying through the manipulation required by Eq. (3—93), we find that 
o(®) is given by 


CSC 


A =" (3-102) 


o(O) =— 

S 4\ 2E 
Equation (3-102) gives the famous Rutherford scattering cross section, originally 
derived by Rutherford for the scattering of « particles by atomic nuclei. Quantum 
mechanics in the nonrelativistic limit yields a cross section identical with this 
classical result. 


In atomic physics the concept ofa rotal scattering cross section o,, defined as 


a9 
T 


Or = i o(Q) dQ = 27 [ o(©)sin © do, 
4a wg 
is of considerable importance. However, if we attempt to calculate the total cross 
section for coulomb scattering by substituting Eq. (3-102) in this definition we 
obtain an infinite result! The physical reason behind this behavior is not far to 
seek. From its definition the total cross section is the number of particles scattered 
in all directions per unit time for unit incident intensity. Now, the coulomb field is 
an example of a “long range” force; its effects extend to infinity. The very small 
deflections occur only for particles with very large impact parameters. Hence all 
particles in an incident beam of infinite lateral extent will be scattered to some 
extentand must beincludedin the total scattering cross section. Itis clear therefore, 
that the infinite value for oy isnot peculiar to the coulomb field: it occurs in classical 
mechanics whenever the scattering field is different from zero at all distances no 
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(a) (b) 
FIGURE 3-16 
Repulsive nonsingular scattering potential and double-valued curve of 
scattering angle © versus impact parameter so for sufficiently high energy. 


matter how large.* Only if the force field “cuts off,” i.e., is zero beyond a certain 
distance, will the scattering cross section be finite. Physically, such a cut-off occurs 
for the coulomb field ofa nucleus as a result of the presence of the atomic electrons, 
which “screen” the nucleus and effectively cancel its charge at large distances. 
In Rutherford scattering the scattering angle © is a smooth monotonic 
function of the impact parameter s. From Eq. (3-101) we see that as s decreases 
from infinity © increases monotonically from zero, reaching the value z as s goes 
to zero. However, other types of behavior are possible in classical systems, 
requiring some modification in the prescription, Eq. (3—93), for the classical cross 
section. For example, with a repulsive potential and particle energy qualitatively 
of the nature shown in Fig. 3—16(a) it is easy to see physically that the curve of © 
versus s may behave as indicated in Fig. 3—16(b). Thus, with very large values of 
the impact parameter, as has been noted above, the particle always remains at 
large radial distances from the center of force and suffers only minor deflection. At 
the other extreme, for s = 0, the particle travels in a straight line into the center of 
force, and if the energy is greater than the maximum of the potential, it will 
continue on through the center without being scattered at all. Hence, for both 
limits in s the scattering angle goes to zero. For some intermediate value of s the 
scattering angle must pass through a maximum O,,. When © < @,, there will be 
two values of s that can give rise to the same scattering angle. Each will contribute 
to the scattering cross section at that angle, and Eq. (3—93) should accordingly be 
modified to the form 
ds 


dO 


HO) = 2, TC 


i 


(3-103) 


*@, is also infinite for the coulomb field in quantum mechanics, since it has been stated 
that Eq. (3—98) remains valid there. However, not all “long range” forces give rise to infinite 
total cross sections in quantum mechanics. It turns out that all potentials that fall off faster 
at larger distances than 1/r? produce a finite quantum-mechanical total scattering cross 
section. Cf. Landauand Lifschitz, Course of Theoretical Physics, Vol.3, Quantum Mechanics 
(Reading, Massachusetts, Addison-Wesley, 1965), p. 473. 
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Here the subscript i distinguishes the various values of s giving rise to the same 
value of ©. 

Of particular interest is the cross section at the maximum angle of scattering 
@,,- As the derivative of © with respect to s vanishes at this angle, it follows from Eq. 
(3—93) or (3-103) that the cross section must become infinite at © — ©,,. But forall 
larger angles the cross section is zero, since the scattering angle cannot exceed ©,,. 
The phenomenon of the infinite rise of the cross section followed by abrupt 
disappearance is very similar to what occurs in the geometrical optics of the 
scattering ofsunlight by raindrops. On the basis of this similarity the phenomenon 
is called rainbow scattering. 

So far the examples used have been for purely repulsive scattering. If the 
scattering involves attractive forces further complications may arise. The effect of 
attraction will be to pull the particle in toward the center instead of the repulsive 
deflection outward shown in Fig. 3—15. In consequence the angle Y between the 
incoming direction and the periapsis direction may be greater than 7/2, and the 
scattering angle as given by Eq. (3-94) is then negative. This in itself is no great 
difficulty as clearly it is the magnitude of © that is involved in finding the cross 
section. But, under certain circumstances © as calculated by Eq. (3-96) may be 
greater than 2x. Thatis, the particle undergoing scattering may circle the center of 
force for one or more revolutions before going off finally in the scattered 
direction. 

To see physically how this may occur, consider a scattering potential shown 
schematically as the s = 0 curve in Fig. 3-17. It is typical of the intermolecular 
potentials assumed in many kinetic theory problems—an attractive potential at 


FIGURE 3-17 

A combined attractive and repulsive 
scattering potential, and the corresponding 
equivalent one-dimensional potential at 
several values of the impact parameter s. 
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large distances falling off more rapidly than 1/r?, with a rapidly rising repulsive 
potential at small distances. The other curves in Fig. 3-17 show the effective one- 
dimensional potential V’(r), Eq. (3—22'), for various values of the impact 
parameter s (equivalently: various values of l). Since the repulsive centrifugal 
barrier dominates at large r for all values of s > 0, the equivalent potential for 
small s will exhibit a hump. Consider now an incoming particle with impact 
parameter s, and at the energy E, corresponding to the maximum of the hump. 
As noted in Section 3—3, the difference between E , and V’'(r) is proportional to the 
square of the radial velocity at that distance. When the incoming particle reaches 
r,, the location of the maximum in V’, the radial velocity is zero. Indeed it will be 
remembered from the discussion in Section 3—6 that we have here the conditions 
for an unstable circular orbit at the distance r,. In the absence of any perturbation 
the incoming particle with parameters E ı and s,, once having reached r,, would 
circle around the center of force indefinitely at that distance without ever 
emerging! For the same impact parameter but at an energy E slightly higher than 
E ,no true circular orbit would be established. However when the particle is in the 
immediate vicinity of r, the radial speed would be very small, and the particle 
would spend a disproportionately large time in the neighbourhood of the hump. 
The angular velocity, 6, meanwhile would not be affected by the maximum, being 
given at r, by 
l sı RE 


$ d= = — |— 


e2 2 
mi rym 


Thus in the time it takes the particle to get through the region of the hump the 
angular velocity may have carried the particle through angles larger than 2z or 
even multiples thereof. In such instances the classical scattering is said to exhibit 
orbiting or spiraling. 

As the impact parameter is increased, the well and hump in the equivalent 
potential V’ tend to flatten out, until at some parameter sz there is only a point of 
inflection in V’ at an energy E, (cf. Fig. 3-17). For particle energies above E, 
there will no longer be orbiting. But the combined effects of the attractive and 
repulsive components of the effective potential can lead even in such cases to zero 
deflection for some finite value of the impact parameter. At large energies and 
small impact parameters the major scattering effects are caused by the strongly 
repulsive potentials at small distances, and the scattering qualitatively resembles 
the behavior of Rutherford scattering. 

We have seen that the scattered particle may be deflected by more than z 
when orbiting takes place. On the other hand, the observed scattering angle in the 
laboratory lies between 0 and z. It is therfore helpful in such ambiguous cases to 
distinguish between a deflection angle ®, as calculated by the right-hand sides of 
Eqs. (3-96) or (3-97), and the observed scattering angle ©. For given®, the angle © 
is to be determined from the relation 


© = + — 2m7, m a positive integer. 
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The sign and the value of mare to be chosen so that © lies between Oand x. The sum 
in Eq. (3-103) then covers all values of @ leading to the same ©. Figure 3-18 shows 
schematic curves of versus s for the potential of Fig. 3-17 at two different energies. 
The orbiting that takes place for E = E, shows up as a singularity in the curve at s 

= s,. When E > E,, orbiting no longer takes place but there is a rainbow effect at 
© = —@’ (although there is a nonvanishing cross section at higher scattering 
angles). It will be noticed that © vanishes ats = s,, which means from Eq. 3-93 that 
the cross section becomes infinite in the forward direction through the vanishing of 
sin ©. The cross section can similarly become infinite in the backward direction 
providing 

ds 

dO 


S 


remains finite at © = x. These infinities in the forward or backward scattering 
angles are referred to as glory scattering, again in analogy to the corresponding 
phenomenon in meteorological optics.* 

In recent years there has been a renewed interest in classical scattering and in 
calculations of the classical cross section. In some instances quantum effects are 
small, as in the scattering of low energy ions in crystal lattices, and the classical 
calculations are directly useful. Even when quantum mechanical corrections are 
important, it often suffices to use an approximation method (the “semiclassical” 
approximation) for which a knowledge of the classical trajectory is required. For 
almost all potentials of practical interest it is impossible to find an analytic form for 
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FIGURE 3-18 

Schematic curves of deflection angle © 
versus s, for the potential of Fig. 3-17 at 
two different energies. 
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* The backward glory is familiar to airplane travelers as the ring of light observed to 
encircle the shadow of the plane projected on clouds underneath. Incidentally, the 
description of classical scattering phenomena by the terminology of geometrical optics is 
no coincidence. As will be shown in Section 10-8 classical mechanics is in a very real way 
the geometrical optics (ray-picture) limit of quantum mechanics, and for each scattering 
situation in classical mechanics a corresponding geometrical optics problem can be found. 
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the orbit, and Eq. (3—96) (or variant forms) is either approximated for particular 
regions of s or integrated numerically. 


3-11 TRANSFORMATION OF THE SCATTERING PROBLEM 
TO LABORATORY COORDINATES 


The previous section has been concerned with the one-body problem of the 
scattering of a particle by a fixed center of force. In practice the scattering always 
involves two bodies, e.g., in Rutherford scattering we have the « particle and the 
atomic nucleus. The second particle is not fixed but recoils from its initial position 
as a result of the scattering. Since it has been shown that any two-body central 
force problem can be reduced to a one-body problem it might be thought that the 
only change is to replace m by the reduced mass u. However, the matter is not 
quite that simple. The scattering angle actually measured in the laboratory, which 
we shall denote by 9, is the angle between the final and incident directions of the 
scattered particle.* On the other hand, the angle © calculated from the equivalent 
one-body problem is the angle between the final and initial directions of the 
relative vector between the two particles. These two angles would be the same 
only if the second particle remains stationary through the scattering process. In 
general, however, the second particle, though initially at rest, is itself set in motion 
by the mutual force between the two particles, and, as is indicated in Fig. 3-19, the 
two angles then have different values. The equivalent one-body problem thus 
does not directly furnish the scattering angle as measured in the laboratory 
coordinate system. 

The relationship between the scattering angles © and 9 can be determined by 
examining how the scattering takes place in a coordinate system moving with the 
center of mass of both particles. In such a system the total linear momentum is 


FIGURE 3-19 
Scattering of two particles as viewed in the 
laboratory system. 


* The scattering angle 9 must not be confused with the angle coordinate 8 of the relative 
vector, r, between the two particles. 
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zero, of course, and the two particles always move with equal and opposite 
momenta. Figure 3—20 illustrates the appearance of the scattering process to an 
observer in the center-of-mass system. Before the scattering the particles are 
moving directly toward each other; after, they are moving directly away from each 
other. The angle between the initial and final directions of the relative vector, ©, 
must therefore be the same as the scattering angle of either particle in the center-of- 
mass system. The connection between the two scattering angles © and @ can thus be 
obtained by considering the transformation between the center-of-mass system 
and the laboratory system. It is convenient here to use the terminology of Section 
3-1, with slight modifications: 


r, and v, are the position and velocity, after scattering, of the 
incident particle 1 in the laboratory system, 

ry andv, are the position and velocity, after scattering, of particle 
1 in the center-of-mass system, and 

Rand V are the position and (constant) velocity of the center-of- 
mass in the laboratory system. 


At any instant, by definition 

r,=R+r}, 
and consequently 

v,=Vty¥i. (3-104) 
Figure 3-21 graphically portrays this vector relation evaluated after the 
scattering has taken place; at which time v, and v; make the angles 9 and ©, 
respectively, with the vector V lying along the initial direction. Since the target is 
initially stationary in the laboratory system, the incident velocity of particle 1 in 
that system, vo, is the same as the initial relative velocity of the particles. By 
conservation of total linear momentum, the constant velocity of the center of 
mass is therefore given by 


(m, + m,)V = M, Yos 


FIGURE 3-20 
Scattering of two particles as viewed in the 
center-of-mass system. 
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FIGURE 3-21 
The relations between the velocities in the 
center-of-mass and laboratory coordinates. 


or 


V =v. (3-105) 


From Fig. 3-21 it is readily seen that 


v, sin $= v; sin © 


and 

v, cos 9 = v; cos O + V. (3-106) 
The ratio of these two equations gives a relation between 3 and O: 

l sin © 
tan 9 = ——_———-, (3-107) 
cos® +p 
where p is defined as 
H Vo 


=——., (3-108) 


An alternative relation can be obtained by expressing v, in terms of the other 
speeds through the cosine law as applied to the triangle of Fig. 3-21: 


vi = v? + V? + w; V cos. (3-109) 
When this is used to eliminate v, from Eq. (3-106) and V is expressed in terms of 
vo by Eq. (3-105), then we find 
cos@ + p 
J 1 + 2pcos© + pe 


cos 9= (3-110) 


Both these relations still involve a ratio of speeds through p. By the definition 


of center of mass the speed of particle 1 in the center-of-mass system, v}, is 
connected with the relative speed v, by the equation (cf. Eq. 3-2): 


Hence p can also be written as 


= — —, {(3-108') 
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where v, it should be emphasized, is the relative speed after the collision. When the 

collision is elastic, the total kinetic energy of the two particles remains unaltered 
and v must equal vp, so that p is simply 

my $ on 

= —, (elastic collision) (3-111) 

Ma 

independent of energies or speeds. If the collision is inelastic, the total kinetic 

energy of the two particles is altered (e.g., some of the kinetic energy goes into the 

form of internal excitation energy of the target). Since the kinetic energy of the 

center-of-mass motion must remain constant, by conservation of linear 

momentum, the energy change resulting from the collision can be expressed as 


=—2+ 9. (3-112) 


The so-called Q value of the inelastic collision is clearly negative in magnitude, 
but the sign convention is chosen to conform to that used in general for atomic 
and nuclear reactions. From Eq. (3—112) the ratio of relative speeds before and 
after collision can be written 

v m ç +m 

— = [1 + A (3-113) 

Uo m E 
where E is the energy of the incoming particle (in the laboratory system). Thus, 
for inelastic scattering p becomes 


m ; ; 
p 1 : (inelastic scattering) (3-114) 
m +m, Q 


m, j1 + o E 

Not only are the scattering angles 9 and © in general different in magnitude, 
but the values of the differential scattering cross section depend on which ofthe two 
angles is used as the argument of c. The connection between the two functional 
forms is obtained from the observation that in a particular experiment the number 
of particles scattered into a given element of solid angle must be the same whether 
we measure the event in terms of $ or ©. As an equation this statement can be 
written 


2nIo(O)sin O |dO| = 2xIa'(9)sin JjdA, 
or 
sin© dO d(cos ©) 
sin 9| dd d(cos $) 
where o’(9) is the differential scattering cross section expressed in terms of the 


scattering angle in the laboratory system. The derivative can easily be evaluated 
from Eq. (3-110), leading to the result 
(1 + 2pcos® + p?p” 


o'(9) = o(®) ET ; (3-116) 


o'(9) = o(O) 


; (3-115) 
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It should perhaps be emphasized that a(©) is not the cross section an observer 
would measure in the center-of-mass system. Both o(©) and o’(8)are cross sections 
measured in the laboratory system ; they are merely expressed in terms of different 
coordinates. An observer fixed in the center-of-mass system would see a different 
flux density of incident particles from that measured in the laboratory system, and 
this transformation of flux density would have to be included if (for some reason) 
we wanted to relate the cross sections as measured in the two different systems. 

The two scattering angles have a particularly simple relation for elastic 
scattering when the two masses of particles are equal. It then follows that p = 1, 
and from Eq. (3-110) we have 


cos9 1 + cos ®© zL 
E 2 EAE 


or 


Thus, with equal masses, scattering angles greater than 90° cannot occur in the 
laboratory system; all the scattering is in the forward hemisphere. 
Correspondingly, the scattering cross section is given in terms of © from Eq. 
(3-116) as 


- o'(9) = 4cos 9-0(@), 9< = (p =1). 


Even when the scattering is isotropic in terms of @, that is, o(©) is constant, 
independent of ©, then the cross section in terms of 9 varies as the cosine of the 
angle! 

We have seen that even in elastic collisions, where the total kinetic energy 
remains constant, a collision with an initially stationary target results in a transfer 
of kinetic energy to the target with a corresponding decrease in the kinetic energy 
of the incident particle. In other words, the collision slows down the incident 
particle. The degree of slowing down can be obtained from Eq. (3-109) ifv; and V 
are expressed in terms of v, by Eqs. (3-108) and (3-105), respectively: 


v2 uV 
4 = | | [1 + 2pcos© + p°]. (3-117) 
vo = \ ap 

For elastic collisions p = m,/m,, and Eq. (3-120) can be simplified to 


E, 1+2pcos® + p° 
Ey. py 


A (elastic collision) (3-117) 


where E, is the initial kinetic energy of the incident particle in the laboratory 
system and E, the corresponding energy after scattering. When the particles are 
of equal mass this relation becomes ` 
E, 1+cos® 
Ep 2 


cos 9. 


SUGGESTED REFERENCES 119 


Thus at the maximum scattering angle (© = z, 9 = 2/2), the incident particle loses 
all its energy and is completely stopped in the laboratory system. 

This transfer of kinetic energy by scattering is, of course, the principle behind 
the “moderator” in a thermal neutron reactor. Fast neutrons produced by fission 
make successive elastic scatterings until their kinetic energy is reduced to thermal 
energies, where they are more liable to cause fission than to be captured. Clearly 
the best moderators will be the light elements, ideally hydrogen (p = 1). Fora 
nuclear reactor hydrogen is practical only when contained as part of a mixture or 
compound, such as water. Other light elements useful for their moderating 
properties include deuterium, of mass 2, and carbon, of mass 12. Hydrogen, as 
present in paraffin, water, or plastics, is frequently used in the laboratory to slow 
down neutrons. 

Despite their very up-to-date applications these calculations of the 
transformation from laboratory to center of mass coordinates, and of the transfer 
of kinetic energy, are not particularly “modern” or “quantum” in nature. Nor is 
the classical mechanics involved particularly advanced or difficult. All that has 
been used, essentially, is the conservation of momentum and energy. Indeed, 
similar calculations may be found in freshman textbooks, usually in terms of 
elastic collisions between, say, billiard balls. But it is their very elementary nature 
that results in the widespread validity of these calculations. So long as momentum 
is conserved (and this will be true in quantum mechanics) and the Q value is 
known, the details of the scattering process are irrelevant. In effect the vicinity of 
the scattering particle is a “black box,” and we are concerned only with what goes 
in and what comes out. It matters not at all whether the phenomena occurring 
inside the box are “classical” or “quantum.” Consequently the formulae of this 
section may be used in the experimental analysis of phenomena essentially 
quantum in nature, as for example, neutron-proton scattering, so long as the 
energies are low enough that relativistic effects may be neglected. (See Section 7—7 
for a discussion of the relativistic treatment of the kinematics of collisions.) 


SUGGESTED REFERENCES 


E. T. WHITTAKER, Analytical Dynamics. Almost every text on mechanics devotes 
considerable time to central force motion and only a few of the many references can be 
listed here. Sections 47—49 of Whittaker’s treatise form a concise discussion of the subject 
that, despite its brevity, manages to consider many out-of-the-way aspects. It is practically 
the only source for the analysis of which force laws are soluble in elliptic functions. 


W. D. MAcMILLAN, Statics and the Dynamics of a Particle. Chapter XII of this reference 
provides a most elaborate discussion of central force motion, including detailed 
consideration of the orbits for some force laws other than the customary inverse square 
law. The treatment is elementary and does not use the Lagrangian formulation. Kepler’s 
equation is derived, along with variant forms for various types of orbits, and several 
methods of solution are described. The Laplace~-Runge—Lenz constant of motion is 
mentioned briefly, in a “throw-away” line as a “constant of integration” in Section 301. 


== 
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L. D. LANDAU AND E. M. LirsHiTz, Mechanics. As might be expected, in its coverage of the 
subject of central force motion and scattering, this reference includes many original and 
unusual insights. The constancy of the Laplace-Runge-Lenz vector is explicitly 
demonstrated and used to derive the orbit equation. Kinematics of collisions are described 
in some detail. 


J.B. Marion, Classical Dynamics of Particles and Systems. This fine intermediate-level text 
has an unusually detailed chapter on central force motion, including discussions on 
Kepler’s equation, stability of circular orbits, and some elementary results on the famous 
three-body problem. As befits the author’s involvement in experimental nuclear physics 
the chapter on kinematics of collisions and cross section calculations is exceptionally 
complete in coverage. 


J. O. HIRSCHFELDER; D. F. Curtiss; AND B. B. Birp, Molecular Theory of Gases and 
Liquids. A veritable encyclopedia on the chemical physics of gases and liquids, this 
reference is probably the best source for applications of the classical virial theorem. There 
is also much material on interatomic potentials and scattering cross sections, although the 
substantial advances in the field since 1953 are naturally not included. 


S. W. McCuskEy, Introduction to Celestial Mechanics. Two-body motion in a mutual 1/r 


potential forms the first approximation to the motion of the planets, satellites, and space” 


craft. All books on celestial mechanics therefore devote considerable attention to the 
“Kepler problem.” Of the vast literature on celestial mechanics only a few can be cited here. 
McCuskey’s book covers a wide range of information compactly, including a discussion on 
motion in time in various orbits, and approaches the subject on a relatively elementary 
level. 


J. M. A. Dansy, Fundamentals of Celestial Mechanics. Written by a well-recognized and 
highly respected master of celestial mechanics, this text covers much of the classical area of 
celestial mechanics on an intermediate level, with a leavening of more recent material 
inspired by the advent of the computer and space age. Exercises and references are plentiful. 
The motion in time and Kepler’s equation are discussed at length, but neither the 
Laplace—Runge—Lenz vector nor Bertrand’s theorem is mentioned. 


H. C. PLUMMER, An Introductory Treatise on Dynamical Astronomy. Although relatively 
old (1918, but with a 1960 reprint) this remains the most available reference on Bertrand’s 
theorem, and the presentation in this Chapter is based on Plummer’s approach. A different 
method of proof is briefly described in the classic treatise by F. Tisserand, Traité de 
mécanique céleste, Tome 1, Chapter I, Section 6. Plummer’s book also presents some 
special tricks for approximate solution of Kepler’s equation. 


H. V. MCINTOSH, “Symmetry and Degeneracy,” in Group Theory and its Applications, Vol. 
II, E. M. Loebl, ed. This article contains an enthusiastic overview of the internal symmetries 
of simple physical systems, developed in a historical fashion. Though the discussion has a 
high words-to-formula ratio, it presupposes that the reader has some acquaintance with 
group theory and with quantum mechanics. But it is by far the best survey of what in 1970 
was thought to be the connection between symmetries and degeneracies. Both the Kepler 
problem and the harmonic oscillator symmetries are described, as well as the implications of 
Bertrand’s theorem. l 


R. G. NEWTON, Scattering Theory of Waves and Particles. Although this book is mainly 
involved with the quantum theory of scattering, Chapter 5 is concerned with scattering of 
classical particles and gives a concise discussion of “orbiting” and “glories,” based for the 
most part on the fundamental paper of K. W. Ford and J. A. Wheeler, Annals of Physics 
(N.¥.) 7, 259 (1959). 
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EXERCISES 


1. A particle of mass m is constrained to move under gravity without friction on the inside 
of a paraboloid of revolution whose axis is vertical. Find the one-dimensional problem 
equivalent to its motion. What is the condition on the particle’s initial velocity to produce 
circular motion? Find the period of small oscillations about this circular motion. 


2. A particle moves in a central force field given by the potential 


-ar 


peck 


2 


r 


where k and a are positive constants. Using the method of the equivalent one-dimensional 
potential discuss the nature of the motion, stating the ranges of | and E appropriate to each 
type of motion. When are circular orbits possible? Find the period of small radial 
oscillations about the circular motion. 


3. Two particles move about each other in circular orbits under the influence of 
gravitational forces, with a period t. Their motion is suddenly stopped at a given instant of 
time, and they are then released and allowed to fall into each other. Prove that they collide 


after a time 1/4,/2. 


4. Consider a system in which the total forces acting on the particles consist of 
conservative forces F; and frictional forces f, proportional to the velocity. Show that for 
such a system the virial theorem holds in the form 


= le 
T=— JLE To 


providing the motion reaches a steady state and is not allowed to die down as a result of the 
frictional forces. 


5. Suppose that there are long-range interactions between atoms in a gas in the form of 
central forces derivable from a potential 


where r is the distance between any pair of atoms and m is a positive integer. Assume 
further that relative to any given atom the other atoms are distributed in space such that 
their volume density is given by the Boltzmann factor: 
N 
ae —U(ryfkT 
r) = —e ; 
ptr) 7 
where N is the total number of atoms in a volume V. Find the addition to the virial of 
Clausius resulting from these forces between pairs of atoms, and compute the resulting 
correction to Boyle’s law. Take N so large that sums may be replaced by integrals. While 


closed results can be found for any positive m, if desired the mathematics can be simplified 
by taking m = +1. 


6. a) Show that ifa particle describes a circular orbit under the influence of an attractive 
central force directed toward a point on the circle, then the force varies as the inverse fifth 
power of the distance. 

b) Show that for the orbit described the total energy of the particle is zero. 

c) Find the period of the motion. 

d) Find X, ý, and v as a function of angle around the circle and show that all three 
quantities are infinite as the particle goes through the center of force. 
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7. Show that the central force problem is soluble in terms of elliptic functions when the 
force is a power law function of the distance with the following fractional exponents: 


3 5 1 5 7 
r r 3 7 3 
8. a) For circular and parabolic orbits in an attractive 1/r potential having the same 
angular momentum, show that the perihelion distance of the parabola is one half the 
radius of the circle. 
b) Prove that in the same central force as in part (a) the speed ofa particle at any point 


in a parabolic orbit is we times the speed in a circular orbit passing through the same 
point. 


n 


9. A meteor is observed to strike Earth with a speed v, making an angle ¢ with the zenith. 
Suppose that far from Earth the meteor’s speed were v’ and it was proceeding in a direction 
making a zenith angle ¢’; the effect of Earth’s gravity being to pull it into a hyperbolic orbit 
intersecting Earth’s surface. Show how v’ and @’ can be determined from v and ¢ in terms 
of known constants. 


10. Prove that in a Kepler elliptic orbit with small eccentricity e the angular motion of a 
particle as viewed from the empty focus of the ellipse is uniform (the empty focus is the focus 
that is not the center of attraction) to first order in e. It is this theorem that enables the 
Ptolematicpicture of planetary motion to be a reasonably accurate approximation. On this 
picture the Sun is assumed to move uniformly on a circle whose center is shifted from the 
Earth by a distance called the equant. If the equant is taken as the distance between the two 
foci of the correct elliptical orbit, then the angular motion is thus described by the 
Ptolemaic picture accurately to first order in e. 


11. One of the classic themes of science fiction is a twin planet (“Planet X”) to Earth that is 
identical in mass, energy, and momentum but is located on the orbit 90° out of phase with 
Earth so that it would be hidden by the Sun. However because of the elliptical nature of the 
orbit it would not always be completely hidden. Assume there is such a planet in the same 
Keplerian orbit as Earth in such a manner that it is in aphelion when Earth is in perihelion. 
Calculate to first order in the eccentricity e the maximum angular separation of the twin 
and the Sun as viewed from Earth. Could such a twin be visible from Earth? Suppose the 
twin planet were in an elliptical orbit having the same size and shape as that of Earth, but 
rotated 180° from the orbit of Earth, so that Earth and the twin would be in perihelion at 
the same time. Repeat your calculation and compare the visibility in the two situations. 


12. At perigee of an elliptic gravitational orbit a particle experiences an impulse S (cf. 
Exercise 9, Chapter 2) in the radial direction, sending the particle into another elliptic 
orbit. Determine the new semimajor axis, eccentricity, and orientation of major axis in 
terms of the old. 


13. A uniform distribution of dust in the solar system adds to the gravitational attraction 
of the sun on a planet an additional force 

F = —mCr, 
where mm is the mass of the planet, C is a constant proportional to the gravitational constant 
and the density of the dust, and r is the radius vector from the sun to the planet (both 
considered as points). This additional force is very small compared to the direct 
sun—planet gravitational force. 


a) Calculate the period for a circular orbit of radius rp of the planet in this combined field. 
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b) Calculate the period of radial oscillations for slight disturbances from this circular 
orbit. 

c) Show that nearly circular orbits can be approximated by a precessing ellipse and find 
the precession frequency. Is the precession in the same or opposite direction to the 
orbital angular velocity? 


14. Show that the motion of a particle in the potential field 
k h 
+ 


is the same as that of the motion under the Kepler potential alone when expressed in terms 
of a coordinate system rotating or precessing around the center of force. 
For negative total energy show that if the additional potential term is very small 


compared to the Kepler potential, then the angular speed of precession of the elliptical 
orbit is 


«  2nmh 
Pr ` 


The perihelion of Mercury is observed to precess (after correction for known planetary 
perturbations) at the rate of about 40” of arc per century. Show that this precession could 
be accounted for classically if the dimensionless quantity 


h 
Į =— 


ka 


(which is a measure of the perturbing inverse square potential relative to the gravitational 
potential) were as small as 7 x 107°. (The eccentricity of Mercury’s orbit is 0.206, and its 
period is 0.24 year.) 


-2 


15. The additional term in the potential behaving as r~? in the previous problem looks 
very much like the centrifugal barrier term in the equivalent one-dimensional potential. 
Why is it then that the additional force term causes a precession of the orbit, while an 
addition to the barrier, through a change in l, does not? 


16. Evaluate approximately the ratio of the mass of the sun to that of the earth, using only 
the lengths of the year and of the lunar month (27.3 days), and the mean radii of the earth’s 
orbit (1.49 x 10km) and of the moon’s orbit (3.8 x 10° km). 


17. Show that for elliptical motion in a gravitational field the radial speed can be written 
as 


wa > 
F JPL — (r — a’. 
a 
Introduce the eccentric anomaly variable w in place of r and show that the resulting 
differential equation in y can be integrated immediately to give Kepler’s equation. 


18. If the eccentricity e is small, Kepler’s equation for the eccentric anomaly y as a 
function of wt, Eq. (3-76), is easily solved on a computer by an iterative technique that 
treates the e sin y term as of lower order than y. Denoting y, by the nth iterative solution, 
the obvious iteration relation is 


vw, = ot +esiny,_,. 


lees a 


a 
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Using this iteration procedure find the analytic form for an expansion of y in powers ofe at 
least through terms ine’. 


19. By expanding esin wy in a Fourier series in wt, show that Kepler’s equation has the 
formal solution 


n 


2 . 
y =wt+ } =J,(ne)sin wt, 
n 


n=l 


where J,, is the Bessel function of order n. For small argument the Bessel function can be 
approximated in a power series of the argument. Accordingly, derive from this result the 
first few terms in the expansion of yy in powers of e. A good source for information on the 
properties of Bessel functions is the “Handbook of Mathematical Functions” by 
Abramowitz and Stegun, especially page 360. 


20. If the difference y — wt is represented by p, Kepler’s equation can be written 
p = esin (wt + p). 


Successive approximations to p can be obtained by expanding sin p in a Taylor series in p, 
and then replacing p by its expression given by Kepler’s equation. Show that the first 
approximation to p is p, given by 

esin wt 


tanp, =————_——_., 
Pı =I coset 


and that the next approximation is found from 
sin (p, — p,) = —e° sin (wt + p,)(1 + ecos wt), 


an expression that is accurate through terms of order e*. 


21. Earth’s period between successive perihelion transits (the “anomalistic year”) is 
365.2596 mean solar days, and the eccentricity of the orbit is 0.0167504. Assuming motion 
in a Keplerian elliptical orbit, how far does Earth move in angle in the orbit, starting from 
perihelion, in a time equal to one quarter of the anomalistic year? Give your result in 
degrees to an accuracy of one second of arc or better. Any method may be used, including 
numerical computation with a calculator or computer. 


22. In hyperbolic motion in a 1/r potential the analogue of the eccentric anomaly is F 
defined by 

r = a(ecosh F — 1), 
where a(e — 1) is the distance of closest approach. Find the analogue to Kepler’s equation 
giving t from the time of closest approach as a function of F. 


23. A magnetic monopole is defined (if one exists) by a magnetic field singularity of the form 
B = br/r?, where b is a constant (a measure of the magnetic charge, as it were). Suppose a 
particle of mass m moves in the field of a magnetic monopole and a central force field 
derived from the potential V(r) = —k/r. 


a) Find the form of Newton’s equation of motion, using the Lorentz force given by 
Eq. (1-61). By looking at the product r x p show that while the mechanical angular 
momentum is not conserved (the field of force is noncentral) there is a conserved 
vector f 
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(b) By paralleling the steps leading from Eq. (3—79) to Eq. (3—82) show that for some f(r) 
there is a conserved vector analogous to the Laplace—Runge—Lenz vector in which D 
plays the same role as L in the pure Kepler force problem. 


24. If the velocity or momentum vector of a particle is translated so as to start from the 
center of force, then the head of the vectors traces out the particle’s hodograph, a locus 
curve of considerable antiquity in the history of mechanics but one that has had something 
of a revival in connection with the dynamics of space vehicles. By taking the cross product 
of L with the Laplace-Runge—Lenz vector A, show that the hodograph for elliptical 
Kepler motion is, in terms of the momentum, a circle of radius mk/I with origin on the y axis 
a distance A/I displaced from the center of force. 


25. What changes, if any, would there be in Rutherford scattering if the coulomb force 
were attractive, instead of repulsive? 

26. Examine the scattering produced by a repulsive central force f = kr~ 3. Show that the 
differential cross section is given by 

k (1 — x)dx 

2E x?(2 — x} sin zx’ 


o(@)d@ = 


where x is the ratio ©/z and E is the energy. 


27. A central force potential frequently encountered in nuclear physics is the rectangular 
well, defined by the potential 


V=0, r>a. 
= — h, r<a. 


Show that the scattering produced by such a potential in classical mechanics is identical 
with the refraction of light rays by a sphere of radius a and relative index of refraction 


_ JE+W 
n = E n 


(This equivalence demonstrates why it was possible to explain refraction phenomena both 
by Huygens’ waves and by Newton’s mechanical corpuscles.) Show also that the 
differential cross section is 


c(©) 


ee 1 Siew 

n 

na? 2 : 2 
op ` 

4 cos f +n? — 2neos$ | 


What is the total cross section? 
28. Consider a truncated repulsive Coulomb potential defined as 


For a particle of total energy E > k/a, obtain expressions for the scattering angle © as a 
function of s/sy, where sọ is the impact parameter for which the periapsis occurs at the 
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point r = a. (The formulas can be given in closed form but they are not simple!) Make a 
numerical plot of © versus s/s, for the special case E = 2k/a. What can you deduce about 
the angular scattering cross section from the dependence of © on s/s, for this particular 
case? 


29. Another version of the truncated Coulomb potential has the form 


= 0), r<a. 


Obtain closed-form expressions for the scattering angle and the differential scattering 
cross section. These are most conveniently expressed in terms of a parameter measuring 
the distance of closest approach in units of a. What is the total cross section? 

30. Show that for repulsive scattering, Eq. (3—96) for the angle of scattering as a function 
of the impact parameter, s, can be rewritten as 


pdp 


1 
Srei 7 ; 
o Jeb -| —s*(1 — p°) 


or 


1 dp 
O=r- | = 3 
ln _ Vip 279 n2 
ous, pE Um) V(r)] + s°2 — p°) 


by changing the variable of integration to some function p(r). Show that for a repulsive 
potential the integrand is never singular in the limit r — r,,. Because of the definite limits of 
integration these formulations have advantages for numerical calculations of @(s) and 
allow naturally for the use of Gauss—Legendre quadrature schemes. 

31. Apply the formulation of the preceding exercise to compute numerically @(s) and the 
differential cross section o(©) for the repulsive potential 


V= Yo 
1l+r 


and for a total energy E=1.2V¥,. It is suggested that 16-point Gauss—Legendre 
quadrature will give adequate accuracy. Does the scattering exhibit a rainbow? 


32. If a repulsive potential drops off monotonically with r, then for energies high 
compared to V(r,,) the angle of scattering will be small. Under these conditions show that 
Eq. (3-97) can be manipulated so that the deflection angle is given approximately by 


1 [1 (V(u,,) — V(u)] dy 


O= 23/2 > 
Elo 027” 


where y, obviously, is u/t,,. 
Show further, that if V(u) is of the form Cu", where n is a positive integer, then in the 
high energy limit the cross section is proportional to @7?U +U», 
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33.. a) Show that the angle of recoil of the target particle relative to the incident direction 
of the scattered particle is simply ® = $(z — ©). 

b) It is observed that in elastic scattering the scattering cross section is isotropic in 
terms of ©. What are the corresponding probability distributions for the scattered energy 
of the incident particle, E,, and for the recoil energy of the target particle, £,? 


34. Show that the angle of scattering in the laboratory system, 9, is related to the energy 
before scattering, Eo, and the energy after scattering E,, according to the equation 


m, +m E m,—m E m 
cos g oi 2 1 i 2 1 0 + 20 . 
Im, VE 2m, VE; 2m, VEE, 


CHAPTER 4 
The Kinematics of 
Rigid Body Motion 


A rigid body was defined previously as a system of mass points subject to the 
holonomic constraints that the distances between all pairs of points remain 
constant throughout the motion. Although something of an idealization, the 
concept is quite useful, and the mechanics of rigid body motion deserves a full 
exposition. In this chapter we shall discuss principally the kinematics of rigid 
bodies, i.e., the nature and characteristics of their motions. We shall devote some 
time to developing the mathematical techniques involved, which are of 
considerable interest in themselves, and have many important applications to 
other fields of physics. Having learned how to describe the motion of rigid bodies, 
the next chapter will then discuss, within the framework of the Lagrangian 
formulation, how such motion is generated by applied forces and torques. 


4-1 THE INDEPENDENT COORDINATES OF A RIGID BODY 


Before discussing the motion of a rigid body we must first establish how many 
independent coordinates are necessary to specify its configuration. A rigid body 
with N particles can at most have 3N degrees of freedom, but these are greatly 
reduced by the constraints, which can be expressed as equations of the form 


i ret Ge (4-1) 


Here r,; is the distance between the ith and jth particles and the e's are constants. 
The actual number of degrees of freedom cannot be obtained simply by 
subtracting the number of constraint equations from 3N, for there are5N(N — 1) 
possible equations of the form of Eq. (4-1), which exceeds 3N for large N. In 
truth, the Eqs. (4-1) are not all independent. To fix a point in the rigid body it is 
not necessary to specify its distances to all other points in the body; one need only 
state the distances to any three other noncollinear points, cf. Fig. 4-1. Thus, once 
the positions of three of the particles of the rigid body are determined the 
constraints fix the positions of all remaining particles. The number of degrees of 
freedom therefore cannot be more than nine. But the three reference points are 
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FIGURE 4-1 

Diagram illustrating the location of a point 
in a rigid body by its distances from three 
reference points. 


themselves not independent; there are in fact three equations of rigid constraint 
imposed on them, 


Mio = Ciz F23 = C43, r3 = C13, 


that reduce the number of degrees of freedom to six. That only six coordinates are 
needed can also be seen from the following considerations. To establish the 
position of one of the reference points three coordinates must be supplied. But 
once point 1 is fixed, point 2 can be specified by only two coordinates, since it is 
constrained to move on the surface ofa sphere centered at point 1. With these two 
points determined point 3 has only one degree of freedom, for it can only rotate 
about the axis joining the other two points. Hence a total of six coordinates is 
sufficient. 

A rigid body in space thus needs six independent generalized coordinates to 
specify its configuration, no matter how many particles it may contain—even in 
the limit of a continuous body. Of course, there may be additional constraints on 
the body besides the constraint of rigidity. For example, the body may be 
constrained to move on a surface, or with one point fixed. In such case the 
additional constraints will further reduce the number of degrees of freedom, and 
hence the number of independent coordinates. 

How shall these coordinates be assigned? It will be noticed that the 
configuration ofa rigid body is completely specified by locating a Cartesian set of 
coordinates fixed in the rigid body (the primed axes shown in F ig. 4-2) relative to 
the coordinate axes of the external space. Clearly three of the coordinates are 
needed to specify the coordinates of the origin of this “body” set of axes. The 
remaining three coordinates must then specify the orientation of the primed axes 
relative to a coordinate system parallel to the external axes, but with the same 
origin as the primed axes. 

There are many ways of specifying the orientation of a Cartesian set of axes 
relative to another set with common origin. A most fruitful procedure is to state 
the direction cosines of the primed axes relative to the unprimed. Thus the x’ axis 
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FIGURE 4-2 

Unprimed axes represent an external reference 
set of axes; the primed axes are fixed in the rigid 
body. 


could be specified by its three direction cosines %4 , %3, 3 with respect to the x, p, z 
axes. If, as customary, i, j, k are three unit vectors along x, y, z, andi’,j’, k’ perform 
the same function in the primed system (cf. Fig. 4-3), then these direction cosines 
are defined as 

a, = cos(i’,i) = isi 

æ, = cos (i’,j) = ij (4-2) 

a, = cos(i’,k) = i' +k. 
The vector i’ can be expressed in terms of i, j, k by the relation 

i = (i'-ii+ i’ -pjt+ d’-k)k 
or 
i! = gi + a,j + gk. (4-3) 

Similarly the direction cosines of the y’ axis with x, y, z may be designated by 


Bi: B2, and B,, and these will be the components of j’ in the unprimed reference 
frame: 


j = Bii + Boj + B3k. (4-4) 


FIGURE 4-3 
Direction cosines of the body set of axes relative to 
an external set of axes. 
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An equation analogous to (4—4) can be written for k’, with the direction cosines of 
the z’ axis designated by y’s. These sets of nine direction cosines then completely 
specify the orientation of the x’, y’, z’ axes relative to the x, y, z set. One can equally 
well invert the process, and use the direction cosines to express the i, j, k unit 
vectors in terms of their components along the primed axes. Thus we can write 


i= (i) + (ijoy + G- kk’ 
or 
i= i + Bj + yk’, (4-5) 


with analogous equations for j and k. 

The direction cosines also furnish directly the relations between the 
coordinates of a given point in one system and the coordinates in the other 
system. Thus, the coordinates of a point in a given reference frame are the 
components of the position vector, r, along the axes of the system. The x’ 
coordinate is then given in terms of x, y, z by 


x’ = (r-i) = a,x + aay + 432, 
while for the other coordinates we obtain 


y’ = Bix + Boy + B32 
1 2. 3 (4-6) 
Z’ = yx + yay + Y3Z. 
What has been done here for the components of the r vector can obviously be 
done for any arbitrary vector. If G is some vector, then the component of G along 
the x’ axis will be related to its x, y, z components by 


Gy = (G-i’) = aG, + a,G, + &3G,, 


and so on. The set of nine direction cosines thus completely spells out the 
transformation between the two coordinate systems. 

If the primed axes are taken as fixed in the body, then the nine direction 
cosines will be functions of time as the body changes its orientation in the course 
of the motion. In this sense the o’s, f’s and y’s can be considered as coordinates 
describing the instantaneous orientation of the body, relative to a coordinate 
system fixed in space but with origin in common with the body system. But, clearly, 
they are not independent coordinates, for there are nine of them and it has been 
shown that only three coordinates are needed to specify an orientation. 

The connections between the direction cosines arise from the fact that the 
basis vectors in both coordinate systems are orthogonal to each other and have 
unit magnitude; in symbols, 


i-j=j-k=k-i=0, 
and 
i-i=j-j=k-k=1, (4-7) 


peg ne = e 
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with similar relations for i’, j', and k’. We can obtain the conditions satisfied by 
the nine coefficients by: forming all possible dot products among the three 
equations for i, j, and k in terms of i’, j’, and k’ (as in Eq. 4-5), making use of the 
Eqs. (4-7): 
Ly, P BiBrn + Vim = 0, l, m= l, 2, 3; l cia m, 
a + p? + y2 = 1, l=1;2,3. (4-8) 


These two sets of three equations each are exactly sufficient to reduce the number 
of independent quantities from nine to three. Formally, the six equations can be 
combined into one by using the Kronecker 6-symbol 6,,,, defined by 


ô 


=T l=m 


im 


=0 lm. 
Equations (4-8) can then be written as 


Utm F BiBm + Ym F ô (4-9) 


Im’ 


It is not possible, therefore, to set up a Lagrangian and subsequent equations 
of motion with the nine direction cosines as generalized coordinates. For this 
purpose we must use some set of three independent functions of the direction 
cosines. A number of such sets of independent variables will be described later, the 
most iinportant being the Euler angles. The use of direction cosines to describe 
the connections between two Cartesian coordinate systems nevertheless has a 
number of important advantages. With their aid many of the theorems about the 
motion of rigid bodies can be expressed with great elegance and generality, and in 
a form naturally leading to the procedures necessarily used in special relativity 
and quantum mechanics. Such a mode of description therefore merits an 
extended discussion here. 


4-2 ORTHOGONAL TRANSFORMATIONS 


To study the properties of the nine direction cosines with greater ease it is 
convenient to change the notation and denote all coordinates by x, distinguishing 
the axes by subscripts: 


XX, 
VON (4-10) 
Z= X3. 
Thus the Eqs. (4—6) become 
NY = Xz + 2X3 + G3N3 
x5 = Bix, + Baxa + B3X3 (4-11) 


SO Sane tas A = 
X3 = 1X1 + Y2X2 + Y3NX3- 
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Equations (4—11) constitute a group of transformation equations from a set of 
coordinates x; , X, X3 to anew set x{ , x5, x3. In particular they form an example 
of a linear or vector transformation, defined by transformation equations of the 
form 


BIS sae 5 A 5 
X1 = 41X1 H ajay + A, 3N3 
X5 = a21X; + A32X3 + 33X3 (4-12) 
X3 = A31 X1 + 32Ny + 4333, 


where the a,,, @,2,...are any set of constant (independent of x, x’) coefficients.* 
To simplify the appearance of many of the expressions we will also make use of 
the summation convention first introduced by Einstein: Whenever an index 
occurs two or more times in a term, it is implied, without any further symbols, that 
the terms are to be summed over all possible values of the index. Thus Eqs. (4-12) 
can be written most compactly in accordance with this convention as 

Xj = ;jXj. i= 1,2,3. (4~12') 
The repeated appearance of the index j indicates that the left-hand side of Eq. 
(4—12’) is a sum over the dummy index j for all possible values (here, j = 1, 2, 3). 
Some ambiguity is possible where powers of an indexed quantity occur, and for 
that reason an expression such as 


X a2 
Xj 

i 
appears under the summation convention as 


XiX;- 


For the rest of the book the summation convention should be automatically assumed 
in reading the equations unless otherwise explicitly indicated. Where convenient, or 
to remove ambiguity, the summation sign may be occasionally displayed 
explicitly, e.g, when certain values of the index are to be excluded from the 
summation: 

The transformation represented by Eqs. (4—11) is only a special case of the 
general linear transformation, Eqs. (4—12), since the direction cosines are not all 
independent. The connections between the coefficients, Eqs. (4-8) may be 
rederived here in terms of the newer notation. Since both coordinate systems are 
Cartesian, the magnitude of a vector is given in terms of the sum of squares of the 
components. Further, since the actual vector remains unchanged no matter 
which coordinate system is used, the magnitude of the vector must be the same in 
both systems. In symbols we can state the invariance of the magnitude as 


(4-13) 


* Equations (4—12), of course, are not the most general set of transformation equations, cf., 
for example, those from the r’s to the q’s (1-38). 


eee 
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The left-hand side of Eq. (4-13) is therefore 


Ai; jAlipX jJXq> 


and it will reduce to the right-hand side of Eq. (4-13), if, and only if 
ijl = 1 j=k 
=0 j#k, (4-14) 
or, in a more compact form, if 
ajli = Ör fk = 1,2,3. (4-15) 


When the a,j coefficients are expressed in terms of the g, $, y’s the six equations 
contained in Eq. (4-15) become identical with the Eqs. (4-9). 

Any linear transformation, (4—12), that has the properties required by Eq. 
(4-15) is called an orthogonal transformation, and Eq. (4—15) itself is known as 
the orthogonality condition. Thus, the transition from coordinates fixed in space 
to coordinates fixed in the rigid body (with common origin) is accomplished by 
means of an orthogonal transformation. The array of transformation quantities 
(the direction cosines), written as 

aii i2 i3 
43, 422 493], (4-16) 


43; 433 433 


is called the matrix of transformation, and will be denoted by a capital letter A. 
The quantities a;; are correspondingly known as the matrix elements of the 
transformation. 

To make these formal considerations more meaningful consider the simple 
example of motion in a plane, so that we are restricted to two dimensional 
coordinate systems. Then the indices in the above relations can take on only the 
values 1, 2, and the transformation matrix reduces to the form 


44, 42 
Az, a22) 
The four matrix elements are connected by three orthogonality conditions: 


ij = Ons LK = 1,2, 


and therefore only one independent parameter is needed to specify the 
transformation. But this conclusion is not surprising. A two-dimensional 
transformation from one Cartesian coordinate system to another corresponds to 
a rotation of the axes in the plane, cf. Fig. 4—4, and such a rotation can be specified 
completely by only one quantity, the rotation angle @. Expressed in terms of this 
single parameter, the transformation equations become 


xi =x, cosh +x, sing 


X4 = —x,sing + x, cos ġ. 
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FIGURE 4—4 


Rotation of the coordinate axes, as 


equivalent to two-dimensional orthogonal 
transformation. 


r 
x] 


The matrix elements are therefore 


a, =cos@, aa = sind, 
f 4-17 
a3, = —sing, 434 = COS Q, 
so that the matrix A can be written 
a| © go sing 
~ \=sing cosol’ (E 


The three orthogonality conditions expand into the equations 


41194; Faaa = 1 


These'conditions are obviously satisfied by the matrix (4~17'), for in terms of the 
matrix elements (4—17) they reduce to the identities 
cos? ġ + sin? ġ = 1 
sin? ġ + cos? ġ = 1 
cos ġ sin ġ — sindcos¢ = 0. 


The transformation matrix A can be thought of as an operator that, acting on 


the unprimed system, transforms it into the primed system. Symbolically the 
process might be written 


(r) = Ar, (4-18) 


which is to be read: The matrix A operating on the components of a vector in the 
unprimed system yields the components ofthe vector in the primed system. It is to 
be emphasized that in the development of the subject so far, A acts on the 
coordinate system only, the vector is unchanged, and we ask merely for i's 
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components in two different coordinate frames. A parenthesis has therefore been 
placed around r on the left in Eq. (4-18) to make clear that the same vector is 
involved on both sides of the equation. Only the components have changed. In 
two dimensions the transformation of coordinates, it has been seen, is simply a 
rotation, and A is then identical with the rotation operator in a plane. 

Despite this, it must be pointed out that without changing the formal 
mathematics, A can also be thought of as an operator acting on the vector r, 
changing it to a different vector r’: 


r’ = Ar, ; (4-19) 


with both vectors expressed in the same coordinate system. Thus, in two 
dimensions, instead of rotating the coordinate system counterclockwise one can 
rotate the vector r clockwise by an angle ¢ to a new vector r’. The components of 
the new vector will then be related to the components of the old by the same Eqs. 
(4-12) that describe the transformation of coordinates. From a formal 
standpoint it is therefore not necessary to use the parenthesis in Eq. (4-18); 
rather, it can be written as in Eq. (4-19) and interpreted equally as an operation 
on the coordinate system or on the vector. The algebra remains the same no 
matter which of these two points of view is followed. The interpretation as an 
operator acting on the coordinates is the more pertinent one when using the 
orthogonal transformation to specify the orientation ofa rigid body. On the other 
hand, the notion of an operator changing one vector into another has the more 
widespread application. In the mathematical discussion either interpretation will 
be freely used, as suits the convenience of the situation. Of course, it should be 
emphasized that the nature of the operation represented by A will change 
according to which interpretation is selected. Thus if A corresponds to a 
counterclockwise rotation by an angle @ when applied to the coordinate system, it 
will correspond to a clockwise rotation when applied to the vector. 

The same duality of roles often occurs with other types of coordinate 
transformations that are more general than orthogonal transformations. They 
may at times be looked on as affecting only the coordinate system, expressing 


FIGURE 4—5 

Illustrating the interpretation of an orthogonal 
transformation as a rotation of the vector, 
leaving the coordinate system unchanged. 
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some given quantity or function in terms of a new coordinate system. At other 
times they may be considered as operating on the quantity or functions 
themselves, changing them to new quantities in the same coordinate system. 
When the transformation is taken as acting only on the coordinate system we speak 
of the passive role of the transformation. In the active sense the transformation-is 
looked on as changing the vector or other physical quantity. These alternate 
interpretations ofa transformation will be encountered in various formulations of 
classical mechanics to be considered below (cf. Chap. 9) and indeed occur in many 
fields of physics. i 

To develop further the kinematics of rigid body motion about a fixed origin, 
we shall make much use of the algebra governing the manipulation of the 
transformation matrix. The following section is therefore by way of a brief 
summary of the elementary aspects of matrix algebra with specific application to 
orthogonal matrices. For those unacquainted with this branch of mathematics, 
the section should provide an introduction adequate for the immediate purpose. 
The material also serves to detail the particular terminology and notation we will 
employ. Those already thoroughly familiar with matrix algebra may however 
omit the section and proceed directly to Section 4—4. 
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Consider what happens when two successive transformations are made— 
corresponding to two successive displacements of the rigid body. Let the first 
transformation from r to r’ be denoted by B: 
Xt, = DyjXjs (4-20) 
and the succeeding transformation from r’ to a third coordinate set r” by A: 
Xj! = ipXy. (4-21) 


The relation between x; and x, can then be obtained by combining the two Eqs. 
(4-20) and (4-21): 


This may also be written as 

loat (4-22) 
where 

Cp = AyD. (4-23) 
The successive application of two orthogonal transformations A, B is thus 
equivalent to a third linear transformation C. It can be shown that C is also an 
orthogonal transformation in consequence of the orthogonality of A and B. The 


detailed proof will be left for the exercises. Symbolically the resultant operator C 
can be considered as the product of the two operators A and B: 


C = AB, 


oo S S] 
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and the matrix elements c,, are by definition the elements of the square matrix 
obtained by multiplying the two square matrices A and B. i 
Note that this “matrix” or operator multiplication is not commutative, 


BA # AB, 
for, by definition, the elements of the transformation D = BA are 
dij = Dias, (4-24) 


which generally do not agree with the matrix elements of C, Eq. (4—23). Thus, the 
final coordinate system depends on the order of application of the operators A 
and B, that is, whether first A then B, or first B and then A. However, matrix 
multiplication is associative; in a product of three or more matrices the order of 
the multiplications is unimportant: 


(AB)C = A(BC). (4-25) 


In Eq. (4-19) the juxtaposition of A and r, to indicate the operation of A on 
the coordinate system (or on the vector), was said to be merely symbolic. But, by 
extending our concept of matrices, it may also be taken as indicating an actual 
matrix multiplication. Up to the present the matrices used have been square, i.e., 
with equal number of rows and columns. However, we may also have one-column 
matrices, such as x and x’ defined by 


a -t 
Xj xi 
X= |x], x= |x]. (4-26) 
-e Ag 
X3 X3 


The product Ax, by definition, shall be taken as a one-column matrix, with the 
elements 


(Ax); = ajx; = Xj. 


Hence Eq. (4-19) can also be written as the matrix equation 


The addition of two matrices, while not as important a concept as 
multiplication, is a frequently used operation. The sum A + B is a matrix C 
whose elements are the sum of the corresponding elements of A and B: 


Cy = ay + bij. 


Of greater importance is the transformation inverse to A, the operation that 
changes r’ back to r. This transformation will be called AT! and its matrix 
elements designated by a;,. We then have the set of equations 


x, = a; ;X}, (4-27) 
which must be consistent with 
Xp = AyyX;. (4-28) 


o 
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Substituting x; from (4-27), Eq. (4-28) becomes 


ae tat 
Xk = AiO; jX;- (4-29) 


Since the components of r’ are independent, Eq. (4-29) is correct only if the 
summation reduces identically to x/. The coefficient of x; must therefore be 1 for 
j = k and zero for j # k; in symbols, 


ilij = Oxj- (4-30) 


The left-hand side of Eq. (4-30) is easily recognized as the matrix element for the 


product AA~', while the right-hand side is the element of the matrix known as 
the unit matrix 1: 


1 00 
1=/;0 1 O}. (4-31) 
0 0 1 
Equation (4-30) can therefore be written as 
AA“! =1, (4-32) 


which indicates the reason for the designation of the inverse matrix by A` +. The 
transformation corresponding to 1 is known as the identity transformation, 
producing no change in the coordinate system: 


x= 1x. 
Similarly multiplying any matrix A by 1, in any order, leaves A unaffected: 
1A = A1 =A. 


By slightly changing the order of the proof of Eq. (4-32) it can be shown that 
A and A~! commute. Instead of substituting x; in Eq. (4-29) in terms of x’, one 
could equally as well demand consistency by eliminating x’ from the two 
equations, leading in analogous fashion to 
Gj Ay, = O44. 
In matrix notation this reads 
AA =1, (4-33) 
which proves the statement. 
Consider now the double sum 


erligt 


È 
ij? 
which can be written either as 
; : 
Cili; with Ci = apiapi 
or as 


mi PA f 
audy with d,; = apai; 
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Applying the orthogonality conditions, Eq. (4—15), the sum in the first form 
reduces to 


bij; = Ajj 
On the other hand, the same sum from the second point of view, and with the help 
of Eq. (4-30), can be written 
ar Oj = Ajr 
Thus the elements of the direct matrix A and the reciprocal A~' are related by 
ayy = A). (4-34) 


In general, the matrix obtained from A by interchanging rows and columns is 
known as the transposed matrix, indicated by the tilde thus: A. Equation (4-34) 
therefore states that for orthogonal matrices the reciprocal matrix is to be 
identified as the transposed matrix; symbolically: 


A =A. (4-35) 
If this result is substituted in Eq. (4-33), we obtain 
AA = 1, (4-36) 


which is identical with the set of orthogonality conditions, Eq. (4-15), written in 
abbreviated form, as can be verified by direct expansion.* Similarly, an 
alternative form of the orthogonality conditions can be obtained from Eq. (4-30) 
by substituting (4-34): 


Akili = Ôj- (4-37) 
In symbolic form (4—37) can be written 
AA =1 


and may be derived directly from (4-36) by multiplying it from the left by A and 
from the right by A7'. 

A rectangular matrix is said to be of dimension m x n ifit has m rows and n 
columns, i.e., if the matrix element is a,,, then i runs from 1 to m, and j from 1 to n. 
Clearly, the transpose of such a matrix has the dimension n x m. If a vector 
column matrix is considered as a rectangular matrix of dimension m x 1, the 
transpose of a vector is of dimension | x m, that is, a one-row. matrix. The 
product AB of two rectangular matrices exists only if the number of columns of A 


* Indeed one may obtain (4-35) directly from the orthogonality conditions in the form 
(4-36) and the brevity of the proof is indicative of the power of the symbolic procedures. 
Multiply (4-36) by A`! from the right: 

`- RAAT = AT, 
and by (4-32) there results — 


A=A™. 
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is the same as the number of rows of B. This is an obvious consequence of the 
definition of the multiplication operation leading to a matrix element: 


Cij = Gi Dy- 


From this viewpoint, the product of a vector column matrix with a square matrix 
does not exist. The only product between these quantities that can be formedis that 
ofa square matrix with a single column matrix. But note that a single row matrix, 
that is, a vector transpose, can indeed pre-multiply a square matrix. For a vector, 
however, the distinction between the column matrix and its transpose is often ofno 
consequence. The symbol x may therefore be used to denote either a column ora 
row matrix, as the situation warrants.* Thus in the expression Ax, where A is a 
square matrix, the symbol x stands for a column matrix, whereas in the expression 
xA it represents the same elements arranged ina single row. It should be noted that 
the ith component of Ax can be written as 


A,X} = x, (A) ji- 


Hence we have a useful commutation property of the product of a vector and a 
square matrix that 


Ax = xA. 
A square matrix that is the same as its transpose, 
Aij = Ajis 


is said (for obvious reasons) to be symmetric. When the transpose is the negative 
of the matrix, 


the matrix is antisymmetric or skew symmetric. It is clear that in an antisymmetric 
matrix, the diagonal elements are always zero. For any square matrix A, the 
matrix A, defined as 

A, =4(A + Ã) 


sS 


is symmetric, and a corresponding antisymmetric matrix can be defined as 


A, =4(A — A) 
It obviously follows that 
A = A, + A, 
and 
A = A, — A. 


* The transpose sign on vector matrices will occasionally be retained where it is useful to 
emphasize the distinction between column and row matrices. 
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Associated with the notion of the transposed matrix is its complex conjugate 
known to physicists as the adjoint matrix, and indicated by a dagger, fî: 


Ai = (A)* (4-38) 


where the * stands, as customary, for the complex conjugate. Analogous to the 
definition (4-36) for an orthogonal matrix, a unitary matrix A satisfies the 
condition 


AA =1. (4-39) 


In the problem of specifying the orientation of a rigid body the transformation 
matrix must be real, for both x and x’ are real. There is then no distinction 
between the orthogonality and the unitary property or between transposed and 
adjoint matrices. In short, a real orthogonal matrix is unitary. But we shall soon 
have occasion in this chapter, and later in connection with relativity, to introduce 
complex matrices. There the difference is significant. Many of the properties of the 
transposed matrix have obvious analogs for the adjoint matrix. It should be 
noted, however, that the adjoint of a vector matrix is not equivalent to the vector 
because of the possible effect of complex-conjugation. A matrix that is identical 
with its adjoint is called self-adjoint or hermitean.* 

The two interpretations of an operator as transforming the vector, or 
alternatively the coordinate system, are both involved if we seek to find the 
transformation of an operator under a change of coordinates. Let A be 
considered an operator acting upon a vector F (or a single-column matrix F) to 
produce a vector G: 


G = AF. 


If the coordinate system is transformed by a matrix B the components of the 
vector G in the new system will be given by 


BG = BAF, 
which can also be written 
BG = BAB“ 'BF. (4-40) 


Equation (4-40) can be interpreted as stating that the operator BAB ~' acting 
upon the vector F, expressed in the new system, produces the vector G, likewise 
expressed in the new coordinates. We may therefore consider BAB ~! to be the 
form taken by the operator A when transformed to a new set of axes: 


A’ = BAB". _ (4-41) 


* The reader should beware that the term “adjoint matrix” is given an entirely different 
meaning in much of the mathematical literature, having to do rather with the inverse of a 
matrix. Mathematicians must often struggle therefore with clumsy designations such as 
“complex-conjugate transpose matrix.” The meanings used here for adjoint and self- 
adjoint have become imbedded in physics through use in quantum mechanics. 
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Any transformation of a matrix having the form of Eq. (4-41) is known as a 
similarity transformation. 

It is appropriate at this point to consider the properties of the determinant 
formed from the elements of a square matrix. As is customary, we shall denote 
such a determinant by vertical bars, thus: JA]. It will be noticed that the definition 
of matrix multiplication is identical with that for the multiplication of 
determinants (cf. Bécher, Introduction to Higher Algebra, p. 26). Hence 


IAB] = |A|; |B]. 
Since the determinant of the unit matrix is 1, the determinantal form of the 
orthogonality conditions, Eq. (4-36), can be written 
|Al-|A| = 1. 
Further, as the value of a determinant is unaffected by interchanging rows and 
columns, we can write i 
A} = 1, (4-42) 

which implies that the determinant of an orthogonal matrix can only be +1 or 
— 1. (The geometrical significance of these two values will be considered in the next 
section.) 

When the matrix is not orthogonal the determinant does not have these 
simple values, of course. It can be shown however that the value of the 
determinant is invariant under a similarity transformation. Multiplying the 


equation (4—41) for the transformed matrix from the right by B, we obtain the 
relation 


A'B = BA, 
or in determinantal form 
|A’|-|B| = |B|- JAI. 


Since the determinant of B is merely a number, and not zero,* we can divide by |B] 
on both sides to obtain the desired result: 


IA"! = JAI. 


In discussing rigid body motion later, all these properties of matrix 
transformations, especially of orthogonal matrices, will be employed. In addition, 
other properties are needed, and they will be derived as the occasion requires. 
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It has already been noted (cf. p. 131) that the nine elements a, ; are not suitable as 
generalized coordinates because they are not independent quantities. The six 


*If it were zero there could be no inverse operator B~! (by Cramer’s rule), which is 


required in order that Eq. (4-41) make sense. 
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relations that express the orthogonality conditions, Eqs. (4—9) or Eqs. (4-15), of 
course reduce the number of independent elements to three. But in order to 
characterize the motion of a rigid body there is an additional requirement the 
matrix elements must satisfy, beyond those implied by orthogonality. In the 
previous section it was pointed out that the determinant of a real orthogonal 
matrix could have the value + 1 or — 1. The following argument shows however 
that an orthogonal matrix whose determinant is — 1 cannot represent a physical 
displacement of a rigid body. 
Consider a simple matrix with the determinant —1: 


-1 0 0 
S= |'0 =l 0 |= -1 
0 0 -1 


The transformation § has the effect of changing the sign of each of the components 
or coordinate axes (cf. Fig. 4-6). Such an operation transforms a right-handed 
coordinate system into a left-handed one and is known as an inversion or reflection 
of the coordinate axes. 


FIGURE 4—6 
z Inversion of the coordinate axes. 


From the nature of this operation it is clear that an inversion of a right- 
handed system into a left-handed one cannot be accomplished by any rigid 
change in the orientation of the coordinate axes. An inversion therefore never 
corresponds to a physical displacement of a rigid body. What is true for S is 
equally valid for any matrix whose determinant is — 1, for any such matrix can be 
written as the product of S with a matrix whose determinant is + 1, and thus 
includes the inversion operation. Consequently it cannot describe a rigid change 
in orientation. Therefore, the transformations representing rigid body motion 
must be restricted to matrices having the determinant +1. Another method of 
reaching this conclusion starts from the fact that the matrix of transformation 
must evolve continuously from the unit matrix, which of course has the 
determinant + 1. It would be incompatible with the continuity of the motion to 
have the matrix determinant change suddenly from its initial value +1 to —1 at 
some given time. Orthogonal transformations with determinant + 1 are said to 
be proper, so naturally those with the determinant — 1 are called improper. 

In order to describe the motion of rigid bodies in the Lagrangian formulation 
of mechanics, it will therefore be necessary to seek three independent parameters 
specifying the orientation ofa rigid body in such a manner that the corresponding 
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orthogonal matrix of transformation has the determinant +1. Only when such 
generalized coordinates have been found can one write a Lagrangian for the 
system and obtain the Lagrangian equations of motion. A number of such sets of 
parameters have been described in the literature, but the most common and 
useful are the Euler angles.* We shall therefore define these angles at this point, 
and show how the elements of the orthogonal transformation matrix can be 
expressed in terms of them. y 

One can carry out the transformation from a given Cartesian coordinate 
system to another by means of three successive rotations performed in a specific 
sequence. The Euler angles are then defined as the three successive angles of 
rotation. Within limits, the choice of rotation angles is arbitrary. The main 
convention that will be followed here is used widely in celestial mechanics, 
applied mechanics, and frequently in molecular and solid state physics. Other 
conventions will be described below. 

The sequence employed here is started by rotating the initial system of axes, 
xyz, by an angle ¢ counterclockwise about the z axis, and the resultant coordinate 
system is labeled the čņč axes. In the second stage the intermediate axes, čņ¢, are 
rotated about the č axis counterclockwise by an angle 0 to produce another 
intermediate set, the č’ņ'¢' axes. The ¢' axis is at the intersection of the xy and é'y’ 
planes and is known as the line of nodes. Finally the €’y’C’ axes are rotated 
counterclockwise by an angle y about the C’ axis to produce the desired x‘y’z’ 
system of axes. Figure 4-7 illustrates the various stages of the sequence. The 
Euler angles 0, ¢, and y thus completely specify the orientation of the x’y’z’ 
system relative to the xyz and can therefore act as the three needed generalized 
coordinates. 

The elements of the complete transformation A can be obtained by writing 
the matrix as the triple product of the separate rotations, each of which has a 
relatively simple matrix form. Thus, the initial rotation about z can be described 
by a matrix D: 


— = Dx, 


where & and x stand for column matrices. Similarly the transformation from ën¢ 
to &'y’C' can be described by a matrix C, 


Ẹ' = CĂ, 
and the last rotation to x’y’z’ by a matrix B 
x’ = BE’. 


* Also denoted, interchangeably, as Euler’s angles, or Eulerian angles. 


TA number of minor variations will be found in the older literature even within this 
convention. The differences are not very great, but they are often sufficient to frustrate easy 
comparison of the end formulae, such as the matrix elements. Greatest confusion, perhaps, 
arises from the occasional use of left-handed coordinate systems (as by Osgood and by 
Margenau and Murphy). Some European authors agree with the practice given here 
except that the meanings of @ and w are interchanged. 


ee oe 
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The rotations defining the Eulerian angles. ae be 
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Hence the matrix of the complete transformation 7 L lob abo! be 
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is the product of the successive matrices, 


A=BCD. 


Lym Greene” 


Now the D transformation is a rotation about z, and hence has a matrix of the 
form (cf. Eq. (4-17)) 


cos@ sing 0 a 
D = | —sinġ cos@ 0]. (4-43) 
0 0 1 


The C transformation corresponds to a rotation about č, with the matrix 


J1 0 0 
C0 cos § sin @ |, (4-44) 
0 -—siné cos 8 


4-4 THE EULER ANGLES 147 


and finally B is a rotation about ¢’ and therefore has the same form as D: 


cosy siny 0 
B = |—siny cosy 0]. (4-45) 
0 0 1 


The product matrix A = BCD then follows as 


cos cos @ — cos@ sing siny cos sing + cos cos @ siny siny sind 
A= | -siny cosġ — cos0 sind cosy -sin y sin ọ + cosOcos@cosy cosy sind |. (4-46) 
sin 0 sing —sin@ cos@ cos 0 


The inverse transformation from body coordinates to space axes 
x= Aq!x’ 
is then given immediately by the transposed matrix A: 


cosy cos — cos@singsiny —siny cosh — cosO sino cosy sm sing 
A`! =ÃĀ = | coswsing +cosOcos@sinf —siny sing + cosOcospcosy —sin0 cose |. (4—47) 
sinf siny sind cosy cos) 


Verification of the multiplication, and demonstration that A represents a proper, 
orthogonal matrix will be left to the exercises. j 

It will be noted that the sequence of rotations used to define the final 
orientation of the coordinate system is to some extent arbitrary. The initial 
rotation could be taken about any of the three Cartesian axes. In the subsequent 
two rotations, the only limitation is that no two successive rotations can be about 
the same axis. A total of twelve conventions is therefore possible in defining the 
Euler angles (in a right-handed coordinate system). The two most frequently used 
conventions differ only in the choice of axis for the second rotation. In the Euler’s 
angle definitions described above, and used throughout the book, the second 
rotation is about the intermediate x axis. We will refer to this choice as the x- 
convention. In quantum mechanics, nuclear physics, and particle physics, the 
custom has arisen to take the second defining rotation about the intermediate y 
axis,* and this form will be denoted as the y-convention. 

A third convention is commonly used in engineering applications relating to 
the orientation of moving vehicles such as aircraft and satellites. Both the x- and 
y-conventions have the drawback that when the primed coordinate system is only 
slightly different from the unprimed system, the angles @ and y become 
indistinguishable, as their respective axes of rotation, z and z’ are then nearly 
coincident. To get around this problem all three rotations are taken around 
different axes. The first rotation is about the vertical axis and gives the heading or 
yaw angle. The second is around a perpendicular axis fixed in the vehicle and 


* The usage of Wigner in Group Theory and Its Applications to the Quantum Mechanics of 
Atomic Spectra and of Rose in Elementary Theory of Angular Momentum appears to have 
been decisive in this regards. 
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normal to the figure axis; it is measured by the pitch or attitude angle. Finally the 
third angle is one of rotation about the figure axis of the vehicle and is the roll or 
bank angle. Because all three axes are involved in the rotations it will be 
designated as the xyz-convention (although the order of axes chosen may actually 
be different). This last convention is sometimes referred to as the Tait—Bryan 
angles. 

While only the x-convention will be used in the text, for reference purposes 
Appendix B lists all the formulas involving Euler’s angles, such as rotation 
matrices, in both the y- and xyz-conventions. 


4-5 THE CAYLEY-KLEIN PARAMETERS AND RELATED QUANTITIES 


We have seen that only three independent quantities are needed to specify the 
orientation of a rigid body. Nonetheless, there are occasions when it is desirable 
to use sets of variables containing more than the minimum number of quantities 
to describe a rotation even though they are not suitable as generalized 
coordinates. Thus, Felix Klein introduced the set of four parameters bearing his 
name to facilitate the integration of complicated gyroscopic problems. The Euler 
angles are difficult to use in numerical computation because of the large number 
of trigonometric functions involved, and the four-parameter representations are 
much better adapted for use on computers. Further, the four-parameter sets are 
of great theoretical interest in branches of physics beyond the scope of this book, 
wherever rotations or rotational symmetry are involved. It therefore seems 
worthwhile to devote some space to describe these enlarged parameter sets. 
However, none of the results of this section will be directly used in the discussion 
of rigid body motion in the following chapter. 

In the previous sections we employed on occasion a two-dimensional real 
space with axes x, and x, to illustrate the properties of orthogonal trans- 
formations. We shall now consider a different two-dimensional space, this 
time having complex axes denoted by u and v. A general linear transformation in 
such a space appears as 


w = au + Bo, 
(4-48) 
v = yu + Ov, 
with the corresponding transformation matrix 
æ 
Q= | | (4-49) 
y ô 


As it stands Q has eight quantities to be specified, since each of the four elements 
is complex. To reduce the transformation to three independent quantities, 
additional conditions must be imposed on Q. For much of the following 
discussion, it is sufficient to require that the transformation be such that Q is 
unitary: 


aQ =1= Q0}. (4-50) 
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The unitary condition also implies that the magnitude of the determinant of Q 
must be unity: 


|Q|* |Q} = 1. (4-51) 
In expanded form Eq. (4-50) can be written as the equations 
aa* + yy* = 1, 
BB* + ôô* = 1, (4-52) 
a*B + y*d = 0. 


The first two of Eqs. (4-52) are real, while the last is complex so that together they 
comprise four conditions. In order that the elements of Q involve only three 
independent quantities, an additional condition must be imposed, by requiring 
that the determinant be exactly +1; that is, 


ad — By = 1. (4-53) 


Equation (4-53) is complex, so it might be thought to involve two conditions. But 
the unitary property, as expressed by Eq. (4-50) or Eqs. (4-52), already fixes the 
magnitude of the determinant, and Eq. (4-53) only serves to fix the phase angle. 
Thus only one of the conditions implied by Eq. (4-53) is independent of the 
already imposed unitarity requirement. Matrices with determinant +1 will be 
called unimodular.* Transformations in a two-dimensional complex space with 
unitary unimodular transformation matrices therefore involve only three 
independent quantities, the same number required to specify the orientation of a 
rigid body. 

Some of the reduction to independent parameters can be performed without 
much difficulty. Thus, from the last of Eqs. (4-52) one may write 


ô = -eh (4-54) 
which when substituted in the determinant condition Eq. (4-53) yields 
B 
eke + yy*) = 1. 


The first of Eqs. (4—52) states that the quantity in parentheses is unity, and hence 


pay (4-55) 
It follows then from (4—54) that 
ô = a*, (4-56) 


* The designation is not universal (nor even entirely consistent with the literal meaning) 


but appears to be widely followed. 
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As a result of these four conditions (Eqs. 4-55 and 4-56), the matrix Q could be 
written also as 


a P 
onl a (4-57) 
with one remaining condition (derivable from either of the first two of Eqs. 4-52 
or from Eq. 4-53): 
ao* + BB* = 1. (4-58) 

However, we often prefer to leave the matrix in the form (4-49). 

Consider now Q only as a unitary matrix in a two-dimensional complex 
space. Let P be a matrix operator in this space with the specific form 

Z x— iy 

xtiy =z] 


(4-59) 


Mathematically x, y, z can be considered simply as any three real quantities; 
physically they will be interpreted as coordinates of a point in space. Suppose the 
P matrix is transformed by means of the Q matrix in the following manner: 


P’ = OPQ’. (4-60) 


From the unitary property of Q, the adjoint Qt is the same as the inverse Q~ tand 
Eq. (4-60) merely represents the similarity transformation of P when the uv space 
is subjected to the unitary transformation Q. It will be noted that P is a hermitean 
matrix. Further, the sum of the diagonal elements of P, known as the spur or trace 
of the matrix, is here zero. Now, it can be shown that both the hermitean property 
and the trace of a matrix are invariant under similarity transformation (cf. the 
exercises at the end of the chapter). Hence P’ must likewise be self-adjoint and 
have a vanishing trace, which can be true only if it has the form 


t 


z x’ — iy 
3 


4-61 
x’ + iy’ —z' ( 


where x’, y’, and z’ are real quantities. The determinant of P is also invariant 
under the similarity transformation (4-60), so that we can write the following 
equality: S 
IP= = (x? + y? + 27) = —(x? + y? +27) = P. 

This statement will be recognized as the orthogonality condition; it requires that 
the length of the vector r = xi + yj + zk shall be unchanged by the trans- 
formation. To each unitary matrix Q in the complex two-dimensional space 
there is therefore associated some real orthogonal transformation in ordinary 
three-dimensional space. 

Some insight into the nature of this association is provided by the following 
considerations. Let the real orthogonal matrix transforming from coordinates x 
to x’ be designated by B, 
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and denote the associated unitary matrix by Q,, 
P’=Q,PQ,t. 


A second orthogonal transformation from x’ to x” may be accomplished by the 
matrix A, 


with the associated matrix Q,, 
P” = Q,P'Q,,. 


Now, the direct transformation from x to x” is produced by the matrix C defined 
by 


C = AB. 


Correspondingly the direct transformation from P to P” will be effected by a 
similarity transformation with some matrix Q,, which must therefore be 
associated with C. However we can also obtain the transformation from P to P” 
from the equation 


P” = Q,0,PQ,'Q,-. 
It can easily be shown that 


Q'a‘ = (Q.,0,)* 


Since the product of two unitary matrices is also unitary it follows that Q must 
be identified with the product Q,0,: 


Q, =0,0,. 


Thus the correspondence between the 2 x 2 complex unitary matrices and the 
3 x 3 real orthogonal matrices is such that any relation among the matrices of 
one set is satisfied also by the corresponding matrices of the other set. The two 
sets of matrices are said to be homomorphic. The arguments on the association of 
the Q matrices with orthogonal transformation have so far used only the unitary 
property of the Q matrices. Since a unitary 2 x 2 complex matrix has four 
independent quantities it is clear that there are many possible Q matrices 
corresponding to the same orthogonal transformation. The additional 
requirement that the determinant of Q be +1 reduces the multiplicity of 
equivalent Q matrices, as will be seen, down to a pair of matrices. Further, the 
unimodularity requirement will be found to restrict the association to orthogonal 
transformations with determinant +1. 

The mathematical “jargon” of group theory has often been used, especially in 
recent years, to give an alternate description of the two types of matrices that are 
thus in correspondence. It is easy to show (cf. the exercises) that both the real, 
proper orthogonal matrices and the complex unimodular matrices have the 
“group property.” The group of3 x 3 real, proper orthogonal matrices is denoted 


H 
i 
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as O* (3), the “plus” superscript standing for the sign of the determinant.* The 
group of 2 x 2 complex unitary unimodular matrices is correspondingly denoted 
by SU(2) (special unitary). Thus the correspondence we have derived above is 
between the O* (3) group and the SU(2) group. 

One can write the elements of an orthogonal matrix in terms s of the elements 
of the homomorphic Q matrix. From (4-55) and (4-56) the adjoint to Q is 


{574 


To simplify the calculation we shall introduce the notational abbreviations x, 
and x_ defined as 


oF y* 


Q' = p b* 


xX, =x+iy 
xX. =x—iy 


The transformed matrix P’ is then written as 


z’ x\ fa B\fz x ô -B 
Xi z-i | X} =Z \(_? j 


or, upon performing the indicated multiplications, 


(4-62) 


pz (aô + By)z — ayx + ôx, —2aBz+a?x_ — Bx, 
2yôz — y?x_ + 67x, — (aô + By)z + ayx_ — dx, 


By equating matrix elements the transformation equations between the primed 
and unprimed coordinate „ystems can be written in the form 


x', = 2ydz —yx_ +x, 
xL = —2aBz +0?x_ — Bx, (4-63) 
z' = (ad + By)z —ayx_ + Bdx,. 


Finally, the matrix elements a; can be obtained in terms of œ, p, y, and ô by 
comparing Eqs. (4-63) with the customary transformation equations (4—14). 
Thus the last of Eqs. (4-63) may be written as 


z' = (Bd — ay)x + i(ay + Bd)y + (ad + By)z, 
from which it follows immediately that 


= (Bd — ay), 430 = i(ay + Bd), az, = ô + By. 


* The designation SO(3)—S for special—is frequently used for O* (3). 
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By this process the complete transformation matrix is easily found to be 
1 a 
Se? P+- p) sO? oF +57- 6) yò ap 


on T +y- p? — 67) Ie +p +f +52) —iap+ ys} 4) 


Bd — ay i(ay + Bd) aô + By 


Equation (4-64) provides a matrix that specifies the orientation of a rigid body, 
and that is expressed entirely in terms of the quantities «œ, 8, y, and ô. Like the 
Eulerian angles these four thus furnish a way of establishing the body’s 
orientation; they are customarily known.as the Cayley—Klein parameters.* Of 
course the four complex quantities are connected by the relations Eqs. (4-55) and 
(4-56) and the determinant condition Eq. (4—58). The reality of the matrix 
elements of A in Eq. (4-64) can be shown directly with the aid of Eqs. (4-55) and 
(4-56) by writing « and f explicitly in terms of their real and imaginary parts: 
a = ep + ies, is 
fp =e, + ie. 
(Why the apparently odd choice of symbols will become clear later on, cf. p. 166). 
In terms of these four real quantities the determinant condition Eq. (4-58) 
becomes 
en + et +e) + e2 = 1. (4-66) 


A bit of algebraic manipulation then shows that the matrix A as given by, Eq. 
(4-64) can be written in terms of the four real parameters in the form 


eg +ei—e3— e3 (eye, + eoe) 2(€1€3 — eo€2) 
A=| 2(e;e,— eos) eo — er +e2— 23  2(e,e3 + eoe) |. (4-67) 
2(e,e3 + egez) 2(e,@3 —@@,) eette; 


The reality of the matrix elements is now manifest.j It can also be easily 
demonstrated that the matrix A in terms of these parameters cannot be put in the 
form of the inversion transformation S. An examination of the off-diagonal 
elements and their transposes shows that they all vanish only if at least three of the 
parameters are zero. One cannot then choose the remaining nonzero parameter 
such that all three of the diagonal elements (or only one ofthem) are — 1. Hence the 


* The matrix A, Eq. (4-64), does not agree with the corresponding form as given, say, in 
Whittaker, p. 12. Essentially this is because of a different initial choice of the matrix P. 
Clearly there are many ways of setting up a matrix whose determinant will be —r?, and the 
specific choice is a matter of convention. The form used here, (4—59), was chosen to agree 
with customary usage in quantum mechanics. 

f The four real parameters ey, €}, €23, e3 (or slight variants thereof) are occasionally also 
referred to in the literature as the Cayley—-Klein parameters but the more correct practice 
historically appears to be to denote them as the Euler parameters. 


peepee ten = 
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representation of A by Eq. (4-64) or Eq. (4-67) cannot describe a coordinate 
inversion or indeed any improper orthogonal transformation. 

One can express the Cayley—Klein parameters in terms of the corresponding 
Euler angles; if need be, by direct comparison of the elements of Eq. (4-64) with 
the elements expressed in terms of @, 0, and w. However it is a simpler procedure, 
and more instructive, to first construct the Q matrices corresponding to the 
separate successive rotations that define the Euler angles and then combine them 
to form the complete matrix. Thus the angle @ has been defined in terms of a 
rotation about the z axis, where the transformation in terms of x,, x_, and z 
appears as 


E E l. E 
x', =e x, 
xL = el?x_ 


$ 


ZZ. 


Comparing these equations with (4—63) it is clear that for this simple rotation the 
elements of the matrix Q must have the form 


y = B = 0, a? = et, ô? = ei? 
or 


etl 0 
asmi ak (4-68) 


It will be noted that these matrix elements automatically satisfy thé conditions 
(4-55), (4—56), and (4-58). 

The next rotation (in the x-convention) is about the new x axis 
counterclockwise by an angle 0, and the identification ofthe corresponding matrix 
elements proceeds in a similar fashion, but the calculations become rather 
tedious. It will simply be stated that the corresponding Q matrix is 


0 ..@ 
cass ksng 

Q, = 7 rae (4-69) 
rng cosg 


cos- isin; Z No cos+ —isin— 
sa 0 0 
isin~ cos— X} =Z —isin> cos% 
zcos@ — ysin x — i(ycos@ + zsin@) 
~ |x + i(ycos@ +zsin@) —zcos@ + ysin@ > 
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which leads to the desired transformation: 
=x 
y’ = ycosð + zsinð 
z' = —ysinĝ + zcosé. 
The final rotation, defining y, is again about a z axis so that 


eve 0 | 


Q, = | 0 enw (4-70) 


In Section 4—4 the orthogonal matrix for the complete transformation was 
obtained as the product of the separate matrices for each of the three rotations. It 
follows from the homomorphism of the 3 x 3 real orthogonal matrices with the 
Q matrices that Q for the complete transformation is likewise given by the 
product of the three rotation matrices Q,,, Qu, Q,: 


ell? 0 cos— ising ell? 0 
Q = Q,0,0, = ri) > 


or 
ely +o) tenet iett- oy ge 
Q= : aie (4-71) 
je - Hein 5 en iy+ “cos 


The Cayley—Klein parameters in terms of the Euler angles are then 


; 0 i . 0 
æ = et OP Coss, B = iet ~ 9)? sin—, 
(4-72) 
ES A a ; 0 
y = ie Asins, ô = eT OP cos, 


completing the desired identification. Euler angle representations for the four real 
Euler parameters are immediately provided by Eqs. (4-72): 


pty 8 _o@—-w. 
£9 = cos 2 aia e, = sin 7 ee 
‘ (4~72') 
o-w. 6 ety 
e; = COS 7 snz, e, = Sin 7 cos > 


Appendix B lists the corresponding formulas for the Cayley—Klein and the Euler 
parameters in terms of the Euler angles as defined in the other conventions. 
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It will be noted that the P matrix can be written as the sum of three matrices 
having zero trace: 


P = xo, + yo, + 263, (4-73) 

where o,, 62, and ç, are called the Pauli spin matrices: 
a 0 1 et 0 =i _ fi 0 ia 
Phy Oy PRE gis SE Say aki 


These three matrices can conveniently be thought of as forming the components 
of a vector* so that Eq. (4-73) can be compactly written symbolically as 


P=r-o. (4-73') 


=l i 
0 1 


the Pauli spin matrices form a set of four independent matrices. Consequently, 
any 2 x 2 matrix involving four independent quantities can be expressed as a 
linear function of them. Thus, expressed in terms of the Euler parameters the Q 
matrix can be written as ` l 


Together with the unit matrix 


Q = e1 + i(e,0, + e,0, + €363), (4-74) 


a form that begins to explain the choice of symbols for the parameters.{ The Q 
matrices for rotation about a coordinate axis can be expressed in terms of the o’s 
in a particularly simple form. For example, Q, for rotation about the x axis, Eq. 
(4-69), may be written as 


G . 0 
Q,=1 cos + is, sin>. (4-75) 


Similarly the Q, matrix for rotation about the z axis has the form 


cost + isin’ 0 $ $ 
Q, = £ S j =1 cos + io;sin—, (4-76) 


2 
0 cos — ising 7 


*The notation is one of convenience, for of course the individual matrices do not 
transform as the component of a vector in configuration space. Indeed they must have the 


same representation for all Cartesian spatial coordinate systems, else Eq. (4-73) will not be 
valid. 


{The connossieur of somewhat musty mathematics will recognize in Eq. (4-74) a 
representation of Q as a matrix quaternion, a quantity invented by Sir William R. 
Hamilton in 1843. Here eg is the (quaternion) scalar and the quantity in parentheses is the 
vector of the quaternion. 
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and it can be directly verified that a rotation about the y axis has the same matrix 
form as in (4-76) with o, replaced by o,. All the elementary rotation matrices are 
thus given by similar expressions, involving only the unit matrix and the 
corresponding o matrix. Each of the Pauli spin matrices is therefore associated 
with rotation about one particular axis and may be thought of as the unit rotator 
for that axis. 

By making use of the multiplication properties of the Pauli spin matrices it 
can be shown (cf. Exercise 13) that the elementary rotation matrix Q, as given by 
Eq. (4-75) can also be written symbolically in the form 


Q, = ei 01812), (4-77) 


The exponential of a matrix is taken as a shorthand for the series representation 
of the exponential, where the first term is the unit matrix 1. In this connection it 
may be noted that if B is a hermitean matrix, then 


A = e 


is unitary (cf. Exercise 12). Since the Pauli spin matrices are manifestly hermitean 
the unitary condition on the Q matrices is clearly satisfied. 

Characteristic of the Cayley-Klein parameters, and of the matrices 
containing them, is the ubiquitous presence of half angles, and this feature leads 
to some peculiar properties for the uv space. For example, a rotation in ordinary 
space about the z axis through the angle 2x merely reproduces the original 
coordinate system. Thus, ifin the D matrix of the preceding section, @ is set equal 
to 2x, then cos ¢ = 1, sind = 0, and D properly reduces to the unit matrix 1 
corresponding to the identity transformation. On the other hand if the same 
substitution is made in Q,, Eq. (4-68), we obtain 


e 0 —1 0 
dals i -| 0 =) 


which is —1 and not 1. At the same time the 2 x 21 matrix must also correspond 
to the three-dimensional identity transformation. Hence there are two Q 
matrices, 1 and —1, corresponding to the 3 x 3 unit matrix. In general, if a 
matrix Q corresponds to some real orthogonal matrix, then —Q also 
corresponds to the same matrix. The homomorphism between the two sets thus 
involves, in this case, a one-to-one correspondence, or isomorphism, between the 
single 3 x 3 matrix and the pair of matrices (Q, —Q), and not between the 
individual matrices. In this sense one may say that the O matrix is a double-valued 
function of the corresponding three-dimensional orthogonal matrix. 

Such a paradoxical situation plays no havoc with our common sense. As here 
presented the uv space is entirely a mathematical construct, devised solely to 
establish a correspondence between 3 x 3 and 2 x 2 matrices of a certain type. 
One would not require nor expect such a space to have the same properties as 
physical three-dimensional space. Mathematicians have paid considerable 
attention to the properties of the uv space and have designated the two- 
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dimensional complex vector in the space by the term spinor. It turns out that in 
quantum mechanics the spinor space comes a bit closer to physical reality, for to 
include the effects of the “spin” of the electron, the wave function, or parts of it, 
must be made a spinor. Indeed, the half angles and resultant double-valued 
property are intimately connected with the fact that the spin is half integral.* To 
pursue the subject further would clearly take us outside the scope of classical 
mechanics. 


4-6 EULER’S THEOREM ON THE MOTION OF A RIGID BODY 


The discussions of the previous sections provide a complete mathematical 
technique for describing the motions of a rigid body. At any instant the 
orientation of the body can be specified by an orthogonal transformation, the 
elements of which may be expressed in terms of some suitable set of parameters. 
As time progresses the orientation will change and hence the matrix of 
transformation will be a function of time and may be written A(t). If the body axes 
are chosen coincident with the space axes at the time t = 0, then the trans- 
formation is initially simply the identity transformation: 


A(0) =1. 


At any later time A(t) will in general differ from the identity transformation, but 
since the physical motion must be continuous A(t) must be a continuous function 
of time. The transformation may thus be said to evolve continuously from the 
identity transformation. 

With this method of describing the motion, and using only the mathematical 
apparatus already introduced, we are now in a position to obtain the important 
characteristics of rigid body motion. Of basic importance is 


Eulers theorem: the general displacement of a rigid body with one point fixed is a 
rotation about some axis. 


If the fixed point is taken as the origin of the body set of axes, then the 
displacement of the rigid body involves no translation of the body axes; the only 
change is in orientation. The theorem then states that the body set of axes at any 
timet can always be obtained by a single rotation of the initial set of axes (taken as 
coincident with the space set). In other words, the operation implied in the matrix 
A describing the physical motion of the rigid body is a rotation. Now it is 


* Although the wave function may be double valued under rotation, all physically 
observable properties remain single valued, of course. A rotation through two whole turns, 
i.e.. through 4x, would correspond to Q3_, and this is always the unit matrix +1. Dirac has 
pointed out the corresponding topological curiosity that a braid of fibers made by twisting 
two whole turns can be disentangled, i.e., returned to its original state, without further 
rotations, but a braid formed by only one whole turn cannot! (See M. Gardner, New 
Mathematical Diversions from Scientific American (St. Louis, Missouri: Fireside, 1971) 
chap. 2; also Scientific American, Dec. 1959, p. 166.) 
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characteristic of a rotation that one direction, namely the axis of rotation, is left 
unaffected by the operation. Thus any vector lying along the axis of rotation must 
have the same components in both the initial and final axes. The other necessary 
condition for a rotation, that the magnitude of the vectors be unaffected, is 
automatically provided by the orthogonality conditions. Hence Euler’s theorem 
will be proven if it can be shown that there exists a vector R having the same 
components in both systems. Using matrix notation for the vector, 


R’=AR=R. (4-78) 
Equation (4-78) constitutes a special case of the more general equation: 
R’ = AR = JR, (4-79) 


where / is some constant, which may be complex. The values of 2 for which Eq. 
(4-79) is soluble are known as the characteristic values, or eigenvalues,* of the 
matrix. The problem of finding the vectors satisfying Eq. (4-79) is therefore called 
the eigenvalue problem for the given matrix, and Eq. (4-79) itself is referred to as 
the eigenvalue equation. Correspondingly, the vector solutions are the 
eigenvectors of A. Euler’s theorem can now be restated in the following language: 


The real orthogonal matrix specifying the physical motion of a rigid body with one 
point fixed always has the eigenvalue +1. 


The eigenvalue Eqs. (4-79) may be written 


(A — A1)R = 0, (4-80) 
or, in expanded form, 
(a4,,-AX+ a,Y + aZ =0, 
aX +(4,,-AY+ aZ =O, (4-81) 


43,;X + aY + (a3,—/)Z =0. 


Equations (4-81) comprise a set of three homogeneous simultaneous equations 
for the components X, Y, Z of the eigenvector R. As such they can never furnish 
definite values for the three components, but only ratios of components. 
Physically, this corresponds to the circumstance that only the direction of the 
eigenvector can be fixed, the magnitude remains undetermined. The product ofa 
constant with an eigenvector is also an eigenvector. In any case, being 
homogeneous, the Eqs. (4-81) can have a solution only when the determinant of 
the coefficients vanishes: 


ai> i2 413 
IA~alj=| a, Ay, — +4 â, |=0. (4-82) 
a31 a32 433 —4 


* This term is derived from the German eigenwerte, literally “proper values.” 


| 
| 
| 
| 
| 
| 
| 
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Equation (4-82) is known as the characteristic or secular equation of the matrix, 
and the values of 2 for which the equation is satisfied are the desired eigenvalues. 
Euler’s theorem reduces to the statement that, for the real orthogonal matrices 
under consideration, the secular equation must have the root 2 = +1. 

In general the secular equation will have three roots with three corresponding 
eigenvectors. For convenience in discussion, the notation X, , X3, X; will often be 
used instead of X, Y, Z. In such a notation the components of the eigenvectors 
might be labeled as X,,; the first subscript indicating the particular component, 
the second denoting which of the three eigenvectors is involved. A typical member 
of the group of Equations (4-81) would then be written (with explicit summation) 
as 


© GX jx = 14X iz 
j 
or, alternatively, as 
D aX jx = LX yÔ rte (4-83) 
i j 


Both sides of Eq. (4-83) then have the form of a matrix product element; the left 
side as the product of A with a matrix X having the elements X ,,, the right side as 
the product of X with a matrix whose jkth element is 0,,4,. The last matrix is 
diagonal, and its diagonal elements are the eigenvalues of A. We shall therefore 
designate the matrix by A: 


i, 0 0 
a=] 0 } Of. (4-84) 
0 0 5% 


Equation (4-83) thus implies the matrix equation 
AX = Xì, 
or, multiplying from the left by X71, 
X~'AX = 2. (4-85) 


Now, the left side is in the form of a similarity transformation operating on A. 
(One has only to denote X~! by the symbol Y to reduce it to the form Eq. (4—41).) 
Thus Eq. (4-85) provides the following alternate approach to the eigenvalue 
problem: We seek to diagonalize A by a similarity transformation. Each column 
of the matrix used to carry out the similarity transformation consists of the 
components of an eigenvector. The elements of the diagonalized form of A are the 
corresponding eigenvalues. 

Euler’s theorem can be directly proven by using the orthogonality property 
of A. Consider the expression 


(A-1)A=1-A. 
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If we take the determinant of the matrices forming both sides (cf. p. 143), we can 
write the equality 


JA — 1||A| = 1 — Al. (4-86) 


To describe the motion of a rigid body, the matrix A(t) must correspond to a 
proper rotation; therefore the determinant of A, and ofits transpose, must be + 1. 
Further, since in general the determinant of the transpose of a matrix is the same as 
that of the matrix, the transpose signs in Eq. (4-86) can be removed: 


IA —1|=[1 —Al. (4-87) 


Equation (4-87) says that the determinant of a particular matrix is the same as 
the determinant of the negative of the matrix. Suppose B is some n x n matrix. 
Then it is a well-known property of determinants that 


|—B] = (—1)" |B]. 


Since we are working in a three-dimensional space (n = 3), it is clear that Eq. 
(4-87) can hold for any arbitrary proper rotation only if 


IA —1| =0. (4-88) 


Comparing Eq. (4-88) with the secular equation (4—82), it is seen that one of the 
eigenvalues satisfying Eq. (4-82) must always be 2 = +1, which is the desired 
result of Euler’s theorem. 

Note how the proof of Euler’s theorem emphasizes the importance of the 
number of dimensions in the space considered. In spaces with an even number of 
dimensions Eq. (4—87) is an identity for all matrices and Euler’s theorem doesn’t 
hold. Thus, for two dimensions there is no vector in the space that is left unaltered 
by a rotation—the axis of rotation is perpendicular to the plane and therefore out 
of the space. 

It is now a simple matter to determine the properties of the other eigenvalues 
in three dimensions. Designate the + 1 eigenvalue as 1,. The determinant of any 
matrix is unaffected by a similarity transformation (see p.143). Hence by Eqs. 
(4-84) and (4-85), and the properties of A as a proper rotation, 


IA] = 242243 = 2,2, = 1. (4-89) 


Further, since A is a real matrix, then if 2 is a solution of the secular equation 
(4-82), the complex conjugate 7* must also be a solution. 

If a given eigenvalue 2; is complex, then the corresponding eigenvector, R,, 
that satisfies Eq. (4-79) will in general also be complex. We have not previously 
dealt with the properties of complex vectors under (real) orthogonal 
transformations, and there are some modifications to previous definitions. The 
square of the length or magnitude of a complex vector R is R- R*, or in matrix 
notation RR*, where the transpose sign on the left-hand vector indicates it is 
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represented by a row matrix. Under a real orthogonal transformation the square 
of the magnitude is invariant: 


R’R’* = (AR)AR* = RAAR* = RR*. 


Suppose now that R is a complex eigenvector corresponding to a complex 
eigenvalue 7. Hence, by Eq. (4-79), we have 


R’R™ = 22*RR*, 
which leads to the conclusion that all eigenvalues have unit magnitude: 
àit = 1. (4-90) 


From these properties it may be concluded that there are three possible 
distributions of eigenvalues. If all of the eigenvalues are real, then only two 
situations are possible: 


I. All eigenvalues are +1. The transformation matrix is then just 1, a case we 
may justly call trivial. 

2. One eigenvalue is + 1 and the other two are both — 1. Such a transformation 
may be characterized as an inversion in two coordinate axes with the third 
unchanged. Equally it is a rotation through the angle x about the direction of the 
unchanged axis. 


If not all of the eigenvalues are real, there is only one additional possibility: 


3. One eigenvalue is +1, and the other two are complex conjugates of each 
other of the form e’® and e~!®. 
A more complete statement of Euler’s theorem thus is that any nontrivial real 
orthogonal matrix has one, and only one, eigenvalue + 1. 


The direction cosines of the axis of rotation can then be obtained by setting 
2 = 1 in the eigenvalue Eqs. (4-81) and solving for X, Y, and Z.* The angle of 
rotation can likewise be obtained without difficulty. By means of some similarity 
transformation it is always possible to transform the matrix A to a system of 
coordinates where the z axis lies along the axis of rotation. In such a system of 
coordinates A’ represents a rotation about the z axis through an angle ®, and 
therefore has the form 


cos® sin® 0O 
A’= |-—sin® cos® 0 
0 0 1 


* If there are multiple roots to the secular equation, then the corresponding eigenvectors 
cannot be found as simply, cf. Sections 5—4 and 6-2. Indeed, it is not always possible to 
completely diagonalize a general matrix if the eigenvalues are not all distinct. These 
exceptions are of no importance for the present considerations, as Euler’s theorem shows 
that for all nontrivial orthogonal matrices +1 is a single root. 
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The trace of A’ is simply 
1+2cos® 


Since the trace is always invariant under a similarity transformation, the trace of 
A with respect to any initial coordinate system must have the same form, 


TrA = a; = 1+ 2cos®, (4-91) 


which gives the value of ® in terms of the matrix elements. The rotation angle ® is 
to be identified also with the phase angle of the complex eigenvalues /, as the sum 
of the eigenvalues is just the trace of A in its diagonal form, Eq. (4—84). By Euler’s 
theorem and the properties of the eigenvalues this sum is 


TrA=) 4,=1+¢°%+ ei” = 1 + 2cos ð, 


We see that the situations in which the eigenvalues are all real are actually special 
cases of A having complex eigenvalues. All the 4; = +1 corresponds to a rotation 
angle ® = 0 (the identity transformation), while the case with a double eigenvalue 
—1 corresponds to ® = z, as previously noted. 

The prescriptions for the direction of the rotation axis and for the rotation 
angle are not unambiguous. Clearly if R is an eigenvector so is —R, hence the 
sense of the direction of the rotation axis is not specified. Further, —® satisfies Eq. 
(4-91) if ® does. Indeed, it is clear that the eigenvalue solution does not uniquely 
fix the orthogonal transformation matrix A. From the determinantal secular 
equation (4-82), it follows that the inverse matrix A™' = A has the same 
eigenvalues and eigenvectors as A. However the ambiguities can at least be 
ameliorated by assigning ® to A and —® to A“ +, and fixing the sense of the axes 
of rotation by the right-hand screw rule. 

Finally, note should be made of an immediate corollary of Euler’s theorem, 
sometimes called 


Chasles’ theorem: the most general displacement of a rigid body is a translation plus 
a rotation. 


Detailed proof is hardly necessary. Simply stated, removing the constraint of 
motion with one point fixed introduces three translatory degrees of freedom for 
the origin of the body system of axes.* 


* M. Chasles (1793-1881) also proved a stronger form of the theorem, namely that it is 
possible to choose the origin of the body-set of coordinates so that the translation is in the 
same direction as the axis of rotation. Such a combination of translation and rotation is 
called a screw motion. There seems to be little present use for this version of Chasles’ 
theorem, nor for the elaborate mathematics of screw motions as developed in the 
nineteenth century. See Routh, Elementary Dynamics of a Rigid Body, 5th ed. (London: 
Macmillan, 1891), pp. 194-198. 
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4-7 FINITE ROTATIONS 


The relative orientation of two Cartesian coordinate systems with common 
origin has been described by various representations, including the three 
successive Euler angles of rotation that transform one coordinate system to the 
other. In the previous section it was shown that the coordinate transformation 
can be carried through by a single rotation about a suitable direction. It is natural 
therefore to seek a representation of the coordinate transformation in terms of the 
parameters of the rotation—the angle of rotation and the direction cosines of the 
axis of rotation. 

With the help of some simple vector algebra it is possible to derive such a 
representation. For the purpose it is convenient to treat the transformation in its 
active sense, i.e., as one which rotates the vector in a fixed coordinate system (see 
p.136). It should be remembered that a counterclockwise rotation of the 
coordinate system then appears as a clockwise rotation of the vector. In Fig. 
4~8(a) the initial position of the vector r is denoted by OP and the final position r’ 
by 00, while the unit vector along the axis of rotation is denoted by n. The 
distance between O and N has the magnitude nr, so that the vector ON can be 
written as n(n-r). Figure 4—8(b) is a plan of the vectors in the plane normal to the 
axis of rotation. The vector NP can be described also as r — n(n-r), but its 
magnitude is the same as that of the vectors NO andr x n. To obtain the desired 
relation between r’ and r, we construct r’ as the sum of three vectors: 


r'=ON+NV+VO 


or 


r' =n(n-r) + [r — n(n-r)]cos® + (r x n)sin®. 


Se cl 


a (b) The plane normal to 
(a) Overall view ; the axis of rotation 
Figure 4-8 


Vector diagrams for derivation of the rotation formula. 
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A slight rearrangement of terms leads to the final result: 
r’=rcos® +n(n-r)[1 — cos®] + (r x n)sin®. (4-92) 


Equation (4—92) will be referred to as the rotation formula.* It is to be emphasized 
that Eq. (4-92) holds for any rotation, no matter what its magnitude, and thus isa 
finite-rotation version (in a clockwise sense) of the description given on page 58 
for the change of a vector under infinitesimal rotation. (See also page 170.) 

The rotation formula (4—92) can be put in a more useful form by introducing 
a scalar e) and a vector e with components e,, e,, and e, defined as 


eo = COS—, 
° 2 
(4-93) 
e=n ae 
= 7 
These four quantities are obviously related by the condition 
e2 +e = e? +e? +e +e =l. (4-94) ! 
It follows that the trigonometric functions of © can be expressed as 
cos ® = 2e§ — 1 =e — e? =e) — e? — e? — eh, 
and (4-95) 


nsin ® = 2e,e. 
With the help of these results, and a little further manipulation, Eq. (4-92) can be 
rewritten as . 
r’ = r(eĝ — e? — e3 — e3) + 2e(e-r) + 2(r x e)eg. (4-96) 
Equation (4—96) states that the components of r’ are linear functions of the 
components ofr. It is in fact a vector form of the linear transformation equations 
corresponding to the orthogonal matrix A of rotation. The matrix elements a;; 
can be obtained in terms of the e’s merely by expanding Eq. (4-96) for each x; and 
collecting coefficients of x;. For example, from Eq. (4-96) x’ is related to x, y, and 
z by 
x! = x(eĝ — ef — e} — e$) + 2e,(e,x +e.y+ €32)y+ 2(yes — zez)eo, 

and-hence : 4 

Qi = eg + ef — ei — eh, 

Ay = 2(e,e, + e023), 


Ay 3 = 2(e,3 — eo). 


* Apparently, it does not have an eponymic designation. Hamel (Theoretische Mechanik, i 
p. 103) ascribes it to the French mathematician O. Rodrigues (1794-1851), but that is 
probably an error. Presumably Gibbs was the first to put it in vector form (Vector Analysis, 

p. 338), but the underlying formula is much older. 
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Comparison with the matrix form in Eq. (4-67) shows that there is complete 
agreement with the matrix elements given there, and therefore the e’s defined by 
Eq. (4-93) are identical with the Euler parameters introduced in Section (4-5) 
(hence the choice of notation). Equation (4-94) is thus the same as the 
determinantal condition, Eq. (4-66). 

The identification of the Euler parameters now permits expressing many 
previous results in terms of the rotation angle and the direction of the axis of 
rotation. Thus, the first of Eqs. (4-72') for e,, combined with Eq. (4-93), 
immediately gives the angle of rotation in terms of the Euler angles: 

a oos 2 = at ae A 


(4-97) 


Of course, this result can also be obtained, with a little bit of trigonometric 
manipulation from the trace of the matrix A, Eq. (4-46). The 2 x 2 unimodular 
matrix Q, homomorphic to the rotation matrix A, can also be rewritten in terms 
of the rotation parameters, starting from Eq. (4-74) in the form 


Q =el + ie-o. 


By Eq. (4-93), Q then also appears as 


® . © 
Q =1 cos FF in- osin—. (4-98) 
Equation (4—98) is the straightforward generalization of Eq. (4-75) to an 
arbitrary axis of rotation and, indeed, could have been obtained from it by a 
suitable transformation of coordinates. Similarly, the corresponding analog to 
Eq. (4-77), the exponential representation of Q,, is 


Q = et), (4-99) 


with the same qualifications as to the meaning of the exponential of a matrix. 


4-8 INFINITESIMAL ROTATIONS 


In the previous sections various matrices have been associated with the 
description of the rigid body orientation. However, the number of matrix 
elements has always been larger than the number of independent variables, and 
various subsidiary conditions have had to be tagged on. Now that it has been 
established that any given orientation can be obtained by a single rotation about 
some axis, it is tempting to try to associate a vector, characterized by three 
independent quantities, with the finite displacement of a rigid body about a fixed 
point. Certainly a direction suggests itself obviously—that of the axis of 
rotation—and any function of the rotation angle would seem suitable as the 
magnitude. But it soon becomes evident that such a correspondence cannot be 
made successfully. Suppose A and B are two such “vectors” associated with 
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transformations A and B. Then to qualify as vectors they must be commutative in 
addition: 
A+B=B+A. 


But the addition of two rotations, i.e., one rotation performed after another, it has 
been seen, corresponds to the product AB of the two matrices. However, matrix 
multiplication is not commutative, AB # BA, and hence A, B are not 
commutative in addition and cannot be accepted as vectors. This conclusion, that 
the sum of finite rotations depends on the order of the rotations, is strikingly 
demonstrated by a simple experiment. Thus Fig. 4-9 illustrates the sequence of 
events in rotating a block first through 90° about the z’ axis fixed in the block, and 
then 90° about the y’ axis, while Fig. 4—10 presents the same rotations in reverse 
order. The final position is markedly different in the two sequences. 


z' z f 
Pai Ps 
x! | x’ 


(a) Vertical position (b) Rotated 90° about z’ (c) Rotated 90° about 
intermediate y’ 


FIGURE 4-9 
Illustrating the effect of two rotations performed in a given order. 


While a finite rotation thus cannot be represented by a single vector, the same 
objections do not hold if only infinitesimal rotations are considered. An 
infinitesimal rotation is an orthogonal transformation of coordinate axes in 
which the components of a vector are almost the same in both sets of axes—the 


, 


z y 
y — é y' x 
pa z' x! 4 
x’ 
(a) Vertical position (b) Rotated 90° about y’ (c) Rotated 90° about 


intermediate z’ 
FIGURE 4-10 


The two rotations shown in Fig. 4—9, but performed in reverse order. 
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change is infinitesimal. Thus the x; component of some vector r (on the passive 
interpretation of the transformation) would be practically the same as x,, the 
difference being extremely small: 


X] =X; + éX] H €yaXy F €4 3X3. (4-100) 


The matrix elements €, ;, €12, and so on are to be considered as infinitesimals, so 
that in subsequent calculations only the first nonvanishing order in «;; need be 
retained. For any general component x; the equations of infinitesimal 
transformation can be written as 


Xp =X, + GX; 
or 


The quantity 6,, will be recognized as the element of the unit matrix, and Eq. 
(4-101) appears in matrix notation as 


x = (1 + ©)x. (4-102) 


Equation (4~102) states that the typical form for the matrix of an infinitesimal 
transformation is 1 + e, that is, it is almost the identity transformation, differing 
at most by an infinitesimal operator. 

It can now be seen that the sequence of operations is unimportant for 
infinitesimal transformations; in other words, they commute. If 1 + €,, and 
1 + €, are two infinitesimal transformations, then one of the possible products is 


(1 + €,)(1 +€,)=17 +6,1 +16, + 6&6 
=1+6+6, (4-103) 
neglecting higher order infinitesimals. The product in reverse order merely 
interchanges e, and €,; this has no effect on the result, as matrix addition is always 
commutative. The commutative property of infinitesimal transformations 
removes the objection to their representation by vectors. 


The inverse matrix for an infinitesimal transformation is readily obtained. If 
A=1 + € is the matrix of the transformation, then the inverse is 


A-'=1-e. (4-104) 
As proof note that the product AA~' reduces to the unit matrix, 
AA”! = (1+ 6(1 — 6) =1, E 


in agreement with the definition for the inverse matrix, Eq. (4—32). Further, the 
orthogonality of A implies that A = (1 + ë) must be equal to A`?! as given by Eq. 
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(4-104). Hence the infinitesimal matrix is antisymmetric*: 
€= —€. 
Since the diagonal elements of an antisymmetric matrix are necessarily zero 


there can be only three distinct elements in any 3 x 3 antisymmetric matrix. 
Hence there is no loss of generality in writing e in the form 


0 dQ, —dQ, 
e= |-dQ, 0 dQ, |. (4~105) 
dQ, —dQ, 0 


The three quantities dQ,, dQ,, dQ, are clearly to be identified with the three 
independent parameters specifying the rotation. It will now be shown that these 
three quantities also form the components of a particular kind of vector. By Eq. 
(4-102) the change in the’ components of a vector under the infinitesimal 
transformation of the coordinate system can be expressed by the matrix equation 


x’ — X = dx = €X, (4-106) 
which in expanded form, with € given by (4-105), becomes 
dx, = x, dQ, — x, dQ, 
dx, = x; dQ, — x; dQ; (4-107) 
dx, = a dQ, — x, dQ. 


The right-hand side of each of Eqs. (4-107) is in the form of a component of the 
cross product of two vectors, namely, the cross product of r with a vector dQ 
having componentsf dQ,, dQ,, dQ,. We can therefore write Eq. (4-107) 
equivalently as 


dy =r x dQ. (4-108) 


The vector r transforms under an orthogonal matrix B according to the relations 
(cf. Eq. 4—20) 


xi = b;;X;- (4-109) 


*Tt has been assumed implicitly in this section that an infinitesimal orthogonal 
transformation corresponds to a rotation. In a sense this assumption is obvious; an 
“infinitesimal inversion” is a contradiction in terms. Formally, the statement follows from 
the antisymmetry of €. All the diagonal elements of 1 + € are then unity and to first order in 
small quantities the determinant of the transformation is always + 1, which is the mark ofa 
rotation. 


7 It cannot be emphasized too strongly that dQ is not the differential of a vector. The 
combination dQ stands for a differential vector, i.e., a vector of differential magnitude. 
Unfortunately, notational convention results in having the vector characteristic applied 
only to Q, but it should be clear to the reader there is no vector of which dQ represents a 
differential. As we have seen, a finite rotation cannot be represented by a single vector. 
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If dQ is to be a vector in the same sense as r it must transform under B in the same 
way. As we shall see, dQ passes most of this test for a vector, although in one 
respect it fails to make the grade. One way of examining the transformation 
properties of dQ is to find how the matrix € transforms under a coordinate 
transformation. As has been shown in Section 4—3 above, the transformed matrix 
€' is obtained by a similarity transformation: 


e'=BeB™. 


As the antisymmetry property of a matrix is preserved under an orthogonal 
similarity transformation (see Exercise 3), e' can also be put in the form of Eq. 
(4-105) with nonvanishing elements dQ;. A detailed study of these elements, given 
in Appendix C, shows that € transforms under the similarity transformation such 
that 


dQ; = |B| b,; dQ,. (4-110) 


The transformation of dQ is thus almost the same as for r, but differs by the factor 
|B|, the determinant of the transformation matrix. 

There is, however, a simpler way to uncover the vector characteristics of dQ, 
and indeed to verify its transformation properties as given by Eq. (4-110). In the 
previous section a vector formula was derived for the change in the components of 
r under a finite rotation ® of the coordinate system. By letting ® go to the limit of 
an infinitesimal angle d® the corresponding formula for an infinitesimal rotation 
can be obtained. In this limit cos ® in Eq. (4-92) approaches unity, and sin® goes 
to ®; the resultant expression for the infinitesimal change in r is then 


r—re=dr=rx nda. (4-111) 


Comparison with Eq. (4-108) indicates that dQ is indeed a vector and is 
determined by 


dQ = ndo. (4-112) 


Equation (4-111) can of course be derived directly without recourse to the finite 
rotation formula. Considered in its active sense, the infinitesimal coordinate 
transformation corresponds to a rotation of a vector r clockwise through an angle 
d® about the axis of rotation, a situation that is depicted in Fig. 4—11* The 
magnitude of dr, to first order in d® is, from the figure 


dr = rsin@ dQ, 


and the direction dr is, in this limit, perpendicular to both r and dQ = nd®. 
Finally, the sense of dr is in the direction a right-hand screw advances as r is 
turned into dQ. Figure (4-11) thus shows that in magnitude, direction, and sense 
dr is the same as that predicted by Eq. 4-111. 


* Figure 4-11 is the clockwise-rotation version of Fig. 2-8. 
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FIGURE 4-11 
Change in a vector produced by an infinitesimal 
clockwise rotation of the vector. 


The transformation properties of dQ, as defined by Eq. (4-112), are still to be 
discussed. As is well known from elementary vector algebra,* there are two kinds 
of vectors in regard to transformation properties under an inversion. Vectors that 
transform according to Eq. (4-109) are known as polar vectors. Under a three- 
dimensional inversion, S;; = —6,,, all components of a polar vector change sign. 
On the other hand, the components of axial vectors or pseudovectors do not 
change sign under inversion. The simplest example of an axial vector is a cross 
product of two polar vectors, 


C=D xF, 


where the components of the cross product are given, as customary, by the 
definitions: 


C; = DF, — F;D,, i, j, k in cyclic order. (4-113) 


The components of D and F change sign under inversion, hence those of C do not. 
Many familiar physical quantities are examples of axial vectors such as the 
angular momentum L=rx p, and the magnetic field intensity. The 
transformation law for an axial vector is of the form of Eq. (4-110). For proper 
orthogonal transformations axial and polar vectors are indistinguishable, but for 
improper transformations, i.e., involving inversion, the determinant |B] is — 1, 
and the two types of vectors behave differently.7 

On the passive interpretation of the transformation, it is easy to see why polar 
vectors behave as they do under inversion. The vector remains unaffected by the 
transformation, but the coordinate axes, and therefore the components, change 
sign. What then is different for an axial vector? It appears that an axial vector 


*See, for example, J. B. Marion, Principles of Vector Analysis, pp. 42-49. 

+ The dot product of a pseudovector and a polar vector is called a pseudoscalar. Whereas a 
true scalar is completely invariant under an orthogonal transformation, a pseudoscalar 
changes sign under an improper rotation. 
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always carries with it a “handedness” convention, as implied, for example, by the 
definition, Eq. (4-113), of a cross product. Under inversion -a right-handed 


coordinate system changes to a left-handed system, and the cyclic order ` 


requirement of Eq. (4-113) implies a similar change from the right-hand screw 
convention to a left-hand convention. Hence, even on the passive interpretation, 
there is an actual change in the direction of the cross product upon inversion. 

It is clear now why dQ transforms as an axial vector according to Eq. (4-110). 
Algebraically, we see that since both r and dr in Eq. (4-111) are polar 
vectors, then n, and therefore dQ, must be axial vectors. Geometrically, the 
inversion of the coordinates corresponds to the switch from a right-hand screw 
law to a left-hand screw to define the sense of n. 

The discussion of the cross product provides an opportunity to introduce a 
notation that will be most useful on future occasions. The permutation symbol or 
Levi-Civita density* ¢;,, is defined to be zero if any two of the indices ijk are equal, 
and otherwise either + 1 or — 1 according as ijk is an even or odd permutation of 
1, 2, 3. Thus, in terms of the permutation symbol, Eq. (4-1 13) for the components 
of a cross product can be written 


C; = € DF, (4-113’) 
(where the usual summation convention has been employed). Further, Eq. 
(4-96), the rotation formula in terms of the Euler parameters, can be rewritten as 


Xj = X,(e5 — epep) + 2e;e;x; + 2€; j,€oXjCqs (4-114) 


where the summation is over the values 1, 2,3 for the repeated indices. The elements 
of the orthogonal matrix of transformation A can nowimmediately be expressed in 
terms of the Euler parameters, by looking at the coefficient of x, in Eq. (4-114): 

a;j = ijle — epep) + 2e,e; + 2e; j,.0 02. (4-115) 
A little experimenting will show that this compact formula does indeed describe 
all the matrix elements in Eq. (4-67). 

The descriptions of rotation presented so far in this chapter have been 
developed for the purpose of representing the orientation of a rigid body. It has 
been emphasized that the transformations primarily involve rotation of the 
coordinate system. The corresponding “active” interpretation of rotation of a 
vector in a fixed coordinate system therefore implies a rotation in the opposite 
direction, i.e., in a clockwise sense. But there are many areas of mechanics, or of 
physics in general for that matter, where we are concerned with the effects of 
rotating the physical system and associated vectors. The connection between 
invariance of the system under rotation and conservation of angular momentum 
has already been pointed out (Section 2-6). In such applications it is necessary to 
consider the consequences of rotation of vectors in the usual counterclockwise 
sense. For reference purposes, a number of rotation formulas given above will be 


* Also known interchangeably as the alternating tensor or isotropic tensor of rank 3. 


as 
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listed here, but for counterclockwise rotation of vectors. All equations and 


statements from here to the end of this section apply only for such counterclockwise 
rotations. 


The rotation formula, Eq. (4-92), becomes 
r’=rcos ® + n(n-r)[l — cos ®] + (n x r)sin Ọ, (4-92’) 
and the corresponding infinitesimal rotation, Eq. (4-111), appears as 
dr’ = dQ x r= (n x r) dO. (4-111') 
Further, the associated 2 x 2 complex matrix Q takes the form 


(6) 
Q=1 cos — in-o sin’, (4~98') 


with the corresponding exponential representation as 


Q = e7 oD, (4-99) 
The antisymmetric matrix of the infinitesimal rotation, Eq. (4-105), becomes 
0 — dQ, dQ, 0 =n n 
e= dQ, 0 ~dQ,} = Ng 0 =n, | d®, (4-105’) 
—dQ, dQ, 0 =n, n 0 


where n, are the components of the unit vector along the axis of rotation. Letting 
dx stand for the infinitesimal change x’ — x, Eq. (4-102) can then take the form of 
a matrix differential equation with respect to the rotation angle: 


dx 
m7 — Nx, (4-116) 


where N is the matrix on the right in Eq. (4-105’) with elements Ni = 


. . . . ikk: 
Another useful representation is to write e in Eq. (4-105’) as 


e€ = nM; d® 
where M, are the three matrices: 
00 0 0 0 1 0—1 0 
M, = |0 0-1], M, = 0 0 0j, M, = |1 00l. 
01 0 -1 0 0 0 00 
(4-117) 


The matrices M, are known as the infinitesimal rotation generators and have the 
interesting property that their products are such that 


MM; — M;M; = (M,,M,] = e; M, (4-118) 


The difference between the two matrix products, or commutator, is also called the 
Lie bracket of M,, and Eq. (4-118) defines the Lie algebra of the rotation group 


mo 
aah 
| 
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parametrized in terms of the rotation angle. To go further into the group theory of 
rotation would take us too far afield, but we shall have further occasion to refer to 
these properties of the rotation operation. 


4—9 RATE OF CHANGE OF A VECTOR 


The concept of an infinitesimal rotation provides a powerful tool for describing 
the motion of a rigid body in time. Consider some arbitrary vector G involved in 
the mechanical problem, such as the position vector of a point in the body, or the 
total angular momentum. Usually such a vector will vary in time as the body 
moves, but the change will often depend on the coordinate system to which the 
observations are referred. For example, if the vector happens to be the radius 
vector from the origin of the body set of axes to a point in the rigid body then, 
clearly, such a vector appears constant when measured by the body set of axes. 
However, to an observer fixed in the space set of axes the components of the 
vector, as measured on the space axes will vary in time, if the body is in motion. 
The change in a time dt of the components of a general vector G as seen by an 
observer in the body system of axes will differ from the corresponding change as 
seen by an observer in the space system. A relation between the two differential 
changes in G can be derived on the basis of physical arguments. We can write that 
the only difference between the two is the effect of rotation of the body axes: 


rot’ 


(dG). pace = (dG) soay + (dG) 


Consider now a vector fixed in the rigid body. As the body rotates there is of 
course no change in the components of this vector as seen by the body observer, 
i.e., relative to body axes. The only contribution to (dG)... is then the effect of 
the rotation of the body. But since the vector is fixed in the body system, it rotates 
with it counterclockwise, and the change in the vector as observed in space is that 
given by Eq. (4-111’), and hence (dG),,, is given by 


rot 


(dG), = dQ x G. 


rot 


For an arbitrary vector the change relative to the space axes is the sum of the two 
effects: 


(dG) pace = (dG) yoay + dQ x G. (4-119) 


space 


The time rate of change of the vector G as seen by the two observers is then 
obtained by dividing the terms in Eq. (4-119) by the differential time element dt 
under consideration; 


dG - (5 +a x6. (4-120) 
dt space dt body 
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Here o is the instantaneous angular velocity of the body defined by the relation* 
odt = dQ. (4-121) 


The vector @ lies along the axis of the infinitesimal rotation occurring between t 
and t + dt, a direction known as the instantaneous axis of rotation. In magnitude 
œ measures the instantaneous rate of rotation of the body. 

A more formal derivation of the basic Eq. (4—120) can be given in terms of the 
orthogonal matrix of transformation between the space and body coordinates. 
The component of G along the ith space axis is related to the components along 
the body axes: 

G; = 4,;G; = a,,Gj. 


ij~ j 

As the body moves in time the components G; will change as will also the elements 
a;j of the transformation matrix. Hence the change in G, in a differential time 
element dt is 


dG; = a; dG; + da,,G}. (4-122) 


It is no loss of generality to take the space and body axes as instantaneously 
coincident at the time t. Components in the two systems will then be the same 
instantaneously, but differentials will not be the same, since the two systems are 
moving relative to each other. Thus G;=G, but a,dG;=dG;, the prime 
emphasizing the differential is measured in the body axis system. The change in 
the matrix A in the time dt is thus a change from the unit matrix and therefore 
corresponds to the matrix € of the infinitesimal rotation. Hence 


da; = È); = —&;, = 


using the antisymmetry property of €. In terms of the permutation symbol ¢, ,, the 
elements of e are such that (cf. Eq. 4-105) 


dQ, = Cir dQ,. 


—€.. = 


ij Eijk 
Equation (4-122) can now be written 
dG, = dG; + ¢,,;dQ,G;. 


The last term on the right will be recognized as the expression for the ith 
component ofa cross product, so that the final expression for the relation between 
differentials in the two systems is 


dG, = dG; + (dQ x G),, ~ (4-123) 


which is the same as the ith component of Eq. (4-119). 

Equation (4-119) is not so much an equation about a particular vector G as it 
is a statement of the transformation of the time derivative between the two 
coordinate systems. The arbitrary nature of the vector G made use of in the 


* As œ is not the derivative of any vector, it is sometimes described as a nonholonomic 
vector, in analogy to the nonintegrable. differential constraints. 
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derivation can be emphasized by writing Eq. (4-120) as an operator equation 
acting on some given vector: 


d d 
Ly uss 4-124 
(=) [3] + ( ) 


Here the subscripts s and r indicate the time derivatives are to be those observed 
in the space and body (rotating) system of axes, respectively. The resultant vector 
equation can then of course be resolved along any desired set of axes, fixed or 
moving. But it must be emphasized again that the time rate of change is only 
relative to the specified coordinate system. When a time derivative of a vector is 
with respect to one coordinate system, components may be taken along another 
set of coordinate axes only after the differentiation has been carried out. 

It is often convenient to express the angular velocity vector in terms of the 
Euler angles and their time derivatives. The general infinitesimal rotation 
associated with œ can be considered as consisting of three successive infinitesimal 
rotations with angular velocities œ, = È, @ = Ê, w, = w. In consequence of the 
vector property of infinitesimal rotations, the vector @ can be obtained as the sum 
of the three separate angular velocity vectors. Unfortunately, the directions @,, @g, 
and œ, are not symmetrically placed: œ, is along the space z axis, œ is along the 
line of nodes, while œ, alone is along the body z’ axis. However, the orthogonal 
transformations B, C, D of Section 4—4 may be used to furnish the components of 
these vectors along any desired set of axes. 

The body set of axes proves to be the most useful for discussing the equations 
of motion, and we shall therefore obtain the components of œ for such a 
coordinate system. Since œ, is parallel to the space z axis, its components along 
the body axes are given by applying the complete orthogonal transformation 
A = BCD (4-46): 


(Op) = ésin@ sin, (Op) = f sind cosy, (Op) = ġ cosé. 


The line of nodes, which is the direction of m,, coincides with the ¢’ axis, so that 
the components of w, with respect to the body axes are furnished by applying 
only the final orthogonal transformation B (4-45): 


(,),,=Ocos,  (@p)y = —Osiny, — (Ws). = 0. 


No transformation is necessary for the components of œ, which lies along the 2’ 
axis. Adding these components of the separate angular velocities, the components 
of w with respect to the body axes are 


wo, = dsin Osiny + Êcosy 
w, = psinOcosy — Osiny (4-125) 
wo. = pcosé + w. 
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Similar techniques may be used to express the components of œ along the space 
set of axes in terms of the Euler angles.* 


4—10 THE CORIOLIS FORCE 


Equation (4-124) is the basic kinematical law upon which the dynamical 
equations of motion for a rigid body are founded. But its validity is not restricted 
solely to rigid body motion. It may be used whenever we wish to discuss the 
motion of a particle, or system of particles, relative to a rotating coordinate 
system. A most important problem in this latter category is the description of 
particle motion relative to coordinate axes rotating with the earth. It will be 
recalled that in Section 1-1 an inertial system was defined as one in which 
Newton’s laws of motion were valid. For many purposes a system of coordinates 
fixed in the rotating earth is a sufficient approximation to an inertial system. 
However the system of coordinates in which the local stars are fixed comes still 
closer to the ideal inertial system. Detailed examination shows there are 
observable effects arising from the rotation of the earth relative to this nearly 
inertial system. Equation (4-124) provides the needed modifications of the 
equations of motion relative to the noninertial system fixed in the rotating earth. 

The initial step is to apply Eq. (4-124) to the radius vector, r, from the origin of 
the terrestrial system to the given particle: 


Y, =V, + @ x fF, (4-126) 


where v, and y, are the velocities of the particle relative to the space and rotating 
set of axes, respectively, and œ is the (constant) angular velocity of the earth 
relative to the inertial system. In the second step Eq. (4-124) is used to obtain the 
time rate of change of y,: 


dv, oo dv, i 
dt ne =~ Var], OXY 


=a, + 2(0 x v,)+@ x (@ x r), (4-127) 


where v, has been substituted from Eq. (4-126), and where a, and a, are the 
accelerations of the particle in the two systems. Finally, the equation of motion, 
which in the inertial system is simply 


F = ma, 
expands, when expressed in the rotating coordinates, into the equation 


F — 2m(@ x v,) — mo x (@ x r) = ma,. (4-128) 


* Equation (4-125) refers to the x-convention for the Euler angles. Corresponding 
formulas for the other Euler angle conventions are given in Appendix B. 


178 THE KINEMATICS OF RIGID BODY MOTIONS 


To an observer in the rotating system it therefore appears as if the particle is 
moving under the influence of an effective force F g: 


Far =F — 2m(@ x v,) — mo x (@ xr). (4-129) 


Let us examine the nature of the terms occurring in Eq. (4-129). The last term 
is a vector normal to œ and pointing outward. Further, its magnitude is 
mor sin @. It will therefore be recognized that this term is simply the familiar 
centrifugal force. When the particle is stationary in the moving system the 
centrifugal force is the only added term in the effective force. However, when the 
particle is moving, the middle term known as the Coriolis force comes into play. 
The order of magnitude of both of these forces may easily be calculated for a 
particle on the earth’s surface. The earth rotates counterclockwise about the 
North Pole with an angular velocity relative to the fixed stars: 


2n 366.5 ago dy 
w = br aol Geaa = 7.292 x 107? sec™*. 


Here the first parenthesis gives the angular velocity relative to the radius vector to 
thesun. The quantity in the second parenthesis, the ratio of the number ofsidereal 
days ina year to the corresponding number of solar days, is the correction factor to 
give the angular velocity relative to the fixed stars. With this value for œ, and with r 
equal to the equatorial radius, the maximum centripetal acceleration is 


wr = 3.38 cm/sec’, 


or about 0.3 % of the acceleration of gravity. While small, this acceleration is by 
no means negligible. However, the measured effects of gravity represent the 
combination of the gravitational field of the mass distribution of the earth and the 
effects of centripetal acceleration. It has become customary to speak of the sum of 
the two as the earth’s gravity field, as distinguished from its gravitational field. 
The situation is further complicated by the effect of the centripetal 
acceleration in flattening the rotating earth. Ifthe earth were completely fluid, the 
effect of rotation would be to deform it into the shape of an ellipsoid whose 
surface would be an equipotential surface of the combined gravity field. The mean 
level of the earth’s seas conforms very closely to this equilibrium ellipsoid (except 
for local variations of wind and tide) and defines what is called the geoid of the 
earth. Except for effects of local perturbations, the force of gravity will be 
perpendicular to the equipotential surface of the geoid. Accordingly, the local 
vertical is defined as the direction perpendicular to the geoid at the given point on 
the surface. For phenomena that occur in the vicinity of a particular spot on the 
earth, the centripetal acceleration terms in Eq. (4-129) can be considered as 
swallowed up in the gravitational acceleration g, which will be oriented in the 
local vertical direction. The magnitude of g of course varies with the latitude on 
the earth. The effects of centripetal acceleration and the flattening of the earth 
combine to make g about 0.53% less at the Equator than at the Poles. 
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Incidentally, the centrifugal force on a particle arising from the earth’s 
revolution around the sun is appreciable compared to gravity, but it is almost 
exactly balanced by the gravitational attraction to the sun. It is, of course, just this 
balance between centrifugal force and gravitational attraction that keeps the 
earth (and all that are on it) in orbit around the sun. 

The Coriolis force on a moving particle is perpendicular to both œ and y.* In 
the Northern Hemisphere, where œ points out of the ground, the Coriolis force, 
2m(v x œ) tends to deflect a projectile shot along the earth’s surface, to the right 
ofits direction of travel; cf. Fig. 4-12. The Coriolis deflection reverses direction in 
the Southern Hemisphere and is zero at the Equator, where a is horizontal. The 
magnitude of the Coriolis acceleration is always less than 


2œv ~ 1.5 x 1074v, 


which for a velocity of 10° cm/sec (roughly 2000 mph) is 15 cm/sec”, or about 
0.015 g. Normally, such an acceleration is extremely small but there are instances 
where it becomes important. To take an artificial illustration, suppose a projectile 
were fired horizontally at the North Pole. The Coriolis acceleration would then 
have the magnitude 2wv, so that the linear deflection after a time t is wut”; and the 
angular deflection would be the linear deflection divided by the distance of travel: 


wot? 
~ vt 


0 


= wl, (4-130) 


which is the angle the earth rotates in the time t. Physically, this result means that 
a projectile shot off at the North Pole has no initial rotational motion and hence 
its trajectory in the inertial space is a straight line, the apparent deflection being 
due to the earth rotating beneath it. Some idea of the magnitude of the effect can 


1 


Yo 


FIGURE 4—12 
Direction of Coriolis deflection in the 


Horizontal trajectory Northern Hemisphere. 


* From here on, the subscript r will be dropped from v as all velocities will be taken with 
respect to the rotating coordinate axes only. 
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be obtained by substituting a time of flight of 100 seconds—not unusual for large 
projectiles—in Eq. (4-130). The angular deflection is then of the order of 
7 x 107? radians, about 0.4°, which is not inconsiderable. Clearly, the effect is 
even more important for long-range missiles that have a much longer time of 
flight. 

The Coriolis force also plays a significant role in many oceanographic and 
meteorological phenomena involving displacements of masses of matter over 
long distances, such as the circulation pattern of the trade winds and the course of 
the Gulf stream. A full description of these phenomena requires the solution of 
complex hydrodynamic problems in which the Coriolis acceleration is only one 
among many terms involved. It is possible however to give some indication of the 
contribution of Coriolis forces by considering a highly simplified picture of one 
particular meteorological problem—the large scale horizontal wind circulation. 
Masses of air tend to move, other things be equal, from regions of high pressure to 
regions of low pressure—the so-called pressure gradient flow. In the vertical 
direction the pressure gradient is roughly balanced by gravitational forces so that 
it is only in the horizontal plane that there are persistent long-range motions of 
air masses—which we perceive as winds. The pressure gradient forces are quite 
modest, and comparable in magnitude to the Coriolis forces acting on air masses 
moving at usual speeds. In the absence of Coriolis forces the wind directions, 
ideally, would be perpendicular to the isobars, as shown in Fig. 4-13. However 
the Coriolis forces deflect the wind to the right of this direction in the sense 
indicated in the figure. The deflection to the right continues until the wind vector 
is parallel to the isobars and the Coriolis force is in the opposite direction to, and 
ideally just balances, the pressure-gradient force. The wind then continues 
parallel to the isobars, circulating in the Northern Hemisphere in a 
counterclockwise direction about a center of low pressure. In the Southern 
Hemisphere the Coriolis force acts in the opposite direction, and the cyclonic 
direction (i.e., the flow around a low pressure center) is clockwise. (Such a wind 
flow, which has been deflected parallel to the isobars, is known as a geostrophic 
wind.) In this simplified picture the effect of friction has been neglected. At 
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FIGURE 4-13 

Deflection of wind from the direction of the 
High pressure gradient by the Coriolis force (shown 

for the Northern Hemisphere). 
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atmospheric altitudes below several km the friction effects of eddy viscosity 
become important, and the equilibrium wind direction never becomes quite 
parallel to the isobars, as indicated in Fig. 4-14. 


CD > 


(a) Idealized (b) Actual 


FIGURE 4-14 
Cyclone pattern in the Northern Hemisphere. 


Another classical instance where Coriolis force produces a measurable effect 
is in the deflection from the vertical of a freely falling particle. Since the particle 
velocity is almost vertical and œ lies in the north-south vertical plane, the 
deflecting force 2m(v x œ) is in the east-west direction. Thus, in the Northern 
Hemisphere, a body falling freely will be deflected to the east. Calculation of the 
deflection is greatly simplified by choosing the z axis of the terrestrial coordinate 
system to be along the direction of the upward vertical as previously defined. If 
the y axis is taken as pointing north, then the equation of motion in the x (east) 
direction is 


x 
z= —2m(@ x Y), 


= —2mov, sin 0, (4-131) 


where @ is the colatitude. The effect of the Coriolis force on v, would constitute a 
small correction to the deflection, which itself is very small. Hence the vertical 
velocity appearing in (4-131) may be computed as if Coriolis forces were absent: 


v. = —gt 


and 


N 
N 


t= 


With these values, Eq. (4-131) may be easily integrated to give the deflection as 


or 
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An order of magnitude of the deflection can be obtained by assuming 0 = 7/2 
(corresponding to the Equator) and z = 100m. The deflection is then, roughly, 


x ~2.2cm. 


The actual experiment is difficult to perform, as the small deflection may often be 
masked by the effects of wind currents, viscosity, or other disturbing influences.* 

More easily observable is the well-known experiment of the Foucault 
pendulum. If a pendulum is set swinging at the North Pole in a given plane in 
space, then its linear momentum perpendicular to the plane is zero, and it will 
continue to swing in this invariable plane while the earth rotates beneath it. To an 
observer on the earth the plane of oscillation appears to rotate once a day. At 
other latitudes the result is more complicated, but the phenomenon is 
qualitatively the same and detailed calculation will be left as an exercise. 

Effects due to the Coriolis terms also appear in atomic physics. Thus, two 
types of motion may occur simultaneously in polyatomic molecules: The 
molecule rotates as a rigid whole, and the atoms vibrate about their equilibrium 
positions. As a result of the vibrations the atoms are in motion relative to the 
rotating coordinate system of the molecule. The Coriolis term will then be 
different from zero and will cause the atoms to move in a direction perpendicular 
to the original oscillations. Perturbations in molecular spectra due to Coriolis 
forces thus appear as interactions between the rotational and vibrational levels of 
the molecule. 


SUGGESTED REFERENCES 


R.R. STOLL, Linear Algebra and Matrix Theory. The textbook literature on linear algebra 
is voluminous, evanescent, and largely unusable for present purposes. For the reference 
given here a deliberate choice was made of one with a somewhat old-fashioned and 
leisurely approach, displaying a penchant for Euclidean spaces and frequent three- 
dimensional examples. The physics in the present chapter demands no higher level of 
mathematical development. 

G. ARFKEN, Mathematical Methods for Physicists. Texts with titles such as this usually 
have some treatment of matrices and linear transformations, and Arfken’s book is 
representative of the best of these. Chapter 4 on matrices and determinants is particularly 
relevant and has a collection of useful problems. Pauli matrices are discussed here, along 
with their four-dimensional generalizations, the Dirac matrices. 


H. JEFFREYS AND B. S. JeFFREYS, Methods of Mathematical Physics. Though a rather aging 
text by now, this reference contains a wealth of physical applications born out of the 
authors’ long research experience in theoretical physics. Many of the topics of the present 
chapter will be found discussed in Chapters 3 and 4, including a treatment of the Pauli spin 
matrices and their connection with the three-dimensional rotation matrices. The section on 
Euler angles is practically unintelligible, not solely because of a poor diagram. The apt and 


* It is easy to show, using Eq. 4-131, that a particle projected upward will fall back to the 
ground westward of the original launching spot. 
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Sections 1 and 2, although a grounding in small oscillation theory (see our Chapter 6) and 
quantum mechanics is necessary for a full understanding. See, however, pages 372-375 for 
a brief classical treatment. 

S. L. Hess, Introduction to Theoretical Meteorology. This book presents, in Chapters 11 
and 12, a careful and detailed presentation of the effects of Coriolis force on atmospheric 
winds. In Chapter 13 there is a discussion of Coriolis terms in the so-called circulation 
theorem of fluid dynamics. The derivations are painstaking and go back to first principles, 
albeit on an elementary level. 


EXERCISES 


1, Prove that matrix multiplication is associative. Show that the product of two 
orthogonal matrices is also orthogonal. 
2. Prove the following properties of the transposed and adjoint matrices: - 
Pue ~~ 
AB = BA, 
(AB) = BA’. 


3. Show that the trace of a matrix is invariant under any similarity transformation. Show 
also that the antisymmetry property of a matrix is preserved under an orthogonal 
similarity transformation, while the hermitean property is invariant under any unitary 
similarity transformation. 


4, a) By examining the eigenvalues of an antisymmetric 3 x 3 real matrix A, show that 
1 + A is nonsingular. 
b) Show then that under the same conditions the matrix 


B=(1+A)(1—A)"! 


is orthogonal. 

5. Obtain the matrix elements of the general rotation matrix in terms of the Euler angles, 
Eq. (4-46), by performing the multiplications of the successive component rotation 
matrices. Verify directly that the matrix elements obey the orthogonality conditions. 


6. a) Find the vector equation describing the reflection ofr in a plane whose unit normal 
is n. 
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b) Show that if /,, i= 1,2,3, are the direction cosines of n, then the matrix of 
transformation has the elements 


A; = 0;; — 2, 


ij ij Pjs 
and verify that A is an improper orthogonal matrix. 


7. The body set of axes can be related to the space set in terms of Euler’s angles by the 
following set of rotations: 


1) Rotation about the x axis by an angle 8. 

2) Rotation about the z’ axis by an angle w. 

3) Rotation about the old z axis by an angle @. 
Show that this sequence leads to the same elements of the matrix of transformation as the 
sequence of rotations given in the book. [Hint: It is not necessary to carry out the explicit 
multiplication of the rotation matrices. ] 


8. If A is the matrix of a rotation through 180° about any axis, show that if 
P4 =4(1 + A), 


then PZ. = P,. Obtain the elements of P, in any suitable system, and find a geometric 
interpretation of the operation P, and P_ on any vector F. 


9. Express the “rolling” constraint of a sphere on a plane surface in terms of the Euler 
angles. Show that the conditions are nonintegrable and that the constraint is therefore 
nonholonomic. 


10. a) Show that the rotation matrix in the form of Eq. (4-67) cannot be put in the form of 
the matrix of the inversion transformation S. 

b) Verify by direct multiplication that the matrix in Eq. (4-67) is orthogonal. 
11. Show that any rotation can be represented by successive reflection in two planes, both 
passing through the axis of rotation with the planar angle ®/2 between them. 


12. If B is a square matrix and A is the exponential of B, defined by the infinite series 
expansion of the exponential, 


n 


A = =1 +B +3B? te tote, 
7 1: 


then prove the following properties: 
a) ee = e® *© providing B and C commute. 

b) A7! =e 

-y 

c) eB = CACT! 

d) A is orthogonal if B is antisymmetric. 

e) e is unitary if B is hermitean. 

13. Show that Q, may be written symbolically in the form 

O, = eit(8/2) 

where the exponential is taken as standing for its series expansion, whose first term is 1. 
14. a) Show that the three Pauli spin matrices anticommute with each other, i.e., that 


6,6; = —6,0;, i#j 
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and that they obey the commutation relations 
66, — 66, = [6;,6;] = 2i€;,6,. 

b) Prove that o? = 1, for all values of i. 

c) If ø stands for the vector with components ©, show that if A and B are any two 
vectors, then 

(o-A)(o-B) = 1A-B + io-(A x B), 
and that therefore 
[o-A,o°B] = 2io-(A x B). 


15. Ima set of axes where the z axis is the axis of rotation of a finite rotation, the rotation 
matrix is given by Eq. (4-43) with ( replaced by the angle of finite rotation ®. Derive the 
rotation formula, Eq. (4-92), by transforming to an arbitrary coordinate system, 
expressing the orthogonal matrix of transformation in terms of the direction cosines of the 
axis of the finite rotation. 


16. a) On the basis of Eq. (4-73’) show that 
r-o=r-o+([O,o'rJO*. 
b) With this result, and using the representation (4-98) for Q and Exercise 12 above, 
derive the rotation formula, Eq. (4-92). 


17. a) Suppose two successive coordinate rotations through angles ®, and ®, are carried 
out, equivalent to a single rotation through an angle ®. Show that ©,,®,, and ® can be 
considered as the sides of a spherical triangle with the angle opposite to ® given by the 
angle between the two axes of rotation. 

b) Show that a rotation about any given axis can be obtained as the product of two 
successive rotations, each through 180°. 
18. a) Verify that the permutation symbol satisfies the following identity in terms of 
Kronecker delta symbols: 

EijpErmp 7 5, jm — Sind 
b) Show that 
€ijp€ijk 7 26 pk- 

19. Show that the components of the angular velocity along the space set of axes are given 
in terms of the Euler angles by 


w, = bcos@ + ý sin0sing, 
w, = dsing — Ņý sinf coso, 
w, = wcosé + ġ. 
20. Show that the Euler parameter e, has the equation of motion 
—2éy = eM, + 620, + C30, 


where the prime denotes the body set of axes. Find the corresponding equations for the 
other three Euler parameters and for the complex Cayley-Klein parameters « and £. 


21. Verify directly that the matrix generators of infinitesimal rotation, M,, as given by Eq. 
(4-117) obey the commutation relations 


LMI. M] i eir My- 
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22. A particle is thrown up vertically with initial speed vo, reaches a maximum height and 
falls back to ground. Show that the Coriolis deflection when it again reaches the ground is 
opposite in direction, and four times greater in magnitude, than the Coriolis deflection 
when it is dropped at rest from the same maximum height. 


23. A projectile is fired horizontally along the earth’s surface. Show that to a first 


approximation the angular deviation from the direction of fire resulting from the Coriolis 
force varies linearly with time at a rate 


w cosl, 


where w is the angular frequency of the earth’s rotation and @ is the colatitude, the 
direction of deviation being to the right in the Northern Hemisphere. 


24. The Foucault pendulum experiment consists in setting a long pendulum in motion ata 
point on the surface of the rotating earth with its momentum originally in the vertical plane 
containing the pendulum bob and the point of suspension. Show that its subsequent 
motion may be described by saying that the plane of oscillation rotates uniformly 2r cos@ 
radians per day, where @ is the colatitude. What is the direction of rotation? The 
approximation of small oscillations may be used, if desired. 


CHAPTER 5 
The Rigid Body 
Equations of Motion 


Chapter 4 has presented all the kinematical tools needed in the discussion of rigid 
body motion. In the Euler angles we have a set of three coordinates, defined 
rather unsymmetrically it is true, yet suitable for use as the generalized 
coordinates describing the orientation of the rigid body. In addition, the method 
of orthogonal transformations, and the associated matrix algebra, furnish a 
powerful and elegant technique for investigating the characteristics of rigid body 
motion. We have already had one application of the technique in deriving Eq. 
(4-124), the relation between the rates of change of a vector as viewed in the space 
system and in the body system. These tools will now be applied to obtain the 
dynamical equations of motion of the rigid body in their most convenient form. 
With the help of the equations of motion, some simple but highly important 
problems of rigid body motion can be discussed. 


5-1 ANGULAR MOMENTUM AND KINETIC ENERGY 
OF MOTION ABOUT A POINT 


Chasles’ theorem states that any general displacement of a rigid body can be 
represented by a translation plus a rotation. The theorem suggests that it ought to 
be possible to split the problem of rigid body motion into two separate phases, 
one concerned solely with the translational motion of the body, the other, with its 
rotational motion. Of course, if one point of the body is fixed the separation is 
obvious, for then there is only a rotational motion about the fixed point, without 
any translation. But even for a general type of motion such a separation is often 
possible. The six coordinates needed to describe the motion have already been 
formed into two sets in accordance with such a division: the three Cartesian 
coordinates of a point fixed in the rigid body to describe the translational motion 
and, say, the three Euler angles for the motion about the point. If, further, the 
origin of the body system is chosen to be the center of mass, then by Eq. (1-28) the 
total angular momentum divides naturally into contributions from the 
translation of the center of mass and from the rotation about the center of mass. 
The former term will involve only the Cartesian coordinates of the center of mass, 
the latter only the angle coordinates. By Eq. (1-31) a similar division holds for the 
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total kinetic energy T, which can be written in the form 


T=3Mv’ + T'($,0,), 


as the sum of the kinetic energy of the entire body as if concentrated at the center of 


mass, plus the kinetic energy of motion about the center of mass 

Often the potential energy can be similarly divided, each term volan onl 
one of the coordinate sets, either the translational or rotational Thus ee 
energy ina uniform gravitational field will depend only upon the Cartesian vertical 


coordinate of the center of gravity.* Ori i 
y.* Or if the force on a body is due i 
magnetic field, B, acting on its ma : ae 


almost all problems soluble in pra 


the S PEOR problem does indeed split into two, for the Lagrangian, L 
= I — ¥, divides into two parts, one involving only the translati ~oorditiat 

> tio 
the other only the angle coordin ee 
completely separated, and the translational i 
g and rotational proble 
independently of each other. I A ee 
expressions for the angular mo 
some point fixed in the body. T 
linking derivatives relative to a 
ae It is intuitively obvious that the rotation angle ofa rigid body displacement 
as also the instantaneous angular velocity vector, is independent of the choice of 
Origin of the body system ofaxes. The essence of the rigid body constraint is that all 


ı and R, be the position vectors, relative to a fixed set of 


Zz 


x 
FIGURE 5-1 
Vectorial relation between sets of rigid body 
coordinates with different origins. 


eee ea 
*The center of gravity, 


e ce of course, coincides wi i i 
A th the center of mass in a uniform 
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difference vector is denoted by R: 
R,=R,+R. 


Ifthe origin of the second set of axes is considered as a point defined relative to the 
first, then the time derivative of R, relative to the space axes is given by 


dR, dR, dR dR, 
oo = +a, xR. 
eal (= ne dt}, a}, 
The last step follows from Eq. (4-124), recalling that the derivatives of R relative 
to any rigid body axes must vanish, and with œ, as being the angular velocity 
vector appropriate to the first coordinate system. Alternatively, the origin of the 
first coordinate system can be considered as fixed in the second system with the 


position vector —R. In the same manner, then, the derivative of the position 
vector R, to this origin relative to the fixed space axes can be written as 


dR, dR, dR dR, 
——} =|=] —-|—-] =|] - R. 
(Fe) Fe} dt}, \ dt}, 9?” 
A comparison of these two expressions shows, as expected, that the two angular 
velocity vectors must be equal: 


@, = 0. 


The angular velocity vector is the same for all coordinate systems in the rigid 
body. 

When a rigid body moves with one point stationary, the total angular 
momentum about that point is 


L = m;(r; X ¥;) (5-1) 


(employing the summation convention) where r; and v; are the radius vector and 
velocity, respectively, of the ith particle relative to the given point. Since r; is a 
fixed vector relative to the body, the velocity v; with respect to the space set ofaxes 
arises solely from the rotational motion of the rigid body about the fixed point. 
From Eq. (4-124), v; is then 


Vv, = @ Xr. (5-2) 
Hence Eq. (5-1) can be written as 
L = mr, x (@ x r;)), 
or, expanding the triple cross product, 
L = m(or? — r,(r,;- )). (5-3) 
Again expanding, the x component of the angular momentum becomes 


L, = ont? — x7) — a,x, — @,m;X,2; (5-4) 
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with similar equations for the other components of L. Thus each of the 
components of the angular momentum is a linear function of all the components 
of the angular velocity. The angular momentum vector is related to the angular 
velocity by a linear transformation. To emphasize the similarity of (5—4) with the 
equations of a linear transformation, (4-12), we may write L, as 


L, = 1.0, + pI ie oe eo en (5-5) 


Analogously, for L, and L, we have 


L, = I0, + 10, + L.o-; 
y y yyy y (5-5) 


L, = Iw, + I,,@, + I,.a,. 


The nine coefficients I,., I,,, etc., are the nine elements of the transformation 


matrix. The diagonal elements are known as moment of inertia coefficients, and 
have the form illustrated by 


liz = m;(r? <7 x7), (5-6) 


while the off-diagonal elements are designated as products of inertia, a typical one 
being 


Loy = =M; X Yi (5-7) 


_In Eqs. (5-6) and (5-7) the matrix elements appear in the form suitable if the 
rigid body is composed of discrete particles. For continuous bodies the 
summation is replaced by a volume integration, with the particle mass becoming 
a mass density. Thus, the diagonal element J,, appears as 


Lee = Í p(t) (1? — x?) dV. (5-6’) 
Vv 


With a slight change in notation an expression for all matrix elements can be 
stated for continuous bodies. If the coordinate axes are denoted by x;j = 1,2, 3, 
then the matrix element I, can be written 


Lip Í p(r)(176 , — X;X,) dV. (5-8) 
Vv 


Up to the present, the coordinate system used in resolving the components of 
L has not been specified. From now on, it will be convenient to take it to be a 
system fixed in the body.* The various distances x;, y,, z,are then constant in time, 
so that the matrix elements are likewise constants, peculiar to the body involved, 
and dependent on the origin and orientation of the particular body set of axes in 
which they are expressed. 


*In Chapter 4, such a system was denoted by primes. As components along spatial axes 
will rarely be used here, this convention will be dropped from now on to simplify the 
notation. Unless otherwise specified all coordinates used for the rest of the chapter will refer 
to systems fixed in the rigid body. 
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The equations (5-5) relating the components of L and œ can be summarized 
by a single operator equation, 


L = lo, (5-9) 


where the symbol I stands for the operator whose matrix elements are the inertia 
coefficients appearing in (5—5). Of the two interpretations that have been given to 
the operator of a linear transformation (cf. Section 4—2), it is clear that here I must 
be thought of as acting upon the vector œ, and not upon the coordinate system. 
The vectors L and œ are two physically different vectors, having different 
dimensions, and are not merely the same vector expressed in two different 
coordinate systems. Unlike the operator of rotation, | will have dimensions— 
mass times length squared—and it is not restricted by any orthogonality 
conditions. Equation (5—9) is to be read as saying that the operator l acting upon 
the vector results in the physically new vector L. While full use will be made of 
the matrix algebra techniques developed in the discussion of the rotation 
operator, more attention must be paid here to the nature and physical character 
of the operator per se. However, a certain amount of preliminary mathematical 
matter needs first to be discussed. Those already familiar with tensors and 
dyadics can proceed immediately to Section 5-3. 


5-2 TENSORS AND DYADICS 


The quantity I may be considered as defining the quotient of L and œ: 


for the product of | and œ gives L. Now, the quotient of two quantities is often not 
a member of the same class as the dividing factors, but may belong to a more 
complicated class. Thus, the quotient of two integers is in general not an integer 
but rather a rational number. Similarly, the quotient of two vectors, as is well 
known, cannot be defined consistently within the class of vectors. It is not 
surprising, therefore to find that I is a new type of quantity, a tensor of the second 
rank, 

In a Cartesian three-dimensional space, a tensor T of the Nth rank may be 
defined for our purposes as a quantity having 3% components 7;,,... (with N 
indices) that transform under an orthogonal transformation of coordinates, A, 
according to the following scheme:* 


tik... (X) = Gi QjmOen --- Timn... (X). (5-10) 


*In a Cartesian space (ie., with orthogonal straight line axes) there is no distinction 
between “covariant” and “contravariant” indices and the terminology will not be needed. 
Indeed, strictly speaking the tensors defined here should be denoted as “Cartesian tensors” 
(cf. J. L. Synge and A. Schild, Tensor Calculus, Toronto 1949, pp. 127—136). However, as 
this is the only type of tensor that will be used in this book (except in Section 7—3) the 
adjective will be omitted in subsequent discussions. 
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By this definition, a tensor of the zero rank has one component, which is invariant 
under orthogonal transformation. Hence, a scalar is a tensor of zero rank. A 
tensor of the first rank has three components transforming as 


Ti = aji. 
Comparison with the transformation equations for a vector, (4—12'), shows that a 
tensor of the first rank is completely equivalent to a vector.* Finally, the nine 
components of a tensor of the second rank transform as 
Ti = Aikaj Ty- (5-11) 


ij 

Rigorously speaking, one must distinguish between a second rank tensor T 
and the square matrix formed from its components. A tensor is defined only in 
terms of its transformation properties under orthogonal coordinate transfor- 
mations. On the other hand, a matrix is in no way restricted in the types of 
transformations it may undergo and indeed may be considered entirely 
independently of its properties under some particular class of transformation. 
Nevertheless, the distinction must not be stressed unduly. Within the restricted 
domain of orthogonal transformations there is a practical identity. The tensor 
components and the matrix elements are manipulated in the same fashion; and 
for every tensor equation there will be a corresponding matrix equation, and vice 
versa. By Eq. (4-41) the components of a square matrix V transform under a 
linear change of coordinates defined by the matrix A according to a similarity 
transformation: 


Vi=AVA™!. 
For an orthogonal transformation we therefore have 
V’ = AVĀ 
or 
Vij = atali (5-13) 


Comparison with Eq. (5-11) above thus shows that the matrix components 
transform identically, under an orthogonal transformation, with the components 
of a tensor of the second rank. All the terminology and operations of matrix 
algebra, such as “transpose,” “hermitean,” “antisymmetrical,” etc., can be applied 
to tensors without change. The equivalence between the tensor and the matrix is 
not restricted to tensors of the second rank. For example, we already know that the 
components of a vector, which is a tensor of the first rank, form a column or row 


*A pseudotensor in three dimensions transforms as a tensor except under inversion. In 
general, the transformation equation for a pseudotensor of the Nth rank is (cf. Eq. 4~110) 


i 
ike [A 4514 magn- -- Timn...+ 


As rigid body motion involves only proper rotations no further use will be made here of the 
general pseudotensor. 
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matrix, and vector manipulation may be treated completely in terms of these 
associated matrices. 

Still another useful representation of the operator I is as a dyadic. A dyad is 
simply a pair of vectors, written in a definite order AB, A being known as the 
antecedent and B the consequent. The scalar dot product of a dyad with a vector C 
can be performed in two ways, either as 


AB-C = A(B-C) 
or as 
C- AB = B(A-C). 


In the first case C is called the postfactor, in the second the prefactor. The two 
products, in general, will not be equal—dyad scalar multiplication is not 
commutative. In both cases, it should be noted, the result of the dot product is to 
produce a vector having a direction and magnitude in general different from C. 
One can also define the double dot product of two dyads as the scalar given by 


AB:CD = (A: C)(B - D) 
A more convenient notation is to write the double dot product as 
AB:CD = C-AB-D. 


A-dyadic is defined as a linear polynomial of dyads: 


AB + CD +-+.. 


Actually, any dyad AB can be expressed as a dyadic by writing the vectors A and B 
in component form in terms of the unit vectors i, j, and k. When expanded in this 
manner, the dyad appears as 


AB= A,B ii + A,B,ij + A,B.ik 
+A,B,ji + A,B jj + A,B.jk (5-14) 
+A_B,ki + A,B,kj + A,B_kk. 


Equation (5~14) is the nonion form of the dyad, so called from the nine coefficients 
involved. Obviously dyadics in like fashion can always be reduced to a nonion 
form. It is easy to show that the coefficients of the nonion representation of a 
dyadic transform under an orthogonal transformation exactly as do the 
components of a tensor of the second rank (see Exercise 1 to this chapter). There 
is also an equivalence in their effect as operators acting on vectors for we have 
seen that the dot product of a dyad or a dyadic with a vector results in a new 
vector, just as the product of | and œ gives L. A dyadic is therefore in all ways 
equivalent to a tensor of the second rank. 

A useful dyadic is the unit dyadic 1, defined by the nonion representation 


1 = ii + jj + kk. (5-15) 
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The designation is certainly well merited, for the matrix of 1 is exactly the unit 
matrix, and direct multiplication shows that 


1-A=A'1 =A. 
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Considered as a linear operator that transforms œ into L, the matrix | has 
elements that behave as the elements of a second-rank tensor. The quantity I is 
therefore identified as a second-rank tensor and is usually called the moment of 
inertia tensor or briefly as the inertia tensor. It can simply be written in dyadic 
notation as 

I= m,(r71 — rr;), (5-16) 
for then 

l-o = m,(r2@ — r,(r;* @)) = L, 


in agreement with Eq. (5-3). The advantage of using the dyadic form for I is that 
the familiar methods of vector manipulation can still be employed. Thus, one is 
led in a natural fashion to express the kinetic energy of rotation in terms of the 
dyadic I. The kinetic energy of motion about a point is 
T =4mp?, 
where v; is the velocity of the ith particle relative to the fixed point as measured in 
the space axes. By Eq. (5—2), T may also be written as 
T = 5my;,"( x r;), 
which, upon permuting the vectors in the triple dot product, becomes 


@ 
T= z mi; x v;). 


The quantity summed over i will be recognized as the angular momentum of the 
body about the origin, and in consequence the kinetic energy can be written in the 
form 


T= oL _ @: l-o 
ar e (5-17) 
Let n be a unit vector in the direction of œ so that œ = wn. Then an alternative 
form for the kinetic energy is 
w? 
T=- nln = 51’, (5-18) 


where J is a scalar, defined by 


T=n-l-n=m,(r? — (rn), (5-19) 


and known as the moment of inertia about the axis of rotation. 
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In the usual elementary discussions the moment of inertia about an axis is 
defined as the sum, over the particles of the body, of the product of the particle 
mass and the square of the perpendicular distance from the axis. It must be shown 
that this definition is in accord with the expression given in Eq. (5-19). The 
perpendicular distance is equal to the magnitude of the vector r; x n (cf. Fig. 5—2). 
Therefore, the customary definition of I may be written as 


I = mr, x n)-(r; x n). 


Multiplying and dividing by œ, this definition of J may also be written as 


1 


I =i o x r;) (© x r;). 
(0) 


2 


But each of the vectors in the dot product is exactly the relative velocity v; as 
measured in the space system of axes. Hence I so defined is related to the kinetic 


energy by 


which is the same as Eq. (5-18), and therefore J must be identical with the scalar 
defined by Eq. (5-19). ` 

The value of the moment of inertia depends upon the direction of the axis of 
rotation. As œ usually changes its direction with respect to the body in the course 
of time, the moment of inertia must also be considered a function of time. When 
the body is constrained so as to rotate only about a fixed axis then the moment of 
inertia is a constant. In such case the kinetic energy in (5—17) is almost in the form 
required to fashion the Lagrangian and the equations of motion. The one further 
step needed is to express œ as the time derivative of some angle, which can usually 
be done without difficulty. 

Along with the inertia tensor, the moment of inertia depends also upon the 
choice of origin of the body set of axes. However, the moment of inertia about 
some given axis is related simply to the moment about a parallel axis through the 


FIGURE 5-2 
Illustrating the definition of the moment of 
inertia. 
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center of mass. Let the vector from the given origin O to the center of mass be R, 
and let the radii vectors from O and the center of mass to the ith particle be r, and 
r;, respectively. The three vectors so defined are connected by the relation (cf. Fig. 
5-3) 


r= R+4r. (5-20) 
The moment of inertia about the axis a is therefore 
I, = mr, x n} = m[(r; + R) x n]? 
or 
l, = M(R xn)? +m,(ri xn)? + 2m (R x n) (í x n), 


where M is the total mass of the body. The last term in this expression can be 
rearranged as 


—2(R x n)-(n x mr). 


By the definition of center of mass, the summation m,r; vanishes. Hence I, can be 
expressed in terms of the moment about the parallel axis b as 


I,=1,+ M(R xn)’. (5-21) 
chy 


The magnitude of R x nis the perpendicular distance of the center of mass from 
the axis passing through O. Consequently the moment of inertia about a given 
axis is equal to the moment of inertia about a parallel axis through the center of 
mass plus the moment of inertia of the body, as if concentrated at the center of 
mass, with respect to the original axis. 

A similar decomposition can be obtained for the inertia tensor itself. From 
Eq. (5-20) it follows that 


r? = R? +r? + 2Reri. 
The inertia tensor for the origin O, in the dyadic form of Eq. (5—14), can. be written 
1 = MR714+m{(r? + 2R-4r/)1 — (raj + Rr; + 1/R)] — MRR. 


Center 
of mass 


FIGURE 5-3 
The vectors involved in the relation between 
moments of inertia about parallel axes. 
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All sums of the form m,r; vanish and the expression reduces to 
I = m(r?21 — riri) + M(R*1 — RR). (5-22) 


The first term is the inertia tensor I’ relative to the center of mass and the second is 
the inertia tensor, relative to O, ofa single particle of mass M located at the center 
of mass. Thus, both the moment of inertia and the inertia tensor possess a type of 
resolution, relative to the center of mass, very similar to that found for the linear 
and angular momentum and the kinetic energy in Section (1-2). 


5-4 THE EIGENVALUES OF THE INERTIA TENSOR AND 
THE PRINCIPAL AXIS TRANSFORMATION 


The preceding discussion has served to emphasize the important role the inertia 
tensor plays in the discussion of the motion of rigid bodies. An examination, at 
this point, of the properties of this tensor and its associated matrix will therefore 
prove of considerable interest. From the defining equation, (5-7), it is seen that 
the components of the tensor are symmetrical, that is 


Ly = 1,,. 


Since the components are real it follows that the tensor is equal to its adjoint (cf. 
Eq. 4-38), which is to say I is self-adjoint or hermitean. Thus, while the inertia 
tensor will in general have nine components, only six of them will be 
independent—the three along the diagonal plus three of the off-diagonal 
elements. 

The inertia coefficients depend both upon the location of the origin of the 
body set of axes and upon the orientation of these axes with respect to the body. It 
would be very convenient, of course, if for a given origin one could find a 
particular orientation of the body axes for which the inertia tensor is diagonal, so 


that the dyadic could be written as 


l= ii + I,jj + Ikk. 


With respect to such a set of axes each of the components of L would involve only 
the corresponding component of œ, thus* 


L =1,@,, L, = 1,03, L, = I3@3. (5-23) 
A similar simplification would also occur in the form of the kinetic energy: 
‘Lo 1 1 1 
es oe z! 103 + zoo? + 793 (5-24) 


One can show that it is always possible to find such axes, and the proof is based 
essentially on the hermitean nature of the inertia tensor. 


* With an eye to future applications, components relative to these axes will be denoted by 
subscripts 1, 2, 3. 
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It has been remarked, in Section 4—6, that the eigenvalue equation ofa matrix 
can be solved by transforming the matrix to a diagonal form, the elements of 
which are then the desired eigenvalues. Hence the problem of finding a set of axes 
in which I is diagonal is equivalent to the eigenvalue problem for the matrix of |, 
I,, 1,, and I, being the three eigenvalues. It also follows that for the coordinate 
system in which I is diagonal the direction of the axes coincides with the direction 
of the eigenvectors. For example, suppose œ is along one of the axes, say the x 
axis. Then, by (5-23) the angular momentum L = 1- œ is also along the x axis. 
The effect of | on any vector parallel to the three coordinate axes is thus to 
produce another vector in the same direction. By definition such a vector must 
therefore be one of the eigenvectors of I. 

In Section 4-6 we outlined the scheme for diagonalizing any matrix and 
finding its eigenvalues. By itself, however, this procedure does not constitute a 
proof for the existence of a real Cartesian coordinate system in which | is diagonal. 
Thus, it will be recalled that an orthogonal matrix, except for trivial cases, has 
only one real eigenvalue and therefore only one real direction corresponding to 
an eigenvector (namely, the axis of rotation). In contrast, what we seek to prove 
here is that all the eigenvalues of | are real, and that the three real directions of the 
eigenvectors are mutually orthogonal.* 

Let R, be the jth eigenvector of I, with eigenvalue I,. The corresponding 
eigenvalue equation is thent 

‘ 1-R,; = JR;. (5-25) 

If R, similarly stands for the Ith eigenvector, the dot product of R¥ with Eq. (5-25) 
from the left is 

Rř:1-R; = TRF -R;. (5.26) 

The complex conjugate of the eigenvalue equation for R,, following the pattern of 

Eq. (5-25) is 

I*-R} = IFR}. (5-27) 

Now, the order of a dot product of a dyad and a vector can be interchanged by 

taking the transpose, just as with the product of a square matrix and a column 


matrix. Formally, if A is any dyad and P any vector, then the ith component of the 
dot product is 


(A: P); = Arf = P (À) = (P; A);. 
It follows that Eq. (5-27) can be written as 
Rž- = J#RF. (5~27’) 


* In terms of the matrix X that diagonalizes I by means ofa similarity transformation, these 
conditions state that X must bea real orthogonal matrix, i.e., X transforms one real Cartesian 
coordinate system into another. 


+ In Eqs. (5-25) through (5-29) there is no summation over the indices j or l, as is obvious 
from the argument. 
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Taking the dot product of this result with R, from the right we have 
Rf -1+-R, = IFRF-R;. (5-28) 


Since | is hermitean the left-hand sides of Eqs. (5-26) and (5-28) are the same, so 
that the difference of the two equations reduces to 


(I, — I)RF-R,; =0 (5-29) 


If lis equal to j, then R# + R; = IRI’, which must be positive definite. Hence Eq. 
(5-29) can vanish in that case only if J, = 17; which proves one of the desired 
results. Notice that the proof has used only the hermitean property of I—the 
eigenvalues of any hermitean matrix are real. Since | is also real, the direction 
cosines of the eigenvectors R, must likewise be real, as can be seen from Eq. 
(5-25). 

If lis chosen different from j, and the eigenvalues are distinct, then Eq. (5—29) 
can be satisfied only if R, + R; vanishes, which verifies the second requirement that 
the eigenvectors be orthogonal.* If the eigenvalues are not all distinct this 
orthogonality proof falls through, but it may be mended with little difficulty. 
Suppose, for example, two of the eigenvalues are equal, I, = I}. It is always 
possible to find at least one eigenvector which satisfies Eq. (5—25) for this double 
eigenvalue. By Eq. (5-29) this eigenvector is orthogonal to the eigenvector for the 
distinct eigenvalue J,. Thus one can find a right-handed Cartesian coordinate 
system for which the unit vectors i and j are along the directions of the two 
eigenvectors found so far. It follows from the eigenvector equations 


high bj=Lj 


that in this coordinate system I,, = 1,, = 1,3 = 0. But the symmetry of I then 
implies that /,, = I}, = 0,i.e., the inertia tensor is diagonal in this system and kis 
also an eigenvector of | with eigenvalue J, . It immediately follows that any vector 
in the plane defined by j and k is an eigenvector with J, as eigenvalue. Similarly if 
all eigenvalues are the same then all directions in space are eigenvectors. But 
then I will be diagonal to start with, and no diagonalization is necessary. 


* The proof given here has a close analog in the theory of the Sturm—Liouville problem in 
ordinary differential equations. There one shows that the eigenvalues of a hermitean 
differential operator are real and the corresponding eigenfunction solutions of the 
differential equation are orthogonal. The similarity is not accidental; one can always 
construct matrix quantities to corrrespond to any given problem involving a 
Sturm—Liouville differential equation, and this is exactly what happens in the 
correspondence between the matrix mechanics and wave mechanics formulations of 
quantum theory. See, e.g., G. F. Arfken, Mathematical Methods for Physicists, Section 9.2. 


tAn equivalent, if more general procedure, of constructing an orthogonal set of 
eigenvectors out of a possible nonorthogonal set is the Gram-Schmidt orthogonalization 
process in linear algebra. See, e.g., J. A. Eisele and R. M. Mason, Applied Matrix and Tensor 
Analysis, Wiley-Interscience, N.Y. 1970, pp. 16-21, or M. C. Pease, Methods of Matrix 
Algebra, Academic, N.Y. 1965, pp. 59-61. Note also the analogous discussion in the 
construction of normal modes, pp. 253 below. 
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The methods of matrix algebra thus enable us to show that for any point ina 
rigid body one can find a set of Cartesian axes for which the inertia tensor will be 
diagonal. The axes are called the principal axes and the corresponding diagonal 
elements I,, I,, I, are known as the principal moments of inertia. Given some 
initial body set of coordinates one can transform to the principal axes by a 
particular orthogonal transformation, which is therefore known as the principal 
axis transformation. In practice, of course, the principal moments of inertia, being 
the eigenvalues of I, are found as the roots of the secular equation. To recall the 
steps leading to the secular equation, it will be noted that the eigenvalue equation 
(cf. Eq. 5-25), in the form 


(I—11)-R=0, (5-30) 


corresponds to a set of three homogeneous linear equations for the components 
of the eigenvector. These equations are consistent only if the determinant of the 
coefficients vanishes: 


lgx =l i : 
ly l-I 1, |=0, (5-31) 
I ts. 239 


sx ye 


where the symmetry of I has been displayed explicitly. Equation (5—31) is the 
secular equation, in the form of a cubic in J, whose three roots are the desired 
principal moments. For each of these roots the Eqs. (5-25) can be solved to 
obtain the direction of the corresponding principal axis. In most of the easily 
soluble problems in rigid dynamics the principal axes can be determined by 
inspection. For example, one almost always has to deal with rigid bodies that are 
solids of revolution about some axis, with the origin of the body system on the 
symmetry axis. All directions perpendicular to the axis of symmetry are then 
alike, which is the mark of a double root to the secular equation. The principal 
axes are then the symmetry axis and any two perpendicular axes in the plane 
normal to the symmetry axis. 

The principal moments of inertia cannot be negative, because as the diagonal 
elements in the principal axes system they have the form of sums of squares. Thus 
I, is given by (cf. Eq. 5-6) 


Lx = MQ? + z) 


In order for one of the principal moments to vanish, all the points of the body 
must be such that two coordinates of each particle are zero. Clearly this can 
happen only if all of the points of the body are collinear with the principal axis 
corresponding to the zero principal moment. Any two axes perpendicular to the 
line of the body will then be the other principal axes. Indeed this is clearly a 
limiting case of a body with an axis of symmetry passing through the origin. 
One may also be led to the concept of principal axes through some 
geometrical considerations that historically formed the first approach to the 
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subject. The moment of inertia about a given axis has been defined as I = n-I-n. 
Let the direction cosines of the axis be g, B, and y so that 

n= gi + Bj + yk; 
I then can be written as 


I= 1,07 + 1,,B? + 1.7? + 21,08 + 21,.By + 21.7%, (5-32) 


Sxi 
using explicitly the symmetry of I. It is convenient to define a vector p by the 
equation 
n 
p=—-- 
Ji 
The magnitude of p is thus related to the moment of inertia about the axis whose 


direction is given by n. In terms of the components of this new vector Eq. (5-32) 
takes on the form 


(5-33) 


1 = Lapi + 1,yp3 + 1.203 + 2qyP1P2 + 2,.P2P3 + 2xPsp1. (5-34) 


Considered as a function of the three variables p,, p2, p3, Eq. (5-34) is the 
equation of some surface in p space. In particular Eq. (5-34) is the equation of an 
ellipsoid designated as the inertia elipsoid. It is well known that one can always 
transform to a set of Cartesian axes in which the equation of an ellipsoid takes on 
its normal form: 


1 =1,p'? + Inp'? + 150%, (5-35) 


with the principal axes of the ellipsoid along the new coordinate axes. But (5-34) 
is just the form Eq. (5-34) has in a system of coordinates in which the inertia 
tensor I is diagonal. Hence the coordinate transformation that puts the equation 
of ellipsoid into its normal form is exactly the principal axis transformation 
previously discussed. The principal moments of inertia determine the lengths of 
the axes of the inertia ellipsoid. If two of the roots of the secular equation are equal 
the inertia ellipsoid thus has two equal axes and is an ellipsoid of revolution. If all 
three principal moments are equal the inertia ellipsoid is a sphere. 

A quantity closely related to the moment of inertia is the radius of gyration, 
Ro, defined by the equation 


I= MR%. (5-36) 
In terms of the radius of gyration the vector p can be written as 
n 


ER 


The radius vector to a point on the inertia ellipsoid is thus inversely proportional 
to the radius of gyration about the direction of the vector. 

It is perhaps worth reemphasizing that the inertia tensor | and all the 
quantities associated with it—principal axes, principal moments, inertia 
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ellipsoid, etc.—are only relative to some particular point fixed in the body. If the 
point is shifted elsewhere in the body all the quantities will in general be changed. 
Thus Eq. (5-22) gives the effect of moving the reference point from the center of 
mass to some Other point. The principal axis transformation which diagonalizes I’ 
at the center of mass will not necessarily diagonalize the difference term 
M(R71 — RR), and hence is not in general the principal axis transformation for 
the shifted tensor I. Only if the shift vector R is along one of the principal axes 
relative to the center of mass will the difference tensor be diagonal in that system. 
The new inertia tensor I will in that special case have the same principal axes as at 
the center of mass. However the principal moments of inertia are changed, except 
for that corresponding to the shift axis, where the diagonal element of the 
difference tensor is clearly zero. The “parallel axis” theorem for the diagonalized 
form of the inertia tensor thus has a rather specialized and restricted form. 


5-5 METHODS OF SOLVING RIGID BODY PROBLEMS AND 
THE EULER EQUATIONS OF MOTION 


Practically all the tools necessary for setting up and solving problems in rigid 
body dynamics have by now been assembled. If nonholonomic constraints are 
present then special means must be taken to include the effects of these 
constraints in the equations of motion. For example, if there are “rolling 
constraints” these must be introduced into the equations of motion by the method 
of Lagrange undetermined multipliers, as in Section 2—4. As has been discussed in 
Section 5—1, one usually seeks a particular reference point in the body such that the 
problem can be split into two separate parts, one purely translational and the other 
purely rotational about the reference point. Of course, if one point of the rigid body 
is fixed in an inertial system then that is the obvious reference point. All that has to 
be considered then is the rotational problem about the fixed point. For bodies 
without a fixed point the most useful reference point is almost always the center of 
mass. We have already seen that the total kinetic energy and angular momentum 
then split neatly into one term relating to the translational motion of the center of 
mass and another involving rotation about the center of mass. Thus, Eq. (1-31) can 
now be written 


T =4Mv? + 4a. 


For many problems (certainly all those that will be considered here) a similar sort 
of division can be made for the potential energy. One can then solve individually 
for the translational motion of the center of mass and for the rotational motion 
about the center of mass. For example, the Newtonian equations of motion can 
be used directly; Eq. (1-22) for the motion of the center of mass and Eq. (1-26) 
for the motion about that point. With holonomic conservative systems the 
Lagrangian formulation is available, with the Lagrangian taking the form 


L@, 4) = LAs å.) + Lild» 4;)- 
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Here L, is that part of the Lagrangian involving the generalized coordinates q, 
(and velocities 4.) of the center of mass, and L, the part relating to the orientation 
of the body about the center of mass, as described by q,, q,. In effect then there are 
two distinct problems, one with Lagrangian L, and the other with Lagrangian L,. 
In both the Newtonian and Lagrangian formulations, it is convenient to work in 
terms of the principal axes system of the point of reference, so that the kinetic 
energy of rotation takes the simple form given in Eq. (5-24). So far the only 
suitable generalized coordinates we have for the rotational motion of the rigid 
body are the Euler angles. Of course, the motion is often effectively confined to 
two dimensions, as in the motion of a rigid lamina in a plane. The axis of rotation 
is then fixed in the direction perpendicular to the plane; only one angle of rotation 
is necessary and one may dispense with the cumbersome machinery of the Euler 
angles. 

For the rotational motion about a fixed point or the center of mass, the direct 
Newtonian approach leads to a set of equations known as Euler’s equations of 
motion. We consider either an inertial frame whose origin is at the fixed point of 
the rigid body, or a system of space axes with origin at the center of mass. In these 
two situations either Eq. (1-26) or (1-26’) holds, which here appears simply as 

(5) =N. 
dtl, 


The subscript s is used because the time derivative is with respect to axes that do 
not share the rotation of the body. However, Eq. (4-124) can be used to obtain 
the derivatives with respect to axes fixed in the body: 


dL\ — [db eee 
dt. Mat hy i 
or, dropping the “body” subscript: 


dL L=N - 
m Ox =N. (5-37) 


Equation (5-37) is thus the appropriate form of the Newtonian equation of 
motion relative to body axes. The ith component of Eq. (5-37) can be written 


dL = 
ae + eiO jL = N;. (5-38) 


If now the body axes are taken as the principal axes relative to the reference point 
then the angular momentum components are L; = I,w;. Equation (5-38) then 
takes the form 

da 


i + GO On], = Ni, (5-39) 
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since the principal moments of inertia are of course time independent.* In 
expanded form the three equations making up Eq. (5-39) look like 


Lò, — @,03(1, — 13) = Nj, 
lö, — @30,(1, —1,) = No, (5-39) 
Lö, — @,@,(1, — l) = N3. 


Equaticns (5-39) or Eqs. (5—39’) are the so-called Euler’s equations of motion for 
a rigid body with one point fixed. They can also be derived from Lagrange’s 
equations in the form of Eq. (1-53) where the generalized forces Q, are the torques 
corresponding to the Euler angles of rotation. However only one of the Euler 
angles has its associated torque along one of the body axes, and the remaining 
two Euler’s equations must be obtained by cyclic permutation (cf. Exercise 8). 


5-6 TORQUE-FREE MOTION OF A RIGID BODY 


One problem in rigid dynamics where Euler’s equations are applicable is in the 
motion ofa rigid body not subject to any net forces or torques. The center of mass is 
then either at rest or moving uniformly, and it does not decrease the generality of 
the solution to discuss the rotational motion in a reference frame in which the 
center of mass is stationary. In such case the angular momentum arises only from 
rotation about the center of mass and Euler’s equations are the equations of 
motion for the complete system. In the absence of any net torques they reduce to 


1,0, = 003l, — 13), 
I,@, = 030,(3; — I), (5-40) 


I0; = @,@2(1, — I2). 


The same equations, of course, will also describe the motion of a rigid body when 
one point is fixed and there are no net applied torques. We know two immediate 
integrals of the motion, for both the kinetic energy and the total angular 
momentum vector must be constant in time. With these two integrals it is possible 
to integrate (5-40) completely in terms ofelliptic functions, but such a treatment is 
not very illuminating. However, it is also possible to derive an elegant geometrical 
description of the motion, known as Poinsot’s construction, without requiring a 
complete solution to the problem. 

Consider a coordinatesystem oriented along the principal axes of the body but 
whose axes measure the components ofa vector p along the instantaneous axis of 
rotation as defined by Eq. (5-33). For our purposes it is convenient to make use 


* It is obvious that Eq. (5—39), as the ith component of a vector equation, does not involve a 
summation over i, although summation is implied over the repeated indices j and k. 


2 


i 
i 
i 
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of Eq. (5-18) for the kinetic energy (here constant) and write the definition of p in 
the form 


pee seeces, (5-41) 
o/I 2T 
In this p space we define a function 
F(p) = pl- p =3p;, (5-42) 


where the surfaces of constant F are ellipsoids, the particular surface F = 1 being 
the inertia ellipsoid. As the direction of the axis of rotation changes in time the 
parallel vector p moves accordingly, its tip always defining a point on the inertia 
ellipsoid. The gradient of F, evaluated at this point, furnishes the direction of the 
corresponding normal to the inertia ellipsoid. From Eq. (5—42) for F(p) the 
gradient of F with respect to p has the form 


21-@ 


S/T 


2 
VF = faa (5-43) 


Thus the @ vector will always move such that the corresponding normal to the 
inertia ellipsoid is in the direction of the angular momentum. In the particular 
case under discussion the direction of L is fixed in space and it is the inertia 
ellipsoid (fixed with respect to the body) that must move in space in order to pre- 
serve this connection between œ and L (cf. Fig. 5-4). 


V,F =2-p= 


or 


Inertia ellipsoid 


Invariable 
plane 


Herpolhode 


FIGURE 5—4 
The motion of the inertia ellipsoid relative to the 
invariable plane. 
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Itcanalso be shown that the distance between the origin of the ellipsoid and the 
plane tangent to it at the point p must similarly be constant in time. This distance is 
equal to the projection of p on L and is given by 


pL œL 
L L/T 
or 
pL A/T P 
L L 


where use has been made of Eq. (5-17). Both T, the kinetic energy, and L, the 
angular momentum, are constants ofthe motion and the tangent plane is therefore 
always a fixed distance from the origin of the ellipsoid. Since the normal to the 
plane, being along L, also has a fixed direction, the tangent plane is known as the 
invariable plane. We can picture the force-free motion of the rigid body as being 
such that the inertia ellipsoid rolls, without slipping, on the invariable plane, with 
the center of the ellipsoid a constant height above the plane. The rolling occurs 
without slipping because the point of contact is defined by the position of p which, 
being along the instantaneous axis of rotation, is the one direction in the body 
momentarily at rest. The curve traced out by the point of contact on the inertia 
ellipsoid is known as the polhode, while the similar curve on the invariable plane is 
called the herpolhode.* 

Poinsot’s geometrical discussion is quite adequate to describe completely the 
force-free motion of the body. The direction of the invariable plane and the height 
of the inertia ellipsoid above it are determined by the values of Tand L, which are 
among the initial conditions of the problem. It is then a matter of geometry to 
trace out the polhode and the herpolhode. The direction of the angular velocity in 
space is given by the direction of p, while the instantaneous orientation of the 
body is provided by the orientation of the inertia ellipsoid, which is fixed in the 
body. Elaborate descriptions of force-free motion obtained in this fashion are to 
be found frequently in the literature. In thesspecial case of a symmetrical body, 
the inertia ellipsoid is an ellipsoid of revolution, so that the polhode on the 
ellipsoid is clearly a circle about the symmetry axis. The herpolhode on the 
invariable plane is likewise a circle. An observer fixed in the body sees the angular 
velocity vector @ move on the surface of a cone—called the body cone—whose 
intersection with the inertia ellipsoid is the polhode. Correspondingly an 
observer fixed in the space axes sees œ move on the surface of a space cone whose 


* Hence the jabberwockian sounding statement: the polhode rolls without slipping on the 
herpolhode lying in the invariable plane. 

f See especially Webster, Dynamics of Particles and Rigid Bodies, Macmillan, Theoretical 
Mechanics—Dynamics of a Rigid Body, Routh, Advanced Rigid Dynamics, and Gray, 
Treatise on Gyrostatics and Rotational Motion. Among the many properties of the Poinsot 
construction given in these references is the curious fact that the herpolhode is always 
concave to the origin, belying its name, which means “snakelike.” 
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intersection with the invariable planeis the herpolhode. Thus the free motion of the 
symmetrical rigid body is sometimes described as the rolling of the body cone on 
the space cone. If the moment of inertia about the symmetry axis is less than that 
about the other two principal axes then from Eq. (5—35) the inertia ellipsoid is 
prolate, i.e., football shaped—somewhat as is shown in Fig. 5—4. In that case the 
body cone is outside the space cone. When the moment of inertia about the 
symmetry axis is the greater, the ellipsoid is oblate and the body cone rolls around 
the inside of the space cone. In either case the physical description of the motion is 
that the direction of œ precesses in time about the axis of symmetry of the body. 
The Poinsot construction shows how œ moves, but gives no information as to 
how the L vector appears to move in the body system of axes. Another 
geometrical description is available, however, to describe the path of the L vector 
as seen by an observer in the principal axes system. Equations (5-23) and (5-24) 
imply that in this system the kinetic energy is related to the components of the 
angular momentum by the equation 
L Li- L; 
= $ +=. 
21, 2L 2 


(5-45) 


Since T'is constant this relation defines an ellipsoid* also fixed in the body axes 
but not the same as the inertia ellipsoid. At the same time, the conservation of the 
magnitude of the angular momentum means that L must lie on a sphere defined 
by 

L? = LÌ + L3 + L}. (5-46) 


For given initial conditions—kinetic energy and angular momentum—the path 
of L in the body system is given by the intersection of the ellipsoid (5-45) with the 
sphere (5-46). That such an intersection always exists can be seen by writing Eq. 
(5-45) in a form employing the summation convention: 


where 


GTi 
are the semimajor axes of the ellipsoid. It follows that for any j 


J 
j ina 
Comparison with Eq. (5-46) shows that a? < L? if a; is the smallest semimajor 
axis, and a; > L? ifa,is the largest. If, as conventional, the axes are ordered such 
that 


- I, >1,>1,, 


* This ellipsoid is sometimes referred to as the Binet ellipsoid. 
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then the inequalities are summarized by the relations 
(tli < L< 2T. 


Hence the momentum sphere, of radius L, always intersects the kinetic energy 
ellipsoid. Figure 5-5 illustrates the appearance of the kinetic energy ellipsoid 
and some possible paths of the L vector on its surface. 

With the help of this geometrical construction something can be said about 
the possible motions of a free asymmetric body. It is easy to see that a steady 
rotation ofsuch a body is possible only about one of the principal axes. From the 
Euler equations (5-40) all the components of w can be constant only if 

ww], — I) = @,03(1, — 13) = w30, (I; — 1,) = 0 


> 


which requires that at least two of the components œ; be zero, i.e., @ is along only 
one of the principal axes. However, not all of these possible motions are stable— 
that is, not moving far from the principal axis under small perturbation. For 
example, steady motion about the x, axis will occur when L? = 2TI,. When there 
are slight deviations from this condition the radius of the angular momentum 
sphere is just slightly smaller than this value, and the intersection with the kinetic 
energy ellipsoid is a small circle about the x, axis. The motion is thus stable; the L 
vector never being far from the axis. Similarly, at the other extreme, when the 
motion about the axis of smallest J is perturbed, the radius of the angular 
momentum sphere is just larger than the smallest semimajor axis. The 
intersection is again a small closed figure around the principal axis and the 


FIGURE 5-5 


The kinetic energy, or Binet, ellipsoid fixed in the body axes, and some 
possible paths of the L vector in its surface. 
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motion is stable. However, the motion about the intermediate axis is unstable; for 
small deviations the intersections with the sphere are not small closed curves, but 
range over the ellipsoid. This behavior can best be understood by recognizing 
that at the intermediate axis the radius of curvature of the ellipsoid in one 
direction is greater than that of the contact sphere, and less in the perpendicular 
direction. At the other two extremes, the radii of curvature are either greater or 
smaller than the sphere radius in all directions. These conclusions on the stability 
of free body motion have been known for a long time, but recent applications, e.g., 
to the stability of spinning spacecraft, have brought them out of the obscurity of 
old monographs on rigid body dynamics.* 

Fora symmetrical rigid body the analytical solution for the force-free motion 
is not difficult to obtain, and one may directly confirm the precessing motion 
predicted by the Poinsot construction. Let the symmetry axis be taken as the z 
principal axis so that I, = I,. Euler’s equations (5—40) reduce then to 


Lò, = (I, — 13)@3@2, 
Lò, = — (I, —13)o30,, (5-47) 
I0, = 0. 


The last of these equations states that œ, is a constant and it can therefore be 
treated as one of the known initial conditions of the problem. The remaining two 
equations can now be written 


Q@, = Qw, Öz = Qw, (5-48) 


where Q is an angular frequency 


L-I, 


Q= F O3. (5-49) 
1 


Elimination of œ, between the two equations (5-48) leads to the standard 
differential equation for simple harmonic motion 


6, = -Na,, 
with the typical solution 
o, = AcosQt. 


The corresponding solution for œ, can be found by substituting this expression 


*If there are dissipative mechanisms present, these stability arguments have to be 
modified. It is easy to see that for a body with constant L, but slowly decreasing T, the only 
stable rotation is about the principal axis with the largest moment of inertia. The kinetic 
energy of rotation about the ith principal axis for given L is T = L*/2I,, which is least for 
the axis with the largest J,. Ifa body is set spinning about any other principal axis the effect 
ofa slowly decreasing kinetic energy is to cause the angular velocity vector to shift until the 
spinning is about the axis requiring the least value of T for the given L. Such dissipative 
effects are present in spacecraft because of the flexing of various members in the course of 
the motion, especially of the long booms carried by many of them. These facts were learned 
the hard way by the early designers of spacecraft! 
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for w,, back in the first of Eqs. (5—48): 
w, = Asin Qt. 

The solutions for w, and œ, show that the vector w,i + œ,j has a constant 
magnitude and rotates uniformly about the z axis of the body with the angular 
frequency Q (cf. Fig. 5-6). Hence the total angular velocity œ is also constant in 
magnitude and precesses about the z axis with the same frequency, exactly as 
predicted by the Poinsot construction.* It should be remembered that the 
precession described here is relativesto the body axes, which are themselves 
rotating in space with the larger frequency œ. From Eq. (5-49) it is seen that the 
closer I, is to I, the slower will be the precession frequency Q compared to the 
rotation frequency œ. The constants A (the amplitude of the precession) and œ, 
can be evaluated in terms of the more usual constants of the motion, namely the 
kinetic energy and the magnitude of the angular momentum. Both Tand L? can 
be written as functions of A and o3: 


| re eee 
T=751,4" + 51305, 


L? = RA? + Po}, 


and these relations in turn may be solved for A and w, in terms of T and L. 


FIGURE 5—6 

Precession of the angular velocity about the 
axis of symmetry in the force-free motion of a 
symmetrical rigid body. 


*The precession can be demonstrated in another fashion by defining a vector Q lying 
along the z axis with magnitude given by (5-49). Equations (5-47) are then essentially 
equivalent to the vector equation 


oO=a xQ, 


which immediately reveals the precession of w with the frequency Q. 
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It would be expected that the axis of rotation of the earth should exhibit this- 
precession, for the external torques acting on the earth are so weak that the 


rotational motion may be considered as that of a free body. The earth is ` 


symmetrical about the polar axis and slightly flattened at the poles so that 7, is 
less than 7,4. Numerically the ratio of the moments is such that 
I, 


=f 
3! = 0.00327 
L 


and the magnitude of the precession angular frequency should therefore be 


_ OF 

~ 306° 
Since w, is practically the same as the magnitude of œ this result predicts a period 
of precession of 306 days or about 10 months. If some circumstance disturbed the 
axis of rotation from the figure axis of the earth, we would therefore expect 
the axis of rotation to precess around the figure axis (i.e. around the North Pole) 
once every ten months. Practically such a motion should show up as a periodic 
change in the apparent latitude of points on the earth’s surface. Careful 
measurements of latitude at a network of locations around the world, carried out 
now for about a century, have shown that the axis of rotation is indeed moving 
about the pole with an amplitude of the order of a few tenths of a second of 
latitude (about 10 m). But the situation is far more complicated (and interesting) 
than the above simple analysis would suggest. The deviations between the figure 
and rotation axes are very irregular so that it’s more a “wobble” than a 
precession. Careful frequency analysis has shown the existence of an annual 
period in the motion, thought to arise from the annual cycle of seasons and the 
corresponding mean displacement of atmospheric masses about the globe. But in 
addition there is a strong frequency component centered about a period of 420 
days, known as the Chandler wobble. The present belief is that this motion 
represents the free-body precession derived above. It is thought that the difference 
in period arises from the fact that the earth is not a rigid body but is to some 
degree elastic. In effect some part of the earth follows along with the shift in the 
rotation axis, which has the effect of reducing the difference in the principal 
moments of inertia and therefore increasing the period. (If, for example, the earth 
were completely fluid then the figure axis would instantaneously adjust to the 
rotation axis and there could be no precession.) 

There are still other obscure features to the observed wobble. The frequency 
analysis indicates there are strong damping effects present, believed to arise from 
either tidal friction or dissipative effects in the coupling between the mantle and 
the core. The damping period ought to be the order of 10-20 years. But no such 
decay of the amplitude of the Chandler wobble has been observed; some sort of 
random excitation must be present to keep the wobble going. Various sources of 
the excitation have been suggested. Present speculation points to deep 
earthquakes, or the mantle phenomena underlying them. as possibly producing 
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discontinuous changes in the inertia tensor large enough to keep exciting the free- 
body precession.* 


5-7 THE HEAVY SYMMETRICAL TOP WITH ONE POINT FIXED 


Asa further and more complicated example of the application of the methods of 
rigid dynamics we shall consider the motion of a symmetrical body in a uniform 
gravitational field when one point on the symmetry axis is fixed in space. A wide 
variety of physical systems, ranging from a child's top to complicated gyroscopic 
navigational instruments, are approximated by such a heavy symmetrical top 
Both for its practical applications and as an illustration of many ofthe techniques 
previously developed, the motion of the heavy symmetrical top deserves a 
detailed exposition. 

The symmetry axis is of course one of the principal axes and will be chosen as 
the Z axis of the coordinate system fixed in the body.ł Since one point is 
stationary the configuration of the top is completely specified by the three Euler 
angles: 0 gives the inclination of the = axis from the vertical, ¢ measures the 
azimuth of the top about the vertical, while w is the rotation angle of the top about 
its own = axis (cf. Fig. 5-7). The distance of the center of gravity (located on the 
symmetry axis) from the fixed point will be denoted by l. 

The Lagrangian procedure, rather than Euler's equations, will be used to 
obtain a solution for the motion of the top. Since the body is symmetrical the 
kinetic energy can be written as 


1 z l 
T=51, (w7 + w3) + 51303. 
or. in terms of Euler’s angles, and using Eqs. (4-125), as 
li T ERE 
T= oe + sin? 0) + Pad + @cos 6)’, (5-50) 


where the cross terms in œ7 and «3 cancel. It is a well-known elementary theorem 
that in a constant gravitational field the potential energy is the same as if the body 
were concentrated at the center of mass, but a brief formal proof may be given 
here. The potential energy of the body is the sum over all particles: 


V = -mfg 


* The free precession of the earth's axis.is not to be confused with its slow precession about 
the normal to the ecliptic. This astronomical precession of the equinoxes is due to the 
gravitational torques of the sun and the moon, which were considered negligible in the 
above discussion. That the assumption is justified is shown by the long ‘period of the 
precession of the equinoxes (26,000 years) compared to a period of roughly one year for the 
force-free precession. The astronomical precession is discussed further below. 


TOnly the body axes need specific identification here; it will therefore be convenient to 


designate them in this section as the xyz axes, without fear of confusing them with the space 
axes. 


naa ee Stat YN 
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Vertical 
l 


FIGURE 5-7 l , 
Eulers angles specifying the orientation of a 


i i Line of nodes symmetrical top. 


where g is the constant vector for the acceleration of gravity. By Eq. (1-21) 
defining the center of mass, this is equivalent to 


V = —MR-`g, (5-51) 
which proves the theorem. In terms of the Euler angles, 
V = Mglcos8@, (5-51') 
so that the Lagrangian is 
L= 20? + @? sin? 0) + By + @cos6)? — Mgl cos 0. (5-52) 


It will be noticed that ġ and w do not appear explicitly in the Lagrangian; they 
are therefore cyclic coordinates, indicating that the corresponding generalized 
momenta are constant in time. Now, we have seen that the momentum conj ugate to 
arotation angle is the component of the total angular momentum along the axis of 
rotation, which for ġ is the vertical axis, and for y, the z axis in the body. One can in 
fact show from elementary principles that these components of the angular 
momentum must be constant in time. Since the torque of gravity is along the line of 
nodes, there is no component of the torque along either the vertical or the body z 
axis, for by definition both of these axes are perpendicular to the line of nodes. 
Hence the components of the angular momentum along these two axes must be 


constant in time. at 
We therefore have two immediate first integrals of the motion: 


Dy = a7 = Isl + ġ cos8) = 1303 = 1,4 (5-53) 
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and 


a 


L p ‘ 
By = 55 = (Sin? 0 + 10s? 0) + Iah cos0 = Ib. (5-54) 


Here the two constants of the motion are expressed in terms of new constants a 
and b. There is one further first integral available; since the system is conservative 
the total energy E is constant in time: 


Epa ; 5 l 
E=T+V= A + 7 sin? 0) + 503 + Melcosé. (5-55) 


Only three additional quadratures are needed to solve the problem, and they 
can easily be obtained from these three first integrals without directly using the 
Lagrange equations. From Eq. (5-53) y is given in terms of ¢ by 


I, = I,a — 1,6cos 0, (5-56) 
and this result can be substituted in (5-54) to eliminate y: 
I ġsin?0 + I,acos@ = 1b, 
or 


b — acos 
sin? 0 


$= (5-57) 
Thus if 0 were known as a function of time Eq. (5-57) could be integrated to 
furnish the dependence of ġ on time. Substituting Eq. (5-57) back in Eq. (5-56) 


results in a corresponding expression for i}: 


ae | b— 
j= ae geese (5-58) 


3 sin? 0 
which furnishes w if 0 is known. Finally, Eqs. (5-57) and (S—58) can be used to 
eliminate @ and Ņ from the energy equation, resulting in a differential equation 
involving @ alone. First notice that Eq. (5-53) says jw, is constant in time and 
equal to (I,/I,)a. Therefore E — I,w3/2 is a constant of the motion, which we shall 
designate as E’. Making use of Eq. (5—57) the energy equation can thus be written 
as 
Le e I, (b — acos6) 


E' = - 
2 2 sin? 0 


+ Mgl cos 8. (5-59) 


Equation (5-59) has the form of an equivalent one-dimensional problem in the 
variable 0, with the effective potential V'(@) given by 


É — al 


sin 0 Gem) 


I 
V'(0) = Mglcos@ + = 


We will in effect use this one-dimensional problem to discuss the motion in 6, very 
similarly to what was done in Section 3—3 in describing the radial motion in the 
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central force problem. It is somewhat more convenient, however, to change the 
variable to u = cos(), and rewrite Eq. (5-59) as 


I I : ; 
E(l—-w)= zi + =b — au)? + Mgl u(l — u”). 


Introducing two new constants 


2E' 2Mgl 
4 = T? B = T (5-61) 
1 1 
and rearranging terms, this becomes 
i? = (1 — w)\(a — Bu) — (b — au)’, (5-62) 
which can be reduced immediately to a quadrature: 
Gi du : 
t= f = =. (5-63) 
po vuo Ja — u’ )(x — Bu) — (b — auy 


With this result, and Eqs. (5-57) and (5-58), @ and y can also be reduced to 
quadratures. However, the polynomial in the radical is a cubic so that we have to 
deal with elliptic integrals. Extensive discussions of these solutions involving 
elliptic functions are to be found in the literature,* but, as in the case of the force- 
free motion, the physics tends to be obscured in the profusion of mathematics. 
Fortunately, the general nature of the motion can be discovered without actually 
performing the integrations. 

Let the right-hand side of Eq. (5-62) be denoted by f(u). The roots of this 
cubic polynomial furnish the angles at which () changes sign. i.e.. the “turning 
angles” in 0. For u large, the dominant term in f (u) is Bus. Since f (cf. Eq. (5-61 )) 
is always greater than zero, f(u) is positive for large positive u and negative for 
large negative u. At the points u = +1, f(u) becomes equal to — (b F a)? and is 
therefore always negative, except for the unusual case where u = +1 is a root 
(corresponding to a vertical top). Hence at least one of the roots must lie in the 
region u > 1, a region that does not correspond to real angles. Indeed, physical 
motion of the top can occur only when i? is positive somewhere in the interval 
between u = —1 and u = +1, ie. 0 between 0 and +z. We must conclude, 
therefore, that for any actual top f (u) will have two roots, u, and u,, between — I 
and +1 (cf. Fig. 5-8), and that the top moves such that cos 0) always remains 
between these two roots. The location of these roots, and the behavior of ¢ and ġ 
for values of 0 between them, provide much qualitative information about the 
motion of the top. 

It is customary to depict the motion of the top by tracing the curve of the 
intersection of the figure axis on a sphere of unit radius about the fixed point. This 
curve will be known as the locus of the figure axis. The polar coordinates of a point 


*See, for example, the treatise by F. Klein and A. Sommerfeld; Whittaker, Analytical 
Dynamics: or the very detailed treatment in Macmillan. Dynamics of Rigid, Bodies. 
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FIGURE 5-8 

Illustrating the location of the turning angles 
of 0 in the motion of a heavy symmetrical 
top. 


on the locus are identical with the Euler angles 0, ¢ for the body system. From the 
discussion of the above paragraph it is seen that the locus lies between the two 
bounding circles of colatitude 6, =arccosu, and @, =arccosu,, with 0 
vanishing at both circles. The shape of the locus curve is in large measure 
determined by the value of the root of b — au, which will be denoted by uw’: 


w=. (5-64) 


Suppose, for example, the initial conditions are such that w is larger than u,. 
Then, by Eq. (5-57), @ will always have the same sign for the allowed inclination 
angles between 0), and 6,. Hence the locus of the figure axis must be tangent to the 
bounding circles in such a manner that ġ is in the same direction at both 0, and 
02, as is shown in Fig. 5—9(a). Since @ therefore increases secularly in one 
direction or the other, the axis of the top may be said to precess about the vertical 
axis. But it is not the regular precession encountered in force-free motion, for as 
the figure axis goes around it nods up and down between the bounding angles 0), 
and §,—the top nutates during the precession. 

Should b/a be such that uw’ lies between u, and u, the direction of the 
precession will be different at the two bounding circles and the locus of the figure 
axis exhibits loops, as shown in Fig. 5—9(b). The average of @ will not vanish, 
however, so that there is always a net precession in one direction or the other. It 
can also happen that u’ coincides with one of the roots off (u). At the corresponding 


(a) (b) (c) 


FIGURE 5-9 
The possible shapes for the locus of the figure axis on the unit sphere. 
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bounding circles both 0 and ġ must then vanish, which requires that the locus have 
cusps touching the circle, as shown in Fig. (S—9(c). 

This last case is not as exceptional as it sotds; it corresponds in fact to the 
initial conditions usually stipulated in elementary discussions of tops: one 
assumes that initially the symmetrical top is spinning about its figure axis, which 
is fixed in some direction 0. At time t = 0 the figure axis is released and the 
problem is to describe the subsequent motion. Explicitly these initial conditions 
are that at t = 0,0 = 0, and Ò = ¢ = 0. The angle 6, must therefore be one of the 
roots of f(u), in fact it corresponds to the upper circle: 


Ug =U, =u = Ë (5-65) 
a 

For proof note that with these initial conditions E’ is equal to Mgl cos @, and 
that the terms in E’ derived from the top’s kinetic energy can never be negative. 
Hence as 0 and ¢ begin to differ from their initial zero values, energy can be 
conserved only by a decrease in Mgl cos 0, that is, by an increase in 8. The initial 
8, is therefore the same as 0,, the minimum value 0 can have. When released in 
this manner, the top always starts to fall, and continues to fall until the other 
bounding angle 0, is reached, precessing the meanwhile. The figure axis then 
begins to rise again to 0,, the complete motion being as shown in Fig. 5—9(c). 
Some quantitative predictions can be made about the motion of the top 
under these initial conditions of vanishing Ê and ¢, provided that the initial 
kinetic energy of rotation is assumed large compared to the maximum change in 

potential energy: 


iho > 2Mgl. (5-66) 


The effects of the gravitational torques, namely the precession and accompanying 
nutation, will then be only small perturbations on the dominant rotation of the 
top about its figure axis. In this situation, we speak of the top as being a “fast top.” 
With this assumption we can obtain expressions for the extent of the nutation, 
the nutation frequency, and the average frequency of precession. 

The extent of the nutation under these initial conditions is given by u; — to, 
where u, is the other physical root of f (u). The initial condition E' = M gl cos ĝo is 
equivalent to the equality 

a = Buy. 


With this relation, and the conditions of Eq. (5—65), f (u) may be rewritten more 
simply as 


f(u) = (Ug — uH — u?) — a° (uo — u)}- (5-67) 


The roots of f(u) other than ug are given by the roots of the quadratic expression 
in the curly brackets, and the desired root u, therefore satisfies the equation 


E) 


a? 


Paue 


(tig — u,) = 0. (5-68) 
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Denoting uo — u by x and itọ — u, by x,, Eq. (5—68) can be rewritten as 


Xj + px; —q=0, (5-69) 
where 


T 


a . 
p=— —2cosĝọ, q= sin? bg- 


The condition for a “fast” top, Eq. (5-66), imþlies that p is much larger than q. 

This can be seen by writing the ratio a?/B as 

a” {1;\ 1,03 
~ Z] 2Mgl 


Except in the.case that 1, « I, (which would correspond to a top in the unusual 
shape of a cigar), the ratio is much greater than unity, and p > q. To first order in 
the small quantity q/p the only physically realizable root of Eq. (5—68) is then 


x, =-. 


Pp 
Neglecting 2 cos @) compared to a?/ this result can be written 


sin’, I, 2Mgl 
ME a 


BT or Oo: (5-70) 


Thus the extent of the nutation, as measured by x, = Ho — u,, goes down as 1/%3; 
the faster the top is spun the less is the nutation. 

The frequency of nutation likewise can easily be found for the “fast” top. Since 
the amount of nutation is small the term (1 — u°) in Eq. (5—67) can be replaced by 
its initial value, sin? 04. Equation (5—67) then reads, with the help of Eq. (5-70); 


f(u) = X? = a’x(x, — x). 


If we shift the origin of x to the midpoint of its range, by changing variable to 
= X mi 
yor >? 


then the differential equation becomes 


which on differentiation again reduces to the familiar equation for simple 
harmonic motion 


si 2 
y= —a’y. 

In view of the initial condition x = 0 at t = 0, the complete solution is 

gi 

2 


4 


x= 


(1 — cosat), (5-71) 


im 
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where x, is given by (5-70). The angular frequency of nutation of the figure axis 
between 6, and 0, is therefore 


I, 
a=, (5-72) 
I, 
which increases the faster the top is spun initially. 
Finally, the angular velocity of precession, from (5-57), is given by 


ú alugo — 4) ax 
~ sin?@ ~ sin? bo 


or, substituting Eqs. (5-72) and (5-70), 
pa ieee 
o = —(1 — cosat). (5-73) 
2a 


The rate of precession is therefore not uniform but varies harmonically with time, 
with the same frequency as the nutation. The average precession frequency, 
however, is 

208 l0,’ 


(5-74) 


which indicates that the rate of precession decreases as the initial rotational 
velocity of the top is increased. 

We are now ina position to present a complete picture of the motion of the 
fast top when the figure axis initially has zero velocity. Immediately after the 
figure axis is released, the initial motion of the top is always to fall under the 
influence of gravity. But as it falls the top picks up a precession velocity, directly 
proportional to the extent of its fall, which starts the figure axis moving sideways 
about the vertical. The initial fall results in a periodic nutation of the figure axis in 
addition to the precession. As the top is spun faster and faster initially, the extent 
of the nutation decreases rapidly, although the frequency of nutation increases, 
while at the same time the precession about the vertical becomes slower. In 
practice, for a sufficiently fast top the nutation is damped out by the friction at the 
pivot and becomes unobservable. The top then appears to precess uniformly 
about the vertical axis. Because the precession is regular only in appearance, 
Klein and Sommerfeld have dubbed it a pseudoregular precession. In most of the 
elementary discussions of precession the phenomenon of nutation is neglected. In 
consequence such derivations seem to lead to the paradoxical conclusion that 
upon release the top immediately begins to precess uniformly; a motion that is 
normal to the forces of gravity that are the ultimate cause of the precession. Our 
discussion of pseudoregular precession serves to resolve the paradox; the 
precession builds up continuously from rest without any infinite accelerations, 
and the initial tendency of the top is to move in the direction of the forces of 
gravity. 
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Itis of interest to determine exactly what initial conditions will result in a true 
regular precession. In such case the angle @ remains constant at its initial value Mo 
which means that 6, = 8, = Qo, or in other words, f (u) must have a double root 
at uy (cf. Fig. 5-10), or 

df _ 


f(u) = 0, du 0; u = Up. 


The first of these conditions, from Eq. (5-62), implies 


(b — aug)” 


(œ — Bug) = : (5-75) 


1—u2 
the second corresponds to 


B _ a(b — auo) (a — Bug) 


2 eee ge oe 


Substitution of Eq. (5-75) in Eq. (5-76) leads, in view of Eq. (5-57) for œ, to a 
quadratic equation for ġ: 


f = ap — $? cos 0y. (5-76) 


With the definitions of 8, Eq. (5-61), and of a, Eq. (5—53), this can be written in 
two alternate forms, depending on whether a is expressed in terms of w, or the 
(constant) y and @: 


Mgl = (1,3 — 1, cos 94), (5-77a) 
or 


Mgl = (I) — (1, — 15) cos 09). (5-77b) 


The initial conditions for the problem of the heavy top require the specification of 
0, Q W, 0, p, and, say, either ý or œ at the time t = 0. Because they are cyclic the 
initial values of @ and y are largely irrelevant and in general we can choose any 
desired value for each of the four others. But if in addition we require that the 
motion of the figure axis be one of uniform precession without nutation then our 
choice of these four initial values is no longer completely unrestricted, instead 
they must satisfy either of Eqs. (5-77). For 6 = 0, one may still choose initial 
values of @ and w,, almost arbitrarily, but the value of ¢ is then determined. The 


FIGURE 5-10 
Appearance of f(u) for a regular precession. 
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© 


phrase “almost arbitrarily” is used because Eqs. (5-77) are quadratic, and in order 
that ġ be real the discriminant of Eq. (5-77a) must be positive: 


I2«2 > 4Mgll cos bg. (5-78) 


For 0) > 2/2 (a top mounted so its center of mass is below the fixed point) then 
any value of œw, can lead to uniform precession. But for 0) < 7/2, œ, must be 
chosen to be above a minimum value: 


2 pt 
0; > 03 = 7 vMael cos ĝo, (5-79) 
3 


to achieve the same situation. Similar conditions can be obtained from Eq. 
(5—77b) for the allowable values of y. As a result of the quadratic nature of Eq. 
(5-77) there will in general be two solutions for ¢, known as the “fast” and “slow” 
precession. It will also be noticed that (5-77) can never be satisfied by ¢ = 0 for 
finite} or œ,; to obtain uniform precession we must always give the top a shove 
to start it on its way. Without this correct initial precessional velocity one can 
obtain at best only a pseudoregular precession. 

If the precession is slow, so that ġ cos 0) may be neglected compared to a, 
then an approximate solution for ¢ is 


@x—= Mel (slow), 


which agrees with the average rate of pseudoregular precession for a fast top. This 
result is to be expected, of course; if the rate of precession is slow there is little 
difference between starting the gyroscope off with a little shove or with no shove 
at all. Note that with this value for ġ, the neglect of ġ cos 0g compared to a is 
equivalent to requiring that œ, be much greater than the minimum allowed value. 
For such large values of œ, the “fast” precession is obtained when @ is so large 
that Mgl is small compared to the other terms in Eq. (5-77a): 


I,@3 


0) = T, cos 0, (fast). 


The fast precession is independent of the gravitational torques and can in fact be 
related to the precession of a free body (see Exercise 19a). 

One further case deserves some attention, namely, when u = 1 corresponds 
to one of the roots of f(u).* Suppose, for instance, a top is set spinning with its 
figure axis initially vertical. Clearly then b = a, for I,b and J,a are the constant 
components of the angular momentum about the vertical axis and the figure axis 
respectively, and these axes are initially coincident. Since the initial angular 


* Note that this must be treated as a special case, since in the previous discussions factors of 
sin? @ were repeatedly divided out of the expressions. 


5-7 THE HEAVY SYMMETRICAL TOP WITH ONE POINT FIXED 223 


velocity is only about the figure axis the energy equation (5—59) evaluated at time 
t = Q states that 


PE 
E' =E — 51303 = Magl. 


By the definitions of « and B (Eq. 5-61) it follows that « = f. 
The energy equation at any angle may therefore be written as 


i? = (1 — w?)B(1 — u) — @? (1 — u)? 


or 
i? = (1 — uP {BU + u) — a°}. 


The form of the equation indicates that u = 1 is always a double root, with the 
third root given by 


a? 
l = F = 1. 

If a?/B > 2 (which corresponds to the condition for a “fast” top), u, is larger than 
1 and the only possible motion is for u = 1; the top merely continues to spin 
about the vertical. For this state of affairs the plot of f (u) appears as shown in Fig. 
5—11(a). On the other hand if a?/f < 2, u, is then less than 1, f (u) takes on the 
form shown in Fig. 5—11(b), and the top will nutate between 0 = 0 and 6 = @3. 
There is thus a critical angular velocity, w’, above which only vertical motion is 
possible, whose value is given by 


a? (7 Lw” 


a 


or 


(5-80) 


(a) w >" 


FIGURE 5-11 
Plot of f(u) when the figure axis is initially vertical. 
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which is identical with Eq. (5-79) for the minimum frequency for uniform 
precession with 0, = 0. In practice, if a top is started spinning with its axis vertical 
and with w, greater than the critical angular velocity, it will continue to spin 
quietly for a while about the vertical (hence the designation as a “sleeping” top*). 
However, friction gradually reduces the frequency of rotation below the critical 
value and the top then begins to wobble in ever larger amounts as it slows down. 
The effects of friction (which of course cannot be directly included in the 
Lagrangian framework) can give rise to unexpected phenomena in the behavior 
of tops. A notable example is the “tippie-top,” which consists basically of 
somewhat more than half a sphere with a stem added on the flat surface. When set 
rotating with the spherical surface downwards on a hard surface, it proceeds to 
skid and nutate until it eventually turns upside down, pivoting on the stem, where 
it then behaves as a normal “sleeping” top. The complete reversal of the angular 
momentum vector is the result of the frictional torque occurring as the top skids 
on its spherical surface.t 

A large and influential technology is based on the applications of rapidly 
spinning rigid bodies, particularly through the use of what are called 
“gyroscopes.” Basically, a gyroscope is a symmetrical top rotated very rapidly by 
external means about the figure axis and mounted in gimbals so that the motion 
of the figure axis is unrestricted about one or more spatial axes while the center of 
gravity remains stationary. If external torques are suitably exerted on the 
gyroscope it will undergo the precession and nutation motions described above 
for the heavy top. However, the condition for the “fast” top is abundantly 
satisfied, so that the extent of the nutation is always very small, and moreover is 
deliberately damped out by the method of mounting. The only gyroscopic 
phenomenon then observed is precession and the mathematical treatment 
required to describe this precession can be greatly simplified. One can see how to 
do this by generalization from the case of the heavy symmetrical top. If R is the 
radius vector along the figure axis from the fixed point to the center of gravity, 
then the gravitational torque exerted on the top is 


N=R x Mg, (5-81) 


where g is the downward vector of the acceleration of gravity. If L, is a vector 
along the figure axis, describing the angular momentum of rotation about the 
figure axis, and ,, known as the precession vector, is aligned along the vertical 


* As in “we have come, last and best, 
From the wide zone in dizzying circles hurled 
To that still centre where the spinning world 
Sleeps on its axis, to the heart of rest.” 
From Gaudy Night by D. L. Sayers 


Reprinted by permission of Harper & Row. 


TA fad of the 1950s, the “tippie-top” engendered a voluminous literature. See, for example, 
A.R. Del Campo, American Journal of Physics 23, 544 (1955), and also Barger and Olsson, 
Classical Mechanics, pp. 254-257. 
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with magnitude equal to the mean precession angular velocity $, Eq. (5—74), then 
the sense and magnitude of the (pseudoregular) precession is given by 


o, x L; =N. (5-82) 


Since any torque about the fixed point or center of mass can be put in the form 
R x F, similar to Eq. (5—81), the resulting average precession rate for a “fast” top 
can always be derived from Eq. (5-82), with the direction of the force F defining 
the precession axis. For almost all of the engineering applications of gyroscopes, 
the equilibrium behavior (i.e., neglecting transients) can be derived from Eq. 
(5-82). 

Free from any torques a gyroscope spin axis will always preserve its original 
direction relative to an inertial system. Gyros can therefore be used to indicate or 
maintain specific directions, e.g., provide stabilized platforms. As indicated by Eq. 
(5-82), through the precession phenomena they can sense and measure angular 
rotation rates and applied torques. Note from Eq. (5-82) that the precession rate 
is proportional to the torque, whereas in a nonspinning body it is the angular 
acceleration that is given by the torque. Once the torque is removed, a 
nonspinning body will continue to move; under similar conditions a gyro simply 
stops precessing. 

The gyrocompass involves more complicated considerations because here we 
are dealing with the behavior ofa gyroscope fixed in the noninertial system, while 
the earth rotates underneath it. In a gyrocompass an additional precession is 
automatically applied by an external torque at a rate just enough to balance the 
rotation rate of the earth. Once set in the direction of the earth’s rotation, i.e., the 
North direction, the gyrocompass then preserves this direction, at least in slowly 
moving vehicles. What has been presented here is admittedly an oversimplified, 
highly compressed view of the fascinating technological uses of fast spinning 
bodies. To continue further in this direction would regrettably lead us too far 
afield’ 

There are, however, two examples of precession phenomena in nature for 
which a somewhat fuller discussion would be valuable, both for the great interest 
in the phenomena themselves and as examples of the techniques derived in this 
chapter. The first concerns the types of precession that arise from torques induced 
by the earth’s equatorial “bulge,” and the second is the precession of moving 
charges in a magnetic field. The next two sections are concerned with these 
examples. 
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It has been mentioned previously that the earth is a top whose figure axis is 
precessing about the normal to the ecliptic, a motion known astronomically as 
the precession of the equinoxes. Were the earth completely spherical, none of the 
other members of the solar system could exert a gravitational torque on it. But, as 
has been pointed out, the earth deviates slightly from a sphere, being closely 
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approximated by an oblate spheroid of revolution. It is just the net torque on the 
resultant equatorial “bulge” arising from gravitational attraction, chiefly of the 
sun and the moon, that sets the earth’s axis precessing in space. 

To calculate the rate of this precession a slight excursion into potential theory 
is needed to find the mutual gravitational potential of a mass point (representing 
the sun or the moon) and a nonspherical distribution of matter. We will find the 
properties of the inertia tensor as obtained above very useful in the derivation of 
this potential. 

Consider a distribution of mass points forming one body, and a single mass 
point, mass M, representing the other (cf. Fig. 5-12). If r; is the distance between 
the ith point in the distribution and the mass point M, then the mutual 
gravitational potential between the two bodies is* 


V= 


z (5-83) 
ri\2 re 
aL + [£] — 2 cos Y; , 


In this last expression the terminology of Fig. 5-12 is used: r; is the radius vector 
to the ith particle from a particular point, which will later be taken to be the center 
of mass of the first body, r is the corresponding radius vector to the mass point M, 
and y; is the angle between the two vectors. It is well known that a simple 
expansion in terms of Legendre polynomials can be given for Eq. (5-83); in fact the 
reciprocal of the square root in Eq. (5~83) is known as the generating function for 
Legendre polynomials,7 so that 


a 


F 


V= ou >. m| 3 P (cos w;), (5-84) 
F azo (F 


FIGURE 5-12 
o Geometry involved in gravitational potential 
between an extended body and a mass point. 


*It may be worth a reminder that summation is implied over repeated subscripts. 


7See for example. J. Mathews and R. L. Walker. Mathematical Methods of Physics, first 
edition, p. 164, and G. Arfken, Mathematical Methods for Physicists, p. 418. 
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providing r, the distance from the origin to M, is greater than any ri. We shall 
make use of only the first three Legendre polynomials that, for reference, are 


P,(x) = 1, POSS, P,(x) = 4(3x? — 1). (5-85) 


For a continuous spherical body, with only a radial variation of density, all terms 
except the first in Eq. (5-84) can easily be shown to vanish. Thus the nth term 
inside the summation, for a body with spherical symmetry and mass density p(r’), 


can be written 
ia foro] "P,(cos). 


Using spherical polar coordinates, with the polar axis along r, this becomes 


af 


r’\" +1 
r? aro] Í d(cos w)P,(cos w). 


From the orthonormal properties of P, with respect to P}, the integral over cos y 
vanishes except for n = 0, which proves the statement. 

If the body deviates only slightly from spherical symmetry, as is the case with 
the earth, one would expect the terms in Eq. (5-84) beyond n = 0 to decrease 
rapidly with increasing n. It will therefore be sufficient to retain only the first 
nonvanishing correction term in Eq. (5-48) to the potential for a sphere. Now, the 
choice of the center of mass as origin causes the n = 1 term to vanish identically, 
since it can be written 


M , GM , 
2 Myr; COS y=- T U ME 


which is zero, by definition of the center of mass. The next term, for n = 2, can be 
written 


GM 5 
garri A — 3 cos“ y;). 


It is useful to write the r/? cos? y; expression in dyadic form: 

‘a3 rer r 
so that, with a little judicious addition and subtraction, the n = 2 term in the 
potential takes the form 


3 GM 3 ae GM 
ae mre [rT — rer — 3 


22 
i i mr” - 


In the first part of this expression we can recognize the dyadic form for the inertia 
tensor, Eq. (5-15), while from Eq. (5—6) the second part is seen to involve the trace 
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of the inertia tensor. We can therefore write the n = 2 term as 


3 GM GM 
ee reer E Tri, 


and the complete approximation to the nonspherical potential as 


M M 
V== Gun + S01, — Tri), 
; 5 


(5-86) 


where m is the mass of the first body (earth) and J, is the moment of inertia about 
the direction of r. From the diagonal representation of the inertia tensor in the 
principal axis system, its trace is just the sum of the principal moments of inertia, 
so that V can be written as 


GMm 
7 


M 
V= + s 5I, — (L +1, + L)]. (5-87) 
5 


Equation (5-87) is sometimes known as MacCullagh’s formula. So far no 
assumption of rotational symmetry has been made. Let us now take the axis of 
symmetry to be along the third principal axis, so that J, = 1,. Ifa, B, y are the 


direction cosines of r relative to the principal axes, then the moment of inertia J, 
can be expressed as 


I= 1 + B’) T 137° =1,+ (3 - I,)y?. 
With this form for I, the potential, Eq. (5-87), becomes 


GMm P GM(, — 1) 


v=- 2 Sr By - 1], 


or 


GMm p GM(I, — L) 


5 1 or? 


P,(y). (5-88) 
The general form of Eq. (5-88) could have been foretold from the start, for the 
potential from a mass distribution obeys Poisson’s equation. The solution 
appropriate to the symmetry of the body, as is well known, is an expansion of 
terms of the form P,,(y)/r"* ', of which Eq. (5-88) shows the first two nonvanishing 
terms. However this approach does not give the coefficients of the terms any more 
simply than the derivation employed here. It should also be remarked that the 
expansion of V is the gravitational analog of the multipole expansion of, say, the 
electrostatic potential ofan arbitrary charged body.* Then = 1 termis absent here 
because there is only one sign of gravitational “charge” and there can be no 
gravitational dipole moment. Further, the inertia tensor is defined analogously to 


* See, for example, J. D. Jackson, Classical Electrodynamics, Section 4.1. 


5-8 PRECESSION OF THE EQUINOXES AND OF SATELLITE ORBITS 229 


the quadrupole moment tensor. Therefore the mechanical effects we are seeking 
can besaid to arise from the gravitational quadrupole moment of the oblate earth. * 

Of the terms in Eq. (5-88) for the potential, the only one that depends on the 
orientation of the body, and thus could give rise to torques, is 


V = GM(I, — I,) 
2 273 


For the example of the earth’s precession, it should be remembered that y is the 
direction cosine between the figure axis of the earth and the radius vector from the 
earth’s center to the sun or moon. As these bodies go around their apparent orbits 
y will change. The relation of y to the more customary astronomical angles can be 
seen from Fig. 5-13 where the orbit of the sun or moon is taken as being in the xy 
plane, and the figure axis of the body in the xz plane. The angle 0 between the 
figure axis and the z direction is the obliquity of the figure axis. The dot product of 
a unit vector along the figure axis with the radius vector to the celestial body 
involves only the products of their x components, so that 


P,(y). (5-89) 


y = sin ĝ cos y. 
Hence V, can be written 
_ GM(I;,—1,) 


A a [3 sin? @ cos? y — 1]. 


As we shall see, the orbital motion is very rapid compared to the precessional 
motion and for the purpose of obtaining the mean precession rate it will be 
adequate to average V, over a complete orbital period of the celestial body 
considered. Since the apparent orbits of the sun and moon have low eccentricities, 
r can be assumed constant and the only variation is in cos 9. The average of cos? n 
over a complete period is 1/2, and the averaged potential is then 


7, rae sino |- Mezi soos? 0} 


2r3 2r? 2 2 


FIGURE 5-13 
Diagram of figure axis of the earth relative 
to orbit of mass point. 


*Note that so far nothing in the argument restricts the potential of Eq. (5-88) to rigid 
bodies. The constraint of rigidity enters only when we require from here on that the 


principle axes be fixed in the body and the associated moments of inertia be constant in 
time. 
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or, finally, 
7 GM(I, — 1) 


: TE P,(cos 8). (5-90) 
2 Jr 


The torque derived from Eq. (5-90) is perpendicular to both the figure axis 
and the normal to the orbit (which plays the same role as the vertical axis for the 
heavy top). Hence the precession is about the direction of the orbit normal vector. 
The magnitude of the precession rate can be obtained from Eq. (5-82), but 
because the potential differs in form from that for the heavy top, it may be more 
satisfying to obtain a more formal derivation. For any symmetric body in which 
the potential is a function of cos 0 only, the Lagrangian can be written, following 


Eq. (5-52), as 


: f Talse i 
L= 4g + ° sin? 0) + aw + dcosé)? — V (cos 8). (5-91) 
2 2 
If we are to assume only uniform precession and are not concerned about the 
necessary initial conditions, we can simply take @ and 6 to be zero in the equations 
of motion. The Lagrange equation corresponding to @ is then 


aV 


0. j : . è . . C = 
= = 1,’ sin @cos@ — 1,@sin 0(w + pcos 8) — aa 0 
or 
— 1,9? cos 9 = = 5-92) 
I,m, — 1,@° cos 0 (cos 6)’ ( 


which is the analog of Eq. (5-76') for a more general potential. For slow 
precession, which means basically that ġ « ws, the $“ terms in Eq. (5-92) can be 
neglected, and the rate of uniform precession is given by 

: 1 êV 

$= — 


Iw, 0(cos 8) 


(5-93) 


It may easily be checked that for the heavy top Eq. (5-93) agrees with the result of 
Eq. (5-74). With the potential of Eq. (5-90) the precession rate 1s 
3GM I,-—T, 


cos ð. (5-94) 
2w? I; 


p= 


For the case of the precession due to the sun, this formula can be putina simpler 
form, by taking r as the semimajor axis of the earth’s orbit and using Kepler’s law, 
Eq. (3-71), in the form 
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The precession rate, relative to the orbital angular velocity, œg, is then 

¢ 3 wo l3 —1, 

Do 20, IT, 
With the value of (1, — I,)/I, as given in Section 5—6, and 0 = 23°27’, Eq. (5-95) 
says that the solar-induced precession would be such as to cause a complete 
rotation of the figure axis about normal to the ecliptic in about 81,000 years. The 
moon is far less massive than the sun but it is also much closer: the net result is 
that the lunar-induced precession rate is over twice that caused by the sun. Since 
the lunar orbit is close to the ecliptic and has the same sense as the apparent solar 
orbit, the two precessions nearly add together arithmetically, and the combined 
lunisolar precession rate is 50.25”/year, or one complete rotation in about 26,000 
years. Note that this rate of precession is so slow that the approximation of 
neglecting ġ compared to œ, is abundantly satisfied. Because the sun, moon, and 
earth are in constant relative motion, and the moon’s orbit is inclined about 5° to 
the ecliptic, the precession exhibits irregularities designated as astronomical 
nutation. The extent of these periodicirregularities is not large—about 9” ofarcin 0 
and about 18” in ġ. Even so, they are far larger than the true nutation that, as Klein 
and Sommerfeld have shown, is manifested by the Chandler wobble whose 
amplitude is never more than a few tenths of an arc second. 

One further application can be made of the potential, Eq. (5-88), and 
associated uniform precession rate, Eq. (5-93). It has been stressed that the 
potential represents a mutual gravitational interaction; if it results in torques 
acting on the spinning earth, it also gives rise to (noncentral) forces acting on the 
mass point M. The effect of these small forces appears as a precession of the plane 
of the orbit of the mass point, relative to an inertial space. It is possible to obtain 
an approximate formula for this precession by an argument again based on the 
behavior of spinning rigid bodies. Since the precession rates are small compared 
to the orbital angular velocity, we can again average over the orbit. The averaging 
in effect replaces the particle by a rigid ring of mass M with the same radius as the 
(assumed circular) orbit, spinning about the figure axis of the ring with the orbital 
frequency. Equation (5-90) gives the potential field in which this ring is located, 
with 0 the angle between the figure axes of the ring and the earth. The average 
precession rate is still given by Eq. (5-93), but now I, and œ, refer to the spinning 
ring and not the earth. It would therefore be better to rewrite Eq. (5-93) for this 
application as 


cos 0. (5-95) 


. T êV 
= 5-93 
$ 2nMr? G(cos 0)’ 
and Eq. (5-94) appears as 
i T 3 G(l,; ~ IL) 1 
o= a a cos 0. (5~94') 


Equation (5—94’) could be used, for example, to find the precession of the orbit of 
the moon due to the earth’s oblateness. A more current application would be to 
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the precession of nearly circular orbits of artificial satellites revolving about the 
earth. The fraction of a complete precession rotation in one period of the satellite 
is 


Be | 2S lg 
2n 2n} 2 r 
An application of Kepler’s law, this time for the period of the satellite, reduces this 
result to 
; -I 
(ANE E — cos 6, (5-96) 
2n 2 mr 


where m is the mass of the earth. If the earth were a uniform sphere then the 
principal moments of inertia would be 


2 
I,~], =3mR?, 


with R the radius of the earth. Because the core is much more dense than the outer 
layers the moment of inertia is smaller, such that in fact* 


l n2 
I, = 0.331mR? ~ mR’. 
The approximate precession is thus given by 
n 2 
ae = — l Dri R cos ð. (5-97) 
2n 2 I, r 


For a “close” satellite where r is very close to R, and the inclination of the satellite 
orbit to the equator is, say, 30°, Eq. (5-97) says that the plane of the orbit 
precesses completely around 2x in about 700 orbits of the satellite. Since the 
period of a close satellite is about 14 hours, complete rotation of the orbital plane 
occurs in a little over six weeks time. Clearly, the effect is quite significant. We shall 
rederive the precession of the satellite orbit later on, when we discuss the subject of 
perturbation theory. 


5-9 PRECESSION OF SYSTEMS OF CHARGES IN A MAGNETIC FIELD 


The motion of systems of charged particles in magnetic fields does not normally 
involve rigid body motion. In a number of particular instances, the motion is 
however most elegantly discussed using the techniques developed here for rigid 
body motion. For this reason, and because of their importance in atomic and 
nuclear physics, brief consideration of a few examples will be given here. 


* The best values of I, are now obtained from observation of just such effects on satellite 
orbits. See F. D. Stacey, Physics of the Earth, p. 26. 
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The magnetic moment of a system of moving charges (relative to a particular 
origin) is defined as* 


1 1 
M= qile xv) > 5- | dott xv) (5-98) 


Here the first expression is a sum over discrete particles with charge q;» While the 
second is the corresponding generalization to a continuous distribution of charge 
density p,(r). The angular momentum of the system under corresponding 
conventions is 


L = m,(r; x v;) > favos) x y). 


Both the magnetic moment and the angular momentum thus have similar form 
and are related to each other through a dyadic. Here, however, we shall restrict 
the discussion to situations in which M is directly proportional to L: 


M =TL, (5-99) 


most naturally by having a uniform q/m ratio for all particles or at all points in the 
continuous system. In such cases the gyromagnetic ratio T is given by 
q 
Tr =—, 5~100 
2mc ( ) 
but, with an eye to models of particle and atomic spin, I will often be left 


unspecified. The forces and torques on a magnetic dipole may be considered as 
derived from a potentialt 


V= —(M-B). (5-101) 


It is implied along with Eq. (5-101) that the magnetic field is substantially 
constant over the system. Indeed, the picture applies best to a pointlike magnetic 
moment whose magnitude is not affected by the motion it undergoes—a picture 
appropriate to permanent magnets or systems on an atomic or smaller scale. 
With uniform B, the potential depends only on the orientation of M relative to B; 
no forces are exerted on the magnetic moment, but there is a torque 


N=M xB, (5-102) 


(Compare with Eqs. (5-51) and (5—81).) The time rate of change of the total 
angular momentum is equal to this torque, so that in view of Eq. (5-99) we can 
write 


dL 
— = TB. = 
ii L x (5-103) 


* See, for example, J. D. Jackson, Classical Electrodynamics, 2d ed., pp. 180-184, or 
W. K. H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2d ed., pp. 
130-133. 


f Jackson, op. cit., pp. 185-187. 
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But this is exactly the equation of motion for a vector of constant magnitude 
rotating in space about the direction of B with an angular velocity œ = —IB. The 


effect of a uniform magnetic field on a permanent magnetic dipole is to cause the ` 


angular momentum vector (and the magnetic moment) to precess uniformly. For 
the classical gyromagnetic ratio, Eq. (5-100), the precession angular velocity is 


qB 
amc’ 


0, = (5-104) 
known as the Larmor frequency. For electrons q is negative, and the Larmor 
precession is counterclockwise around the direction of B. 

As a second example, consider a collection of moving charged particles, 
without restrictions on the nature of their motion, but assumed to all have the 
same q/m ratio, and to be in a region of uniform constant magnetic field. It will 
also be assumed that any interaction potential between particles depends only on 
the scalar distance between the particles. The Lagrangian for the system can be 
written (cf. Eq. 1-66) 


L =smp? + Lmv Ade) + Vee ep) (5-105) 
2 °* me 
where the constant magnetic field B is generated by a vector potential A 
1 3 
À =>B xr. (5-106) 
In terms of B the Lagrangian has the form (permuting dot and cross products) 
B 
L ey + ae, r; x my, + V(r; — rj). (5-107) 
2 ** — Ime 


The interaction term with the magnetic field can be variously written (cf. Eq. 
5-101 and 5-104) 
: Ta =M-B= ~o r; X mye (5-108) 
2mc 


Suppose now we express the Lagrangian in terms of coordinates relative to 
“primed” axes having a common origin with the original set, but rotating 
uniformly about the direction of B with angular velocity w,. Distance vectors from 
the origin are unchanged as, of course, are scalar distances such as |r; — rj. 
However velocities relative to the new axes differ from the original velocities by the 
relation 

t 
=y +O, Xr. 
The two terms in the Lagrangian affected by the transformation are 


2 12 
11,0; Ne 1,0; 
2 


m. 
+ myi’ (0, X r;) + 5 (0 x r)? (@; x r;), 


-0 T; X MN; = —@,° (r; X myi) —0; (r; x m,(@, X r;). 


| 
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By permuting dot and cross product it is seen that the terms linear in @, and v; are 
just equal and opposite and therefore cancel in the Lagrangian. A similar 
permutation in the terms quadratic in œw, show that they are of the same form and 
are related to the moment of inertia of the system about the axis defined by œ, (see 
p. 195). The quadratic term in the Lagrangian can in fact be written as 


m; 1 1 

— 5 (@, x r) (œ x r) = -32r lo, = —5l/, (5-109) 
where JI, denotes the moment of inertia about the axis of @,. In terms of 
coordinates in the rotating system the Lagrangian thus has the simple form 


L= smo? + V(r; — rj) -iha (5-110) 
from which all linear terms in the magnetic field have disappeared. We can get an 
idea of the relative magnitude of the quadratic term by considering a situation in 
which the motion of the system consists of a rotation with some frequency w, e.g., 
an electron revolving around the atomic nucleus. Then for systems not too far 
from spherical symmetry the kinetic energy is approximately 4Jw? (without 
subscripts on the moment of inertia) and the linear term in œ, is the order of 
©- L = Iw,w. Hence the quadratic term in Eq. (5-110) is the order of (w,/@)? 
compared to the kinetic energy, and of the order (q@,/a) relative to the linear term. 
In most systems on the atomic or smaller scale the natural frequencies are much 
larger than the Larmor frequency. Compare, for example, the frequency of a 
spectral line (which is a difference of natural frequencies) to the frequency shift in 
the simple Zeeman effect, which is proportional to the Larmor frequency. Thus 
for such systems the motion in the rotating system is the same as in the laboratory 
system when there is no magnetic field. What we have is Larmor’s theorem that 
states that to first order in B, the effect of a constant magnetic field on a classical 
system is to superimpose on its normal motion a uniform precession with angular 
frequency @,. 
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1890s, forms a convenient and elaborate presentation of the achievements made in this 
field up to that time. For many topics it remains an almost unique source in English. 
Routh, a colleague of Maxwell, was a pioneer in the study of the stability of small 
oscillations, and his work there is still relevant today. 


W. D. MacmiLian, Dynamics of Rigid Bodies. While not recommended for a systematic 
study of rigid body dynamics, this work contains much material not readily available 
elsewhere. Chapter VII, in particular, has long and elaborate discussions of Poinsot 
motion, and of the motion of the heavy symmetrical top, including the explicit solutions in 
terms of elliptic functions. The chapter on the complex problems of rolling rigid bodies is 
also worthy of note. 


A. Gray, A Treatise on Gyrostatics and Rotational Motion. The product of World War I 
interest in gyroscopic devices, Gray’s treatise represents the culmination of the British 
tradition in the field of rigid body dynamics. In a somewhat dense and mostly nonvectorial 
treatment it covers a wide range of topics, from wandering of the earth’s rotational poles to 
the theory of the boomerang and the operation of the diabolo. A more systematic 
discussion of many of the same areas will be found in the works of Klein and Sommerfeld. 


F. KLEIN AND A. SOMMERFELD, Theorie des Kreisels. This monumental work on the theory 
of the top, in four volumes, has all the external appearances of the typical stolid and turgid 
German “Handbuch.” Appearances are deceiving, however, for it is remarkably readable, 
despite the handicap of being written in the German language. The graceful, informal style 
has the fluency and attention to pedagogic details characteristic of all of Sommerfeld’s 
later writings. Although the treatment becomes highly mathematical at times, the physical 
world is never lost sight of, and one does not founder in a maze of formula. Although 
limited by the title to tops and gyroscopes, the treatise actually provides a liberal education 
in all of rigid body mechanics, with excursions into other branches of physics and 
mathematics. Thus, Chapter I discusses, among other items, Euler angles, infinitesimal 
rotations, and the Cayley-Klein parameters and their connections with the homographic 
transformation and with the theory of quaternions. The later notes to this chapter (in Vol. 
IV) discuss also the connections with electrodynamics and special relativity (quantum 
mechanics was still far in the future). By and large, Vol. I lays the necessary foundations in 
rigid dynamics and gives a physical description of top motion with little mathematics. 

Volume II is devoted to the detailed ex position of the heavy symmetrical top, although 
there is also much on Poinsot motion, and it contains a summary of what was then known 
about the asymmetric top. The distinction between regular and pseudoregular precession 
was first introduced here and the authors spend much time in examining the two motions, 
and the approach to regular precession. Many pages are given to a thorough demolishing 
of the popular or elementary “derivations” of gyroscopic precession. (The authors remark 
that it was the unsatisfactory nature of these derivations that led them to write the 
treatise!) There is a long discussion on questions of the stability of motion. Most of the 
treatment is based on the solution in terms of elliptic integrals and not merely on the 
approximate small nutation, as was done here. 

Volume III is mainly on perturbing forces (chiefly friction) and astronomical 
applications (nutation of the earth, precession of the equinoxes, etc.). The discussion of the 
wandering of the earth’s poles is especially complete for the time it was written, including 
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an estimation of the effects of the earth’s elasticity and the transport of atmospheric masses 


by the wind circulation. Volume IV is on technical applications and is rather out of date by 
now. 


F. KLEIN, The Mathematical Theory of the Top.. In 1896 Felix Klein gave a series of lectures 
at Princeton, the notes for which constitute this slim volume, recently reprinted along with 
some.unconnected mathematical articles. Most of the book is concerned with highly 
abstract mathematical details of the theory, but the first Lecture provides a readable 
account of Cayley—Klein parameters. It is interesting to note that both in this work and in 
the larger treatise with Sommerfeld use was made of a four-dimensional non-Euclidean 
space in which time is the fourth dimension—anticipating the use in special relativity by 
many years (see next chapter). However, the space was solely for mathematical 
convenience and no physical significance was intended. 


A. SOMMERFELD, M echanics. Sommerfeld’s work with Klein about the top was one of his 
first publications, while this text, part of a famous series of Lectures on Theoretical Physics, 
was published more than forty years later, as one of the last of his writings. His interest in 
the top had apparently not diminished in that time and he devoted considerable space to 
qualitative discussions of a wide range of gyroscopic and top phenomena—even to a page 
or two on the asymmetrical top. The thirty or so pages on the entire subject occupy almost 
all of the chapter on rigid bodies and practically forms an abstract of the larger work! The 
treatment is extensive, rather than intensive, and there is little detailed discussion. 


V. D. BARGER AND M. G. OLsson, Classical Mechanics, A Modern Perspective. This 
intermediate level text is referenced because it is about the only book that contains even a 
brief description of what the “tippie-top” is and how it works (p. 254). For pictorial 
evidence of how the tippie-top has fascinated royalty and the great of physics alike, see the 
photographs opposite p. 208 in Niels Bohr, edited by S. Rozental. To the references given 
on p. 224 above may be added a paper by T. R. Kane and D. A. Levinson, Journ. Applied 
Mech. 45, 903 (Dec. 1978), which presents a modern computer solution of the tippie-top 
accompanied by an extensive bibliography. 


J. AHARONI, Lectures on Mechanics. A discursive set of essays on relatively isolated topics 
in mechanics, this reference is noteworthy for its extensive collections of diagrams. The 
carefully thought-out figures in Chapter 15-17 may be found to illuminate some sticky 
points about the inertia tensor, Poinsot motion, and gyrocompasses, among other items. 


L. Meirovitcu, Methods of Analytical Dynamics, and S. W. GROESBERG, Advanced 
Mechanics. In modern technological applications of mechanics, the dynamics of a rigid 
body plays a central role, not only for such devices as gyroscopes, but also as a first 
approximation to systems that are not entirely rigid—such as a space ship. The need to 
solve actual problems—and not merely derive formulations—imposes a perspective on 
the methods of mechanics that often contrasts with the viewpoint of the physicist. These 


two texts give an introduction to the modern methods needed for tackling engineering 
problems. - 


E. LEIMANIS, Motion of Coupled Rigid-Bodies. Russian applied mathematicians have given 
much attention to the general problem of the motion of one or more rigid bodies about a 
fixed point. Their efforts stretch from the days of Sonya Kovalevskaya in the 1880s to the 
present time. Much of their work is not accessible in English. The reference of Leimanis is a 
modern treatment of the motion of rigid bodies, as viewed by an applied mathematician, 


238 THE RIGID BODY EQUATIONS OF MOTION 


with a full understanding of the Russian literature. Up to date mathematical techniques, 
such as use of Lie series, are incorporated. 


W. H. Munk anD G. J. F. MACDONALD, The Rotation of the Earth. One of the most 
fascinating applications of the dynamics of rigid bodies is to the phenomena of the rotating 
earth—although the first step is to realize to what an extent the earth and its 
appurtenances deviate from a rigid body. The treatise of Munk and Macdonald provides a 
well-written, lucid introduction to these geophysical applications, which range from 
continental drift through ancient historical records of eclipses to questions of earthquake 
excitation of Chandler wobble. Unfortunately—or is it happily?—the treatment cannot 
be considered as definitive because the field is undergoing intense development and 
significant advances have been made since the 1960 publication date. But any study of the 
features of the earth’s rotation would do well to start with Munk and Macdonald. 


F. D. Stacey, Physics of the Earth. Chapter 2 provides a compact discussion of such topics 
as precession of the equinoxes and the Chandler wobble, with references to the modern 
literature. 


W. WRIGLEY, W. M. HOLLISTER, AND W. G. DENHARD, Gyroscopic Theory, Design and 
Instrumentation. Gyroscopic devices are at the heart of modern advances in inertial 
navigation. The published literature is considerable, and the unpublished report literature 
is even more voluminous (not to mention the substantial oral tradition amongst the 
practitioners of the art). This treatise, a product of the famous: M.I.T. Draper 
Instrumentation Laboratory, gives a reasonably modern overview of the field starting 
from a discussion of rotation matrices and ranging to detailed blueprints of actual devices. 
A short review paper by Wrigley and Hollister, “The Gyroscope: Theory and 
Application,” Science 149, 713 (Aug. 13, 1965), may prove illuminating. 


EXERCISES 


1. If R; is an antisymmetric matrix associated with the coordinates of the ith mass point 
of a system, with elements R,,,,, = nu, Show that the matrix of the inertia tensor can be 
written as 


I= —m,(R,)’. 
2. Show directly by vector manipulation that the definition of the moment of inertia as 
I = m,(r, x n) (r; x n) 
reduces to Eq. (5-19). 


3. What is the height-to-diameter ratio ofa right cylinder such that the inertia ellipsoid at 
the center of the cylinder is a sphere? 


4. Find the principal moments of inertia about the center of mass of a flat rigid body in 
the shape of a 45° right triangle with uniform mass density. What are the principal axes? 


5. Three equal mass points are located at (a,0,0), (0,a,2a), and (0,2a,a). Find the 
principal moments of inertia about the origin and a set of principal axes. 


6. A uniform right circular cone of height h, half-angle «, and density p rolls on its side 
without slipping on a uniform horizontal plane in such a manner that it returns to its 
original position in a time t. Find expressions for the kinetic energy and the components of 
the angular momentum of the cone. 


ee 
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7. Prove that for a general rigid body motion about a fixed point the time variation of the 
kinetic energy T is given by 


8. Derive Euler’s equations of motion, Eq. (5-39’), from the Lagrange equation of 
motion, in the form of Eq. (1-53), for the generalized coordinate y. 


9. a) A bar of negligible weight and length / has equal mass points m at the two ends. The 
bar is made to rotate uniformly about an axis passing through the center of the bar and 
making an angle 0 with the bar. From Euler’s equations find the components along the 
principal axes of the bar of the torque driving the bar. 

b) From the fundamental torque equation (1-26) find the components of the torque 
along axes fixed in space. Show that these components are consistent with those found in 
part (a). 

10. Equation (5-38) holds for the motions of systems that are not rigid, relative to a 
chosen rotating set of coordinates. For general nonrigid motion, if the rotating axes are 


chosen to coincide with the (instantaneous) principal axes of the continuous system, show 
that Eqs. (5-39) are to be replaced by 


d(I;a;) 
dt 


i dl; 
E Eijk jd + T + e410, = Nj, i= 1,2,3, 


where 
= [avons 


with p(t) the mass density at point r, and v’ the velocity of the system point at r relative to 
the rotating axes. These equations are sometimes known as the Liouville equations and 


have applications for discussing almost-rigid motion, such as that of the earth including 
the atmosphere and oceans. 


11. A plane pendulum consists of a uniform rod of length / and negligible thickness with 
mass m, suspended in a vertical plane by one end. At the other end a uniform disc of radius a 
and mass M is attached so it can rotate freely in its own plane, which is the vertical plane. Set 
up the equations of motion in the Lagrangian formulation. 


12. A compound pendulum consists of a rigid body in the shape of a lamina suspended in 
the vertical plane at a point other than the center of gravity. Compute the period for small 
oscillations in terms of the radius of gyration about the center of gravity and the separation 
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of the point of suspension from the center of gravity. Show that if the pendulum has the 
same period for two points of suspension at unequal distances from the center of gravity, 


then the sum of these distances is equal to the length of the equivalent simple pendulum. ` 


13. A uniform bar of mass M and length 2l is suspended from one end by a spring of force 
constant k. The bar can swing freely only in one vertical plane, and the Spring is 
constrained to move only in the vertical direction. Set up the equations of motion in the 
Lagrangian formulation. i 


14. A uniform rod slides with its ends on a smooth vertical circle. If the rod subtends an 
angle of 120° at the center of the circle, show that the equivalent simple pendulum has a 
length equal to the radius of the circle. 


15. An automobile is started from rest with one ofits doors initially at right angles. If the 
hinges of the door are toward the front of the car, the door will slam shut as the automobile 
picks up speed. Obtain a formula for the time needed for the door to close if the 
acceleration f is constant, the radius of gyration of the door about the axis of rotation ÍS Fo, 
and the center-of-mass is at a distance a from the hinges. Show that if fis 1 ft/sec and the 
door is a uniform rectangle 4ft wide, the time will be approximately 3.04 seconds. 


16. A wheel rolls down a flat inclined surface that makes an angle « with the horizontal. 
The wheel is constrained so that its plane is always perpendicular to the inclined plane, but 
it may rotate about the axis normal to the surface. Obtain the solution for the two- 
dimensional motion of ‘the wheel, using Lagrange’s equations and the method of 
undetermined multipliers. 
17. a) Express in terms of Euler’s angles the constraint conditions for a uniform sphere 
rolling without slipping on a flat horizontal surface. Show that they are nonholonomic. 
b) Set up the Lagrangian equations for this problem by the method of Lagrange 
multipliers. Show that the translational and rotational parts of the kinetic energy are 
separately conserved. Are there any other constants of motion? 
18. For the symmetrical body precessing uniformly in the absence of torques, find 
analytical solutions for the Euler angles as a function of time. 
19. a) Show that the angular momentum of the torque-free symmetrical top rotates in the 
body coordinates about the symmetry axis with an angular frequency Q. Show also that 
the symmetry axis rotates in space about the fixed direction of the angular momentum 
with the angular frequency 


: I3@3 
Oe I, cos@” 
where ¢ is the Euler angle of the line of nodes with respect to the angular momentum as the 
space z axis. 

b) Using the results of Exercise 19, Chapter 4, show that rotates in space about the 
angular momentum with the same frequency @, but that the angle 6’ between œ and L is 
given by 


Q. 
sin 0’ = — sin 0”, 
$ 
where 0” is the inclination of w to the symmetry axis. Using the figures given in Section 5-6, 


show therefore that the earth’s rotation axis and the axis of angular momentum are never 
more than 0.6inch apart on the surface of the earth. 
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c) Show from parts (a) and (b) that the motion of the force-free symmetrical top can be 
described in terms of the rotation of a cone fixed in the body whose axis is the symmetry 
axis, rolling on a fixed cone in space whose axis is along the angular momentum. The 
angular velocity vector is along the line of contact of the two cones. Show that the same 


description follows immediately from the Poinsot construction in terms of the inertia 
ellipsoid. 


20. For the general asymmetric rigid body verify analytically the stability theorem shown 
geometrically above on p. 209 by examining the solution of Euler’s equations for small 
deviations from rotation about each of the principal axes. The direction of œ is assumed to 
differ so slightly from a principal axis that the component of œ along the axis can be taken 
as constant, while the product of components perpendicular to the axis can be neglected. 
Discuss the boundedness of the resultant motion for each of the three principal axes. 


21. When the rigid body is not symmetrical, an analytic solution to Euler’s equation for 
the torque-free motion cannot be given in terms of elementary functions. Show, however, 
that the conservation of energy and angular momentum can be used to obtain expressions 
for the body components of œ in terms of elliptic integrals. 


22. Apply Euler’s equations to the problem of the heavy symmetrical top, expressing w, in 
terms of the Euler angles. Show that the two integrals of motion, Egs. (5-53) and (5-54) 
can be obtained directly from Euler’s equations in this form. 


23. Obtain from Euler’s equations of motion the condition (5-77) for the uniform 
precession of a symmetrical top in a gravitational field, by imposing the requirement that 
the motion be a uniform precession without nutation. 


2 


24. Show that the magnitude of the angular momentum for a heavy symmetrical top can 
be expressed as a function of 8 and the constants of the motion only. Prove that as a result 


the angular momentum vector precesses uniformly only when there is uniform precession 
of the symmetry axis. 


25. In Section 5-6 the precession of the earth’s axis of rotation about: the pole was 
calculated on the basis that there were no torques acting on the earth. Section 5~8, on the 
other hand, showed that the earth is undergoing a forced precession due to the torques of 
the sun and moon. Actually, both results are valid: the motion of the axis of rotation about 
the symmetry axis appears as the nutation of the earth in the course of its forced precession. 
To prove this statement, calculate 0 and @ as a function of time for a heavy symmetrical 
top that is given an initial velocity Pos which is large compared with the net precession 
velocity /2a, but which is small compared with w,. Under these conditions, the bounding 
circles for the figure axis still lie close together, but the orbit of the figure axis appears as in 


Fig. 5-9 (b), i.e., shows large loops that move only slowly around the vertical. Show for this 
case that (5-71) remains valid but now 


From these values of 0 and ¢@ obtain œ, and œw, and show that for 8/2a small compared 
with $o, the vector œ precesses around the figure axis with an angular velocity 
I 1 I 3 


Q= , 
1 
in agreement with Eq. (5-49). Verify from the numbers given in Section 5—6 that bo 


corresponds to a period of about 1600 years, so that bo is certainly small compared with 
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the daily rotation and is sufficiently large compared with 8/2a, which corresponds to the 
precession period of 26,000 years. 


26. a) Consider a primed set of axes coincident in origin with an inertial set of axes but 
rotating with respect to the inertial frame with fixed angular velocity my. If a system of 
mass points is subject to forces derived from a conservative potential V depending only on 
the distance to the origin, show that the Lagrangian for the system in terms of coordinates 
relative to the primed set can be written as 


1 
L= T' + @o*L! + 09°’ — V, 


where primes indicate the quantities are evaluated relative to the primed set of axes. What 
is the physical significance of each of the two additional terms? 

b) Suppose that œù is in the x3x4 plane, and that a symmetric top is constrained to 
move with its figure axis in the x4x; plane, so that only two Euler angles are needed to 
describe its orientation. If the body is mounted so that the center of mass is fixed at the 
origin and V = 0, show that the figure axis of the body oscillates about the x} axis 
according the the plane-pendulum equation of motion and find the frequency of small 
oscillations. This illustrates the principle of the gyro compass. 


27. Suppose that in a symmetric top each element of mass has a proportionate charge 
associated with it, so that the e/m ratio is constant—the so-called charged symmetric top. 
If such a body rotates in a-uniform magnetic field the Lagrangian, from (5-108), is 


kR L=T-—a,'L. 


Show that Tis a constant (which is a manifestation of the property of the Lorentz force that 
a magnetic field does no work on a moving charge) and find the other constants of motion. 
Under the assumption that œ, is much smaller than the initial rotational velocity about the 
figure axis obtain expressions for the frequencies and amplitudes of nutation and 
precession. Where do the kinetic energies of nutation and precession come from? 


CHAPTER 6 
Small Oscillations 


A class of mechanical motions that can best be treated in the Lagrangian 
formulation is that of the small oscillations of a system about positions of 
equilibrium. The theory of such small oscillations finds widespread physical 
applications in acoustics, molecular spectra, vibrations of mechanisms, and 
coupled electrical circuits. If the deviations of the system from stable equilibrium 
conditions are small enough, the motion can generally be described as that of a 
system of coupled linear harmonic oscillators. It will be assumed the reader is 
familiar with the properties of a simple harmonic oscillator of one degree of 
freedom, both in free and forced oscillation, with and without damping. Here the 
emphasis will be on methods appropriate to discrete systems with more than one 
degree of freedom. As will be seen, the mathematical techniques required turn out 
to be very similar to those employed in studying rigid body motion, although the 
mechanical systems considered need not involve rigid bodies at all. Analogous 
treatments of oscillations about stable motions can also be developed, but these 
are most easily done in the Hamiltonian formulation presented in Chapter 8. 


6-1 FORMULATION OF THE PROBLEM 


We consider conservative systems in which the potential energy is a function of 
position only. It will be assumed that the transformation equations defining the 
generalized coordinates of the system, qj,...,g,, do not involve the time 
explicitly. Thus, time-dependent constraints are to be excluded. The system is 
said to be in equilibrium when the generalized forces acting on the system vanish: 


ð 
Q= x] Ta z (6-1) 


The potential energy therefore has an extremum at the equilibrium configuration 
of the system, 401, 402- --» gon. If the configuration is initially at the equilibrium 
position, with zero initial velocities 4,, then the system will continue in 
equilibrium indefinitely. Examples of the equilibrium of mechanical systems are 
legion—a pendulum at rest, a suspension galvanometer at its zero position, an 
egg standing on end. 


243 


244 SMALL OSCILLATIONS 


An equilibrium position is classified as stable if a small disturbance of the 
system from equilibrium results only in small bounded motion about the rest 
position. The equilibrium is unstable if an infinitesimal disturbance eventually 
produces unbounded motion. A pendulum at rest is in stable equilibrium, but the 
egg standing on end is an obvious illustration of unstable equilibrium. It can be 
readily seen that when the extremum of V is a minimum the equilibrium must be 
stable. Suppose the system is disturbed from the equilibrium by an increase in 
energy dE above the equilibrium energy. If V is a minimum at equilibrium, any 
deviation from this position will produce an increase in V. By the conservation of 
energy the velocities must then decrease and eventually come to zero, indicating 
bound motion. On the other hand, if V decreases as the result of some departure 
from equilibrium, the kinetic energy and the velocities increase indefinitely, 
corresponding to unstable motion. The same conclusion may be arrived at 
graphically by examining the shape of the potential energy curve, as shown 
symbolically in Fig. 6-1. A more rigorous mathematical proof that stable 
equilibrium requires a minimum in V will be given in the course of the discussion. 

We shall be interested in the motion of the system within the immediate 
neighborhood of a configuration of stable equilibrium. Since the departures from 
equilibrium are to be small, all functions may be expanded in a Taylor series 
about the equilibrium, retaining only the lowest order terms. The deviations of 
the generalized coordinates from equilibrium will be dénoted by n;: 

Gi = foi + Nip (6-2) 
and these may be taken as the new generalized coordinates of the motion. 
Expanding the potential energy about qo; we obtain 

V + +5 : | nye (6-3) 
V (aisan) = (dois---s4on) 04; g Hi 7 ôq:ðq; ò lij > 


where the summation convention has been invoked, as usual. The terms linear in 
4; vanish automatically in consequence of the equilibrium conditions (6-1). The 
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g= g= 


(a) Stable (b) Unstable 


FIGURE 6-İ 
Shape of the potential energy curve at equilibrium. 
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first term in the series is the potential energy of the equilibrium position, and by 
shifting the arbitrary zero of potential to coincide with the equilibrium potential, 
this term may also be made to vanish. We are therefore left with the quadratic 
terms as the first approximation to V: 
1 | av 
2 \ ôq; ôq; 
where the second derivatives of V have been designated by the constants V; 
depending only on the equilibrium values of the qs. It is obvious from their 
definition that the V,?s are symmetrical, i.e., that Vi; = Va The V, coefficients can 
vanish under a variety of circumstances. Thus, the potential can simply be 
independent of a particular coordinate, so that equilibrium occurs at any 
arbitrary value of that coordinate. We speak of such cases as labile, neutral or 
indifferent equilibrium. It may also happen, e.g., that the potential behaves like a 
quartic at that point, again causing one or more of the Vs to vanish. Either 
situation calls for special treatment in the mathematical discussion that follows. 
A similar series expansion can be obtained for the kinetic energy. Since the 
generalized coordinates do not involve the time explicitly, the kinetic energy is a 
homogeneous quadratic function of the velocities (cf. Eq. 1-71): 


1 
| 1 = 5 Vi Mia js (6-4) 
o 2 


i SE PA 
T= zutty =z Myihy (6-5) 


The coefficients m,; are in general functions of the coordinates q,, but they may 
be expanded in a Taylor series about the equilibrium configuration: 


Mij(G15--+54n) as 1; ;(4o1>--->4on) + [=] Hk + Sy 
dk Io 
As Eq. (6-5) is already quadratic in the #/s, the lowest nonvanishing 
approximation to T is obtained by dropping all but the first term in the 
expansions of m,;. Denoting the constant values of the m;; functions at 
equilibrium by T;,, we can therefore write the kinetic energy as 


Tart 
ka yii- (6-6) 


It is again obvious that the constants T;; must be symmetric, since the individual 
terms in Eq. (6-6) are unaffected by an interchange of indices. From Eqs. (6-4) 
and (6-6) the Lagrangian is given by 


Dees 
L= 5 (Toii < Vay). (6-7) 


Taking the ys as the generalized coordinates, the Lagrangian of Eq. (6-7) leads to 
the following n equations of motion: 


Ti; + Vin; = 0, (6-8) 


J 
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where explicit use has been made of the symmetry property of the V; and T; 
coefficients. Each of the equations (6-8) will involve, in general, all of the 
coordinates 4,, and it is this set of simultaneous differential equations that must 
be solved to obtain the motion near the equilibrium. 


6-2 THE EIGENVALUE EQUATION AND THE PRINGIPAL 
AXIS TRANSFORMATION 


The equations of motion (6-8) are linear differential equations with constant 
coefficients, of a form familiar from electrical circuit theory. We are therefore led 
to try an oscillatory solution of the form 


n = Cae (6-9) 


Here Ca; gives the complex amplitude of the oscillation for each coordinate 7, the 
factor C being introduced for convenience as a scale factor, the same for all 
coordinates. It is understood, of course, that it is the real part of Eq. (6-9) that is 
to correspond to the actual motion. Substitution of the trial solution (6-9) into 
the equations of motion leads to the following equations for the amplitude 
factors: 


(Va; — wT,.a,) =0. l (6-10) 


ijj ij j 
Equations (6—10) constitute n linear homogeneous equations for the ajs, and 
consequently can have a solution only if the determinant of the coefficients 
vanishes: 


Vizo Rhi Wazo Ra oe 
Vo, — oT, Va — oT, =0. (6-11) 
Vs, — 0 Ty, 


This determinantal condition is in effect an algebraic equation of the nth degree 
for w*, and the roots of the determinant provide the frequencies for which Eq. 
(6-9) represents a correct solution to the equations of the motion. For each of 
these values of œ? the equations (6-10) may be solved for the amplitudes of a,, or 
more precisely, for n — 1 of the amplitudes in terms of the remaining a;. 

All this has a familiar ring, and we may obtain the proper mathematical 
perspective by briefly considering a simple variant of the general problem. 
Suppose the appropriate generalized coordinates were the Cartesian coordinates 
of the system particles. The kinetic energy then contains only the squares of the 
velocity components. By introducing generalized coordinates that are the 
Cartesian components multiplied by the square root of the particle mass,* the 
kinetic energy can be put in the form 
ihih 

7” 


* Sometimes referred to as mass-weighted coordinates. 


T= (6-12) 
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so that in this case T, = 6,;. If w is denoted by 4, the homogeneous equations 
(6—10) simplify to 

Via; = ła. (6-13) 
But this is precisely the formulation of the eigenvalue problem familiar to us from 
Chapters 4 and 5; the only difference is that the vector space has n dimensions 
rather than three. Considering V, as an element ofan n x n matrix V and a, as the 
component of an n-dimensional vector a, Eq. (6-13) can be put in the form 


Va = 2a, (6-14) 


which resembles the eigenvalue equation (4-79). Under these conditions the 
determinantal equation (6-11) similarly reduces to the secular equation for the 
eigenvalues 2. 

Since V is symmetrical and real, the corresponding eigenvalues are real (cf. 
Section 5—4). If the n sets of the a;'s corresponding to the n eigenvalues are formed 
into a matrix A, then, as in Section 4-6, A must diagonalize V by means of a 
similarity transformation. Further, the n eigenvectors a are orthogonal to each 
other (Section 5-4) and the diagonalizing matrix A must therefore be orthogonal. 

These conclusions are valid beyond the special case in which T, ; is diagonal; 
similar results can be proved for the general problem. Equations (6-10) do 
represent a type of eigenvalue equation, for writing 7;; as an element of the matrix 
T, the equations may be written 


Va = ATa. (6-15) 


Here the effect of V on the eigenvector a is not merely to reproduce the vector 
times the factor 4, as in the ordinary eigenvalue problem. Instead, the eigenvector 
is such that V acting on a produces a multiple of the result of T acting on a. We 
shall show that the eigenvalues 4 for which Eq. (6-15) can be satisfied are all real 
in consequence of the hermitean property of T and V, and, in fact, must be 
positive. It will also be shown that the eigenvectors a are orthogonal—in a sense. 
In addition, the matrix of the eigenvectors, A, diagonalizes both T and V, the 
former to the unit matrix 1 and the latter to a matrix whose diagonal elements are 
the eigenvalues J. 

Proceeding as in Section (5—4), let a, be a column matrix representing the kth 
eigenvector, satisfying the eigenvalue equation* 


Va, = 1,Ta,. (6-16) 


The adjoint equation, i.e., the transposed complex conjugate equation, for A, has 
the form 


alV = Atal T. (6-17) 


* It hardly need be added that there is no summation over k in Eq. (6-16). Indeed, in this 


chapter the summation convention will apply only to the components of matrices or 
tensors (of any rank) and not to the matrices and tensors themselves. 
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Here a! stands for the adjoint vector—the complex conjugate row matrix—and 
explicit use has been made of the fact that the V and T matrices are real and 
symmetric, in other words hermitean. Multiply Eq. (6-17) from the right by a, 
and subtract the result from the similar product of Eq. (6-16) from the left with a, . 
The left-hand side of the difference equation vanishes, leaving only 


0 = (A, — 4#)alTa,,. (6-18) 
When | = k, Eq. (6-18) takes on the special form . 
(A, — A#)alTa, = 0. (6-19) 


That the matrix product in Eq. (6-19) is real can be shown immediately by taking 
its complex conjugate and using the hermitean property of T. However, we want 
to prove that the matrix product is not only real but is positive definite. For this 
purpose separate a, into its real and imaginary components: 


a, = a, + ip,. 
The matrix product can then be written as 
alTa, = &,To, + B,TB, + (@,TB, —B,To,). (6-20) 


The imaginary term vanishes by virtue of the symmetry of T and therefore, as has 
been said, the matrix product is real. Further, it may be noted that the kinetic 
energy in Eq. (6-6) can be rewritten in terms of a column matrix q) as 


T= Tà (6-6) 


Hence the first two terms in Eq. (6-20) are twice the kinetic energies when the 
velocity matrix i, has the values æ, and B, respectively. Now, a kinetic energy by 
its physical nature must be positive definite for real velocities, and therefore the 
matrix product in Eq. (6-19) cannot be zero. It follows that the eigenvalues J, 
must be real. 

Since the eigenvalues are real, the ratios of the eigenvector components an 
determined by Eqs. (6-16) must all be real. There is still some indeterminateness, 
of course, since the value of a particular one of the a,,’s can still be chosen at will 
without violating Eqs. (6-16). We can require, however, that this component 
shall be real, and the reality of 4, then ensures the reality of all the other 
components. (Any complex phase factor in the amplitude of the oscillation will be 
thrown into the factor C, Eq. (6-9).) Multiply now Eq. (6—16) by 4, from the left 
and solve for 4,: 


_ 4,Va, 


a (6-21) 


aTa, 
The denominator of this expression is equal to twice the kinetic energy for 
velocities a, and since the eigenvectors are real the sum must be positive definite. 
Similarly, the numerator is the potential energy for coordinates a, and the 
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condition that V be a minimum at equilibrium requires that the sum must be 
positive or zero. Neither numerator nor denominator can be negative, and the 
denominator cannot bezero, hence / is always finite and positive. (It may, however, 
be zero.) It will be remembered that 7 stands for w”, so that positive 7 corresponds 
to real frequencies of oscillation. Were the potential not a local minimum, the 
numerator in Eq. (6-21) might be negative, giving rise to imaginary frequencies 
that would produce an unbounded exponential increase of the y; with time. Such 
motion would obviously beunstable, and we have here the promised mathematical 
proof that a minimum of the potential is required for stable motion. 

Let us return for the moment to Eq. (6-18) which, in view of the reality of the 
eigenvalues and eigenvectors, can be written 


(à, — 4,)4,Ta, = 0. (6-18) 


If all the roots of the secular equation are distinct, then Eq. (6-1 8’) can hold only 
if the matrix product vanishes for l not equal to k: 


a,Ta,=0, Ik. (6-22a) 


It has been remarked several times that the values of the a xS are not completely 
fixed by the eigenvalue equations (6-10). We can remove this indeterminacy by 
requiring further that 


á Ta, = 1. (6-22b) 


There are n such equations (6-22) and they uniquely fix the one arbitrary 
component ofeach of the n eigenvectors a,.* If we form all the eigenvectors a, into 
a square matrix A with components a; (cf. Section 4-6) then the two equations 
(6-22a and b) can be combined into one matrix equation: 


ATA = 1. (6-23) 


When two or more of the roots are repeated, the argument leading to Eq. 
(6-22a) falls through for A, = 2,,. We shall reserve a discussion of this exceptional 
case of degeneracy for a later time.f Suffice it for the present to state that a set of 
a,, coefficients can always be found that satisfies both the eigenvalue conditions 
Eqs. (6-10), and Eq. (6-22a), so that Eq. (6-23) always holds. 


* Equation (6—22b) may be put in a form that explicitly shows that it suffices to remove the 
indeterminacy in the a,,’s. Suppose it is the magnitude of a,, that is to be evaluated: the 
ratio of all the other AgS to a,, is obtained from Eqs. (6-10). Then Eq. (6-22b) can be 
written as 


J r 
ij ik Gi Gik 
The left-hand side is completely determined from the eigenvalue equations and may be 
evaluated directly to provide aj, . 


7 The usage here for the word “degeneracy” (to denote multiple roots of the secular 
equation) differs from meaning given in later chapters, particularly Chapter 10. 
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Equation (6-23) is reminiscent of the condition that a matrix B be 
orthogonal (cf. Eq. 4-36): 


BB =1. 
To see the relation between the condition on A and the orthogonality condition, 


let us note that the difference equation (6-19) is analogous to the corresponding 
equation for the eigenvectors of the inertia tensor (cf. Eq. 5—29): 


(I, — IDR R; = 0. 
From this relation we deduced that distinct eigenvectors are orthogonal: 
R,-R,; = 0. 
If we had decided to normalize the length of the eigenvectors; 
R -R;=1 


(analogous to Eq. 6—22b), the orthogonality and normalization conditions could 
be summarized by stating that the matrix X containing all the eigenvectors (cf. 
footnote, p. 199) had to be orthogonal: 


XX =1. 


In like manner Eq. (6-23) is equivalent to the condition that the eigenvectors a, be 
orthogonal and of unit magnitude—but in a particular Riemannian space that is 
not necessarily Cartesian. 

A Riemannian space is defined such that the element of path length ds is given 
by 


ds? = g,dx xp, (6-24) 


where g, is the element of the metric tensor G of the space. Correspondingly, the 
dot product of two vectors x, y in such a space is 


X'y = X84), = XGy, (6-25) 
so that the square of the magnitude of a vector x is 
xx = KGx. (6-26) 


Clearly for Cartesian coordinates the metric tensor is the unit matrix 1. In 
general, G will be diagonal for curvilinear orthogonal coordinates (cf. the 
example of three-dimensional spherical coordinates). 

The kinetic energy, Eq. (6—6’), can now be described as such that 2T is the 
square of the magnitude of the velocity vector in a configuration space for which T 
is the metric tensor. Similarly Eq. (6-23), or its component parts Eqs. (6—22a, b), 
say that the eigenvectors a, are orthogonal in such a space and that they have 
been normalized to have unit magnitude in the space. 
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In Chapter 4 the similarity transformation of a matrix C by a matrix B was 
defined by the equation (cf. Eq. 4—41): 


C’=BCB™. 


We now introduce the related concept of the congruence transformation of C by 
A according to the relation 


C’ = ACA. (6-27) 


If A is orthogonal, so that A = AT}, there is no essential difference between the 
two types of transformation (as may be seen by denoting A~! by the matrix E). 
Equation (6-23) can therefore be read as the statement that A transforms T by a 
congruence transformation into a diagonal matrix, in particular into the unit 
matrix. 

Ifa diagonal matrix à with elements 2), = 1,6), be introduced, the eigenvalue 
equations (6—16) may be written 


Vig. = Tija ihik 


which becomes in matrix notation 


VA = TA. (6-28) 
Multiplying by A from the left, Eq. (6-28) takes the form 
AVA = ATAi, 
which by Eq. (6-23) reduces to 
AVA = i. (6-29) 


Our final equation (6-29) states that a congruence transformation of V by A 
changes it into a diagonal matrix whose elements are the eigenvalues /,. 

The matrix A thus simultaneously diagonalizes both T and V. Remembering 
the interpretation of T as a metric tensor in configuration space, we can give the 
following meaning to the diagonalization process. A is the matrix of a linear 
transformation from a system of inclined axes to Cartesian orthogonal axes, as 
evidenced by the fact that the transformed metric tensor is 1. At the same time, the 
new axes are the orthogonal principal axes of V, so that the matrix V is diagonal 
in the transformed coordinate system. The entire process of obtaining the 
fundamental frequencies of small oscillation is thus a particular type of principal 
axis transformation, such as was discussed in Chapter 5.* 

It remains only to consider the case of multiple roots to the secular equation, 
a situation that is more annoying in the mathematical theory than it is in practice. 
If one or more of the roots is repeated, it is found that the number of independent 
equations among the eigenvalues is insufficient to determine even the ratio of the 


* An alternative geometric interpretation of the principal axis transformation will be given 
in connection with normal coordinates in Section 6-3. 
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eigenvector components. Thus, if the eigenvalue 4 is a double root, any two of the 
components a, may be chosen arbitrarily, the rest being fixed by the eigenvalue 


equations. To illustrate, let us consider a two-dimensional system, in which the ` 


secular equation appears as 
Vii =4hi K2- AT, en 
v 


a 0, s 
Via — 47), 


27 4h 
or 
(Vio - AT, 2)? =a 21, 1)(V22 — 4T2) = 0. 
Suppose now that the matrix elements are such that 
Yin Mz Figs (6-30) 
Ti. Ty Tha 
Then the secular equation can be written 
(Ti — Ty1T22) (49 — i) =0, 
indicating that 4, is a double root of the secular equation. But the eigenvalue 
equations (6-10) for this root are 
(Vii — 40Ti 1); + Yin — 20Ti2)a2 = 9, 
(V2 — ZT 2)ay + (V22 — 20 Ta2)4, = 9, 
and by virtue of the conditions (6-30) all of the coefficients of the a’s vanish 
identically. Any set of values for the two a’s will then satisfy the eigenvalue 
equations. Even with the normalization requirement (6—22b) there will thus be a 
single infinity of eigenvectors corresponding to a double root of the secular 
equation, a double infinity for a triple root, and so on. 

In general, any pair of eigenvectors randomly chosen out of the infinite set of 
allowed vectors will not be orthogonal. Nevertheless, it is always possible to 
construct a pair of allowed vectors that are orthogonal, and these can be used to 
form the orthogonal matrix A. Consider for simplicity the procedure to be 
followed for a double root. Let a; and a; be any two allowable eigenvectors for a 
given double root 4, which have been normalized so as to satisfy Eq. (6-22b). Any 
linear combination of a; and a; will also be an eigenvector for the root 4. We 
therefore seek to construct a vector a,, 


a) = ciak + C29, (6-31) 


where c; and c, are constants such that a, is orthogonal to a. The orthogonality 
condition, Eq. (6-22a), then requires that 


a,Ta, = c, + c,4;Ta, = 0, 


where use has been made of the normalization of a;. It therefore follows that the 
ratio of c, to c, must be given by 


-l = —ajTa;, = t. (6-32) 
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In addition, the requirement that a, be normalized provides another condition on 
the two coefficients, which in terms of t, defined by Eq. (6-32) takes the form 


aTa = 1 =c? + ch + 2c,¢91,. (6-33) 


Together the two equations fix the coefficients c, and c,, and therefore the vector 
a,. Both a, and a, = a, are automatically orthogonal to the eigenvectors of the 
other distinct eigenvalues, for then the argument based on Eq. (6—18’) remains 
valid. Hence we havea set of neigenvectorsa ; whose components form the matrix 
A satisfying Eq. (6-23). 

A similar procedure is followed for a root of higher multiplicity. If 2 is an m- 
fold root, then orthogonal normalized eigenvectors are formed out of linear 
combinations of any of the m corresponding eigenvectors a/,...,a/,. The first of 
the “ortho-normal” eigenvectors a, is then chosen as a multiple of a; ; a, is taken 
as a linear combination of a; and a}; and so on. In this manner the number of 
constants to be determined is equal to the sum of the first m integers, or 
5m(m + 1). The normalization requirements provide m conditions, while there 
are3m(m — 1) orthogonality conditions, and together these are just enough to fix 
the constants uniquely. 

This process of constructing orthogonalized eigenvectors in the case of 
multiple roots is completely analogous to the Gram-Schmidt method of 
constructing a sequence of orthogonal functions out of any arbitrary set of 
functions. Phrased in geometrical language, it is also seen to be identical with the 
procedure followed in Chapter 5 for multiple eigenvalues of the inertia tensor. 
For example, the added indeterminacy in the eigenvector components for a 
double root means that all of the vectors in a plane are eigenvectors. We merely 
choose any two perpendicular directions in the plane as being the new principal 
axes, with the eigenvectors in A as unit vectors along these axes.* 


6-3 FREQUENCIES OF FREE VIBRATION, AND NORMAL 
COORDINATES 


The somewhat lengthy arguments of the preceding section demonstrate that the 
equations of motion will be satisfied by an oscillatory solution of the form (6-9) 
not merely for one frequency but in general for a set of n frequencies w,. A 
complete solution of the equations of motion therefore involves a superposition 
of oscillations with all the allowed frequencies. Thus, if the system is displaced 
slightly from equilibrium and then released, the system performs small 
oscillations about the equilibrium with the frequencies w,,...,,. The solutions of 
the secular equation are therefore often designated as the frequencies of free 
vibration or as the resonant frequencies of the system. 


* See also footnote on p. 200. 
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The general solution of the equations of motion may now be written as a 
summation over an index k: 


N; = Care O; (6-34) 
there being a complex scale factor C, for each resonant frequency. It might be 
objected that for each solution 4, of the secular equation there.are two resonant 
frequencies +œ, and —q,. The eigenvector a, would be the same for the two 


frequencies, but the scale factors C} and Cy could conceivably be different. On 
this basis the general solution should appear as 


Ny = Ay(Ce etie + Cg e7), (6-35) 


It is to be remembered, however, that the actual motion is the real part of the 
complex solution, and the real part of either (6-34) or (6-35) can be written in the 
form 

Ni = Spi, COS (Wgt + Ôp), (6-36) 
where the amplitude f, and the phase 6, are determined from the initial 
conditions. Either of the solutions (6-34 and 6-35) will therefore represent the 
actual motion, and the former, of course, is the more convenient. 

The orthogonality properties of A greatly facilitate the determination of the 
scale factors C, in terms of the initial conditions. At t = 0 the real part of Eq. 
(6-34) reduces to 

n:(0) = Re Cpap» (6-37) 
where Re stands for “real part of.” Similarly, the initial value of the velocities is 
obtained as 

4 (0) = Im C,a,,0;, (6-38) 
where Im C, denotes the imaginary part of C,. From these 2n equations the real 


and imaginary parts of the n constants C, may be evaluated. To solve Eq. (6-37), 
for example, let us first write it in terms of column matrices ņn(0) and C: 


n(0) = AReC. (6-37) 


If we multiply by AT from the left and use Eq. (6-23), we immediately obtain a 
solution for ReC: 
Re C = ATx(0), 
or, taking the ith component, 
Re C, = ay Ti(0), (6-39) 


A similar procedure leads to the imaginary part of the scale factors as* 


1 l 
ImC, = ee aq TiO). (6-40) 
: Ui. 


*The summation over j and k is shown explicitly because there is no summation over the 
repeated subscript l. 


6-3 FREQUENCIES OF FREE VIBRATION 255 


Equations (6—39) and (6-40) thus permit the direct computation of the complex 
factors C, (and therefore the amplitudes and phases) in terms of the initial 
conditions and the matrices T and A. 

The solution for each coordinate, Eq. (6-34), is in general a sum of simple 
harmonic oscillations in all of the frequencies w, satisfying the secular equation. 
Unless it happens that all of the frequencies are commensurable, i.e., rational 
fractioris of each other, 7; never repeats its initial value and is therefore not itself a 
periodic function of time. However it is possible to transform from the y; to a new 
set of generalized coordinates that are all simple periodic functions of time—a 
set of variables known as the normal coordinates. 

We define a new set of coordinates ¢; related to the original coordinates n; by 
the equations 


Ni = Gil js (6-41) 
or, in terms of the single-column matrices yn and ¢, 

n = AG. (6-41°) 
The potential energy, Eq. (6—4), is written in matrix notation as 


1 
v=5ãVn. (6-42) 


Now, the single-row transpose matrix Ñ is related to Ẹ by the equation 
ñ= AC = EA, 
so that the potential energy can be written also as 
le 
V= JAVAK. 


But A diagonalizes V by a congruence transformation (cf. Eq. 6-29), and the 
potential therefore reduces simply to 


1 1 
V =50M = sol. (6-43) 


The kinetic energy has an even simpler form in the new coordinates. Since the 
velocities transform as the coordinates, T as given in Eq. (6—6’) transforms to 


1s r: 
which by virtue of Eq. (6-23) reduces to 


i=. Eis 
T=% = 5 Sibi. (6-44) 
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Equations (6-43) and (6-44) state that in the new coordinates both the potential 
and kinetic energies are sums of squares only, without any cross terms. Of course, 
this result is simply another way of saying that A produces a principal axis 
transformation. It will be remembered that the principal axis transformation of 
the inertia tensor was specifically designed to reduce the moment of inertia to a 
sum of squares; the new axes being the principal axes of the ihertia ellipsoid. Here 
the kinetic and potential energies are also quadratic forms (as was the moment of 
inertia) and both are diagonalized by A. For this reason the principal axis 
transformation employed here is a particular example of the well-known 
algebraic process of the simultaneous diagonalization of two quadratic forms. 

There is another way of looking at the principal axis transformation of Tand V, 
which is closer in language to the process of diagonalizing the inertia tensor as 
described in Chapter 5. It does not provide any simplification of the computational 
process, but it does help to explain why it is possible to diagonalize two quadratic 
forms simultaneously—and why one cannot in general do it with three quadratic 
forms. The matrix T is real and symmetric, just as is the inertia tensor I. If we now 
consider the y space to bea Cartesian space ofn dimensions, it is therefore possible 
to find a real orthogonal transformation B to a new system of Cartesian 
coordinates, 


y = Bn, 


in which T is diagonal. The matrix B must transform T by a similarity 
transformation to a diagonal matrix C: 


BTB~! = BT = C. 
Since the inverse transformation is 
n=By, ñ=9B, 
the kinetic energy transforms as 
2T = Th = YBTBy = yCy = Cy. 


As expected the new axes are the principal axes of the kinetic energy ellipsoid. 
Since the kinetic energy can never be zero for any finite velocities, i.e., is positive 
definite, the principal values C; are always greater than zero. It is therefore always 
possible to introduce new coordinates z, defined by the relations 


z= Yn / Co (no summation). (6-45) 
In terms of these new coordinates the kinetic energy becomes 
2T = 2,2, = 212. 


The coordinate transformation, Eq. (6—45), does not involve any rotation of the 
axes; it is solely a change of scale along each of the y; axes. What has been done in 
effect is to stretch or compress each of the principal axes until the kinetic energy 
ellipsoid becomes a sphere! 
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The two successive coordinate transformations do not, in general, 
diagonalize V, but the potential energy will have the form 


2V = 2Dz, 


where D is a symmetric real matrix. It is therefore possible to find a third, final, 
coordinate transformation by a real orthogonal matrix F: 


E = Fz, 


which diagonalizes D by a similarity transformation to a diagonal matrix 4 so 
that 


2V = Cat = 40. 


This final rotation of coordinates does not effect the form of the kinetic energy, 
because a sphere is always diagonal in a rotated system. The trick, thus, to achieve 
simultaneous diagonalization of two quadratic forms, one positive definite, is to 
find a coordinate system in which the positive definite form defines a sphere, so 
that all directions are principal axes for it. It’s clear now why in general three 
quadratic forms cannot be simultaneously diagonalized. The final rotation can be 
used to diagonalize one of them, but it will normally leave the remaining 
quadratic form still in a nondiagonal form. This regrettable circumstance will be 
of importance when we consider the effects of dissipation. 

To return to the properties of the ¢; system of coordinates, it will be noted that 
the equations of motion share in the simplification resulting from their use. The 
new Lagrangian is 


L => — opt) (6-46) 


so that the Lagrange equations for ¢, are 

Cr + ap, = 0. (6-47) 
Equations (6-47) have the immediate solutions 

Cr = Ce ion, (6-48) 


which could have been seen, ofcourse, directly from Eqs. (6-34) and (6—41 ). Each of 
the new coordinates is thus a simply periodic function involving only one of the 
resonant frequencies. As has been mentioned, it is therefore customary to call the 
¢’s the normal coordinates of the system. 

Each normal coordinate corresponds to a vibration of the system with only 
one frequency, and these component oscillations are spoken of as the normal 
modes of vibration. All of the particles in each mode vibrate with the same 
frequency and with the same phase;* the relative amplitudes being determined by 
the matrix elements a;,. The complete motion is then built up out of the sum of the 


* Particles may be exactly out of phase if the a’s have opposite sign. 
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normal modes weighted with appropriate amplitude and phase factors contained 
in the Cys. 

Harmonics of the fundamental frequencies are absent in the complete motion 
essentially because of the stipulation that the amplitude of oscillation be small. 
We are then allowed to represent the potential as a quadratic form, which is 
characteristic of simple harmonic motion. The normal cobdrdinate transfor- 
mation emphasizes this point, for the Lagrangian in the normal coordinates 
(6-46) is seen to be the sum of Lagrangians for harmonic oscillators of 
frequencies w,. We can thus consider the complete motion for small oscillations 
as being obtained by exciting the various harmonic oscillators with different 
intensities and phases.* 


6-4 FREE VIBRATIONS OF A LINEAR TRIATOMIC MOLECULE 


To illustrate the technique for obtaining the resonant frequencies and normal 
modes, we shall consider in detail a model based on a linear symmetrical 
triatomic molecule. In the equilibrium configuration of the molecule two atoms 
of mass m are symmetrically located on each side of an atom of mass M (cf. Fig. 
6-2). All three atoms are on one straight line, the equilibrium distances apart 
being denoted by b. For simplicity we shall first consider only vibrations along the 
line of the molecule, and the actual complicated interatomic potential will be 
approximated by two springs of force constant k joining the three atoms. There 
are three obvious coordinates marking the position of the three atoms on the line. 
In these coordinates the potential energy is 


2 


k k 
V =502 -x= by? eas =x, — bY. 


We now introduce coordinates relative to the equilibrium positions: 


y= Xi — Xoi» 


where 
Xo2 — Xo, = b = Xo3 — Xo2- 
m M m 
06v #0000000 FIGURE 6-2 
ži b X b X3 Model of a linear symmetrical triatomic molecule. 


* It might be mentioned for future reference that the same sort of picture appears in the 
quantization of the electromagneti¢ field. The frequencies of the harmonic oscillators are 
identified with the photon frequencies, and the amplitudes of excitation become the 
discrete quantized “occupation numbers”—the number of photons of each frequency. 
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The potential energy then reduces to 
k k 
V =5(2 = m) +53 — M2), 
or 
k 2 2 2 
V=sn + 23 + 3 — 2NyN2 — 2213). (6-49) 


Hence the V matrix has the form 


k -k 0 
V= |-k 2k =k]. (6-50) 
0 -k k 


The kinetic energy has an even simpler form: 
LP n M, 
T= s(n + 93) +i (6-51) 


so that the T matrix is diagonal: 


m 0 0 
T=|/0 M Ol. (6-52) 
0 Om 


Combining these two matrices, the secular equation appears as 


k — œm —k 0 
IV — w?T| = —k 2k — œM -k |=0. (6-53) 
0 —k k — œm 


Direct evaluation of the determinant leads to the cubic equation in w: 


w*(k — w?m)(k(M + 2m) — œw Mm) = 0, (6-54) 


with the obvious solutions 


w, =0 w, = E w, = Hog 6-55 
r i 2 am 3 a/m MI’ (22) 


The first eigenvalue, w, = 0, may appear somewhat surprising and even alarming 
at first sight. Such a solution does not correspond to an oscillatory motion at all, 
for the equation of motion for the corresponding normal coordinate is 


ë = 0, 
which produces a uniform translational motion. But this is precisely the key to 
the difficulty. The vanishing frequency arises from the fact that the molecule may 
be translated rigidly along its axis without any change in the potential energy, an 


i 
| 
f 
i 
| 
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example of neutral equilibrium mentioned previously. Since the restoring force 
against such motion is zero, the effective “frequency” must also vanish. We have 
made the assumption that the molecule has three degrees of freedom for 
vibrational motion, whereas in reality one of them is a rigid body degree of 
freedom. 

A number of interesting points can be discussed in connection with a 
vanishing resonant frequency. It is seen from Eq. (6-21) that a zero value of w can 
occur only when the potential energy is positive but is not positive definite, i.e., it 


can vanish even when not all the 77s are zero. An examination of V, Eq. (6-49), , 


shows that it is not positive definite and that, in fact, V does vanish when all the 7’s 
are equal (uniform translation). 

Since the zero frequency found here is of no consequence for the vibration 
frequencies of interest, it is often desirable to phrase the problem so that the root 
is eliminated from the outset. We can do this here most simply by imposing the 
condition or constraint that the center of mass remain stationary at the origin: 


m(x, + x3) + Mx, =0. (6-56) 


Equation (6-56) can then be used to eliminate one of the coordinates from V and 
T, reducing the problem to one of two degrees of freedom (cf. Exercise 3, this 
chapter). 

The restriction of the motion to be along the molecular axis allows only one 
possible type of uniform rigid body motion. However, if the more general 
problem of vibrations in all three directions is considered, the number of rigid 
body degrees of freedom will be increased, in general, to six. The molecule may 
then translate uniformly along the three axes or perform uniform rotations about 
the axes. Hence in any general system of n degrees of freedom there will be six 
vanishing frequencies and only n — 6 true vibration frequencies. Again, the 
reduction in the number of degrees of freedom can be performed beforehand by 
imposing the conservation of linear and angular momentum upon the 
coordinates. 

In addition to rigid body motion, it has been pointed out that zero resonant 
frequencies may also arise when the potential is such that both the first and 
second derivatives of V vanish at equilibrium. Small oscillations may still be 
possible in this case if the fourth derivatives do not also vanish (the third 
derivatives must vanish for a stable equilibrium), but the vibrations will not be 
simple harmonic. Such a situation therefore constitutes a breakdown of the 
customary method of small oscillations, but fortunately it is not of frequent 
occurrence. 

Returning now to the examination of the resonant frequencies, œ, will be 
recognized as the well-known frequency of oscillation for a mass m suspended by 
a spring of force constant k. We are led to expect, therefore, that only the end 
atoms partake in this vibration; the center molecule remains stationary. It is only 
in the third mode of vibration, w,, that the mass M can participate in the 
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oscillatory motion. These predictions are verified by examining the eigenvectors 
for the three normal modes. 


The components a,j are determined for each frequency by thé equations 
(k — wjm)a,, —kay; = 0, 
—ka,; + (2k — œ} M)az; —ka,; = 0, (6-57) 
—ka,; + (k — w;m)a,,; = 0, 
along with the normalization condition: 
m(az, + a3,) + Maz, = 1. (6-58) 


For w, = 0, it follows immediately from the first and third of Eqs. (6-57) that all 
three coefficients are equal: a,, = 43; = 43; - This, of course, is exactly what was 
expected from the translational nature of the motion (cf. Fig. 6—3a). The 
normalization condition then fixes the value of a,, so that 
1 a 1 1 
= aree 2 = anann a = Å- 
; 2m +M ; /2m + M se Jom +M 


The factors (k — 3m) vanish for the second mode, and Eqs. (6-57) show 


ay, (6-59a) 


immediately that a,, = 0 (as predicted) and a,, = — 432- The numerical value of 
these quantities is then determined by Eq. (6-58): 
1 1 


an =0, a=- (6-59b) 


Jam 
In this mode the center atom is at rest, while the two outer ones vibrate exactly out 
of phase (as they must in order to conserve linear momentum), cf. Fig. 6—3b. 
Finally, when œ = œ; it can be seen from the first and third of Eqs. (6-57) that a, , 
and a}, must be equal. The rest of the calculation for this mode is not quite as 
simple as for the others, and it will be sufficient to state the final result: 


2 1 
Qy3 om 33 > M a33 : 
m 
2m| 1 + — 2M |2+— 2m| 1 + 
M m M 
(6-59c) 
(a) 
—jmo o— eet cael 
(b) 
FIGURE 6-3 
Pte pana ae Longitudinal normal modes of the linear 
(c) symmetric triatomic molecule. 
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Here the two outer atoms vibrate with the same amplitude, while the inner one 
oscillates out of phase with them and has a different amplitude, cf. Fig. 6-3c. Any 
general longitudinal vibration of the molecule that does not involve a rigid 
translation will be some linear combination of the normal modes w, and w,. The 
amplitudes of the normal modes, and their phases relative to each other, will of 
course be determined by the initial conditions (cf. Exercise 5). 

We have spoken so far only of vibrations along the axis; in the actual 
molecule there will also be normal modes of vibration perpendicular to the axis. 
The complete set of normal modes is naturally more difficult to determine than 
merely the longitudinal modes, for the general motion in all directions 
corresponds to nine degrees of freedom. While the procedure is straightforward, 
the algebra rapidly becomes quite complicated, and it is not feasible to present the 
detailed calculation here. However, it is possible to give a qualitative discussion 
on the basis of general principles, and most of the conclusions of the complete 
solution can be predicted beforehand. 

The general problem will have a number of zero resonant frequencies 
corresponding to the possibility of rigid body motion. For the linear molecule 
there will be three degrees of freedom for rigid translation, but rigid rotation can 
account for only two degrees of freedom. Rotatiori about the axis of the molecule 
is obviously meaningless aid will not appear as a mode of rigid body motion. We 
are therefore left with four true modes of vibration. Two of these are the 
longitudinal modes, which have already been examined, so that there can only be 
two modes of vibration perpendicular to the axis. However, the symmetry of the 
molecule about its axis shows that these two modes of perpendicular vibration 
must be degenerate. There is nothing to distinguish a vibration in the y direction 
from a vibration in the z direction, and the two frequencies must be equal. The 
additional indeterminacy of the eigenvectors of a degenerate mode appears herein 
that all directions perpendicular to the molecular axis are alike. Any two 
orthogonal axes in the plane normal to the molecule may be chosen as the 
directions of the degenerate modes of vibration. The complete motion of the atoms 
normal to the molecular axis will depend on the amplitudes and relative phases of 
the two degenerate modes. If both are excited, and they are exactly in phase, then 
the atoms will move on a straight line passing through the equilibrium 
configuration. But if they are out of phase, the composite motion is an elliptical 
Lissajous figure, exactly as in a two-dimensional isotropic oscillator. The two 
modes then represent a rotation, rather than a vibration. 

It is obvious from the symmetry of the molecules that the amplitudes of the 
end atoms must be identical in magnitude. The complete calculation shows that 
the end atoms also travel in the same direction along the Lissajous figure. Hence 
the center atom must revolve in the opposite direction, in order to conserve 
angular momentum. Figure 6-4 illustrates the motion when the degenerate 
modes are ninety degrees out of phase. 

As the complexity of the molecule increases, the size of the secular 
determinant becomes very large, and finding the normal frequencies and 
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—*—7- ss FIGURE 6-4 
Degenerate modes of the symmetrical 
triatomic molecule. 


amplitudes becomes a problem of considerable magnitude. We have seen, 
however, that even in a situation as simple as the linear triatomic molecule, a 
study of the symmetries to be expected in the vibrations greatly simplifies the 
calculations. Considerable mathematical ingenuity has been devoted to 
exploiting the symmetries inherent in complex molecules to reduce the labor 
involved in finding their vibration frequencies. The theory of symmetry groups 
has been applied with great success in factoring the large secular determinant into 
smaller blocks that may be diagonalized separately. It has been pointed out, 
however, that such elaborate mathematical manipulation was more appropriate 
in a time when numerical computations were difficult and tedious. Considering 
the speed and memory capacity of present-day computers, a straightforward 
approach may be easier and more accurate in the long run. Fast and accurate 
routines for solving the eigenvalue problems of large matrices are the stock-in- 
trade today of scientific computers of even moderate size. There has therefore 
been a trend toward a more brute-force approach in which mass-weighted 
Cartesian coordinates (see p. 246) are used to formulate the problem. The kinetic 
energy ellipsoid for the molecular vibrations is then already a sphere, and finding 
the normal modes reduces to diagonalizing the potential energy. It seems likely 
that this is the direction that will be taken in future calculations of vibrational 
frequencies for problems in chemical physics. 


6-5 FORCED VIBRATIONS AND THE EFFECT OF DISSIPATIVE 
FORCES 


Free vibrations occur when the system is displaced initially from the equilibrium 
configuration and is then allowed to oscillate by itself. Very often, however, the 
system is set into oscillation by an external driving force that continues to act 
on the system after t = 0. The frequency of such a forced oscillation is then 
determined by the frequency of the driving force and not by the resonant 
frequencies. Nevertheless, the normal modes are of great importance in obtaining 
the amplitudes of the forced vibration, and the problem is greatly simplified by use 
of the normal coordinates obtained from the free modes. 

If F, is the generalized force corresponding to the coordinate 7, then by Eq. 
(1-49) the generalized force Q; for the normal coordinate (; is 


Q; = a,F,. (6-60) 
The equations of motion when expressed in normal coordinates now become 


Ë + w?l, = Q,. (6-61) 
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Equations (6-61) are a set of n inhomogeneous differential equations that can be 
solved only when we know the dependence of Q; on time. While the solution will 
not be as simple as in the free case, note that the normal coordinates preserve their 
advantage of separating the variables, and each equation involves only a single 
coordinate. i 

Frequently the driving force varies sinusoidally with time. In an acoustic 
problem, for example, the driving force might arise from the pressure of a sound 
wave impinging on the system, and Q; then has the same frequency as the sound 
wave. Or, if the system is a polyatomic molecule, a sinusoidal driving force is 
present if the molecule is illuminated by a monochromatic light beam. Each atom 
in the molecule is then subject to an electromagnetic force whose frequency is that 
of the incident light. Even where the driving force is not sinusoidal with a single 
frequency, it can often be considered as built up as a superposition of such 
sinusoidal terms. Thus, if the driving force is periodic, it can be represented by a 
Fourier series; other times a Fourier integral representation is suitable. Since Eqs. 
(6-61) are linear equations, its solutions for particular frequencies can be 
superposed to find the complete solution for given Qj. It is therefore of general 
importance to study the nature of the oscillations when the force Q; can be written 
as 


Q; = Qo, cos (wt + 4;), (6-62) 


where w is the angular frequency of an external force. The equations of motion 
now appear as 


Ë; + ot; = Qo, cos (wt + 4,). (6-63) 
A complete solution of Eq. (6-63) consists of the general solution to the 
homogeneous equation (ie, the free modes of vibrations) plus a particular 
solution to the inhomogeneous equation. By a proper choice of initial conditions, 


the superimposed free vibrations can be made to vanish,* centering our interest 
on the particular solution of Eqs. (6-63) that will obviously have the form 


C; = B,cos (wt + ô;). (6-64) 


Here the amplitudes B; are determined by substituting the solution in Eqs. 
(6-63): 
B= (6-65) 
o7 — w” 
The complete motion is then 
a j,Qo; COS (wt + ò;) 
E w? — w? f 


nj = Oil; (6-66) 


* The free vibrations are essentially the transients generated by the application of the 
driving forces. If we consider the system to be initially in an equilibrium configuration, and 
then slowly build up the driving forces from zero, these transients will not appear. 
Alternatively, dissipative forces can be assumed present (see pages following) that will 
damp out the free vibrations. 
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Thus the vibration of each particle is again composed of linear combinations of 
the normal modes, but now each normal oscillation occurs at the frequency of the 
driving force. 

Two factors determine the extent to which each normal mode is excited. One 
is the amplitude of the generalized driving force, Q);. If the force on each particle 
has no component in the direction of vibration of some particular normal mode, 
then obviously the generalized force corresponding to the mode will vanish and 
Qo; will be zero. An external force can excite a normal mode only if it tends to move 
the particles in the same direction as in the given mode. The second factor is the 
closeness of the driving frequency to the free frequency of the mode. In 
consequence of the denominators in Eq. (6-66), the closer w approaches to any 
w;, the stronger will that mode be excited relative to the other modes. Indeed, Eq. 
(6-66) apparently predicts infinite amplitude when the driving frequency agrees 
exactly with one of the w;s—the familiar phenomenon of resonance. Actually, of 
course, the theory behind Eq. (6-66) presumes only small oscillations about 
equilibrium positions; when the amplitude predicted by the formula becomes 
large this assumption breaks down and Eq. (6-66) is then no longer valid. Note 
that the oscillations are in phase with the driving force when the frequency is less 
than the resonant frequency, but that there is a phase change of x in going 
through the resonance. 

Our discussion has been unrealistic in that the absence of dissipative or 
frictional forces has been assumed. In many physical systems these forces, when 
present, are proportional to the particle velocities and can therefore be derived 
from a dissipation function ¥ (cf. Section 1—5). Let us first consider the effects of 
frictional forces on the free modes of vibration. 

From its definition, # must be a homogeneous quadratic function of the 
velocities: 


EOE ree 
F = 5 Fuhh (6-67) 


The coefficients #,, are clearly symmetric, Z, = #,, and in general will be 
functions of the coordinates. Since we are concerned with only small vibrations 
about equilibrium, it is sufficient to expand the coefficients about equilibrium and 
retain only the first, constant term, exactly as was done for the kinetic energy. In 
future applications of Eq. (6-67) we shall take Æ, as denoting these constant 
factors. It will be remembered that 2¥is the rate of energy dissipation due to the 
frictional forces (cf. Eq. 2-60). The dissipation function ¥ therefore can never be 
negative. The complete set of Lagrange equations of motion now become (cf. 
Section 1—5) 
Ti; + Ay; + Ving = 0. (6-68) 
Clearly, in order to find normal coordinates for which the equations of 
motion would be decoupled, it would be necessary to find a principal axis 


transformation that simultaneously diagonalizes the three quadratic forms T, V, 
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and ¥ As was shown above this is not in general possible; normal modes cannot 
usually be found for any arbitrary dissipation function. There are, however, some 
exceptional cases when simultaneous diagonalization is possible. For example, if 
the frictional force is proportional both to the particle’s velocity and its mass, then 
F will be diagonal whenever T is. When such simultaneous diagonalization is 
feasible, then the equations of motions are decoupled in the normal coordinates 
with the form 


&+F£,+0?f,=0 (no summation). (6-69) 


Here the #’s are the nonnegative coefficients in the diagonalized form of F when 
expressed in terms of (,. Being a set of linear differential equations with constant 
coefficients, Eqs. (6-69) may be solved by functions of the form 


a Z Ce ei 
where w; satisfies the quadratic equation 
wi? + iwi F— wo; =0 (no summation). (6-70) 


Equation (6-70) has the two solutions 


w= iore ai (6-71) 


The motion is therefore not a pure oscillation, for w’ is complex. It is seen from 
Eq. (6-71) that the imaginary part of œw; results in a factor exp[— ¥;t/2], and by 
reason of the nonnegative nature of the #7 this is always an exponentially 
decreasing function of time.* The presence of adamping factor due to the friction is 
hardly unexpected. As the particles vibrate, they do work against the frictional 
forces, and the energy of the system (and hence the vibration amplitudes) must 
decrease with time. The real part of Eq. (6-71) corresponds to the oscillatory 
factor in the motion, and it will be noted that the presence of friction also affects 
the frequency of the vibration. However, if the dissipation is small, the squared 
term in¥; may be neglected, and the frequency of oscillation reduces to the 
friction-free value. The complete motion is then simply an exponential damping 
of the free modes of vibration: 


t; = Ce 7 ei, (6-72) 


If the dissipation function cannot be diagonalized along with T and V, the 
solution is much more difficult to obtain. The general nature of the solution 
remains pretty much the same, however: an exponential damping factor times an 
oscillatory exponential function. Suppose we seek a solution to Eqs. (6-68) of the 
form 


Hj = Ca,e~ i we Cap eT rr (6-73) 


* Some (but not all) #s may be zero, which simply means there are no frictional effects in 
the corresponding normal modes. The important point is that the Zs cannot be negative. 
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With this solution Eqs. (6-68) become a set of simultaneous linear equations 


Va; — iw Fa, — o Ta; = 0. (6-74) 


It is convenient to write w as iy, so that 
y= —iw = —K — 2niv, (6-75) 


and thus — xis the real part of y. In terms of square matrices of V, T, and Z the set 
of equations (6-74) becomes a column matrix equation involving y: 


Va + Fa + y Ta = 0. (6-76) 


The set of homogeneous equations (6-74) or (6-76) can be solved for the a; only 
for certain values of w or y. Without actually evaluating the corresponding 
secular equation we can show that « must always be nonnegative. Convert the 
matrix equation (6—76) into a scalar equation for y by multiplying from the left 
with at: 

aVa + yal'Fa + y aTa = 0. (6-77) 


Equation (6-77) is a quadratic equation for y with coefficients that are matrix 
products of the same general type as those encountered in Eq. (6-19). By virtue of 
the symmetry of V, F, and T the matrix products are all real, as can be seen by 
expanding a as a + if (cf. Eq. 6-20). Hence if y is a solution of the quadratic 
equation its complex conjugate y* must also be a solution. Now, the sum of the 
two roots of a quadratic equation is the negative of the coefficient of the linear 
term divided by the coefficient of the square term 
alFa 


2k = = 5 6-78 
K Ta ( ) 


* 


yrp = 


Hence x can be expressed in terms of the real and imaginary parts of a; as 
< 1 F j(i + BB;) 
(a0; + B:B;) Í 
The dissipation function Z must always be positive, and T is positive definite; 
hence x cannot be negative. The oscillations of the system may decrease 
exponentially with time, but they can never increase with time. Note that if F is 
positive definite, x must be different from zero (and positive), and all modes will 
have an exponential damping factor. The frequencies of oscillation, given by the 
real part of w, will of course be affected by the dissipative forces, but the change 
will be small if the damping is not very large during a period of oscillation. 
Finally, we may consider forced sinusoidal oscillations in the presence of 
dissipative forces. Representing the variation of the driving force with time by 


p ~it 
F = hye ™, 
where Fj, may be complex, the equations of motion are 


Vig + Ft, + Ti; = reo (6-80) 


(6-79) 
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If we seek a particular solution to these equations of the form 
Nj Se Ae, 


we obtain the following set of inhomogeneous linear equations for the amplitudes 


A;: i 
(V,; — iwnF,, — o’ T,)A; — Fo, = 0. (6-81) 
The solution to these equations* may easily be obtained from Cramer’s rule: 
Dœ) 
Ta -82 
i= Do)’ (6-82) 


where D(w) is the determinant of the coefficients of A; in Eq. (6-81) and D,(a) is 
the modification in D(«) resulting when the jth column is replaced by Fo, ...F,- 
It is the denominator D(œw) that is of principal interest to us here, for the 
resonances arise essentially out of the algebraic form of the denominator. Now, D 
is the determinant appearing in the secular equation corresponding to the 
homogeneous equations (6-74); its roots are the complex frequencies of the free 
modes of vibration. The requirement that both y and y* are roots of Eq. (6-77) 
means, on the basis of Eq. (6-75), thatifw,isaroot of D(w) then —w*isaroot. Fora 
system of n degrees of freedom it is therefore possible to represent D(w) as 


D(w) = G(w — w,)(w — w)... (0 — @,)(w + w¥)(@ + wł)... (@ + w*), 


where G is some constant. Using product notation, and denoting w by 2zv, this 
representation can be written as 
D(w) = G[[ (2x(v — v;) + ik,)(2n(v + v;) + ix,). (6-83) 
i=1 
When we rationalize Eq. (6~83) to separate A; into its real and imaginary parts, 
the denominator will be 


D*(w)D(w) = GG* |] (4n7(v — v)? + x?) (4r? (v + v)? +x?) (6-84) 
j i=1 

The amplitudes of the forced oscillation thus exhibit typical resonance behavior 
in the neighborhood of the frequencies of free oscillations +v,. As a result of the 
presence of the damping constants «;, the resonance denominators no longer 
vanish at the free mode frequencies, and the amplitudes remain finite. The driving 
frequency at which the amplitude peaks is no longer exactly at the free frequencies 
because of frequency dependence of terms in A, other than the particular 
resonance denominator. However, so long as the damping is small enough to 
preserve a recognizable resonant peak, the shift in the resonance frequencies is 
usually small. 


* They are of course merely the inhomogeneous version of Eqs. (6-74). 
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We have discussed the properties of small oscillations solely in terms of 
mechanical systems. The reader, however, has undoubtedly noticed the similarity 
with the theory of the oscillations of electrical networks. The equations of motion 
(6-68) become the circuit equations for n coupled circuits if we read the V, 
coefficients as reciprocal capacitances, the ¥,/s as resistances, and the T;,'s as 
inductances. Driving forces are replaced by generators of frequency w applied to 
one or more of the circuits, and the equations of forced vibration (6-80) reduce to 
the electrical circuit equations (2-39) mentioned in Chapter 2. We have presented 
here only a fraction of the techniques that have been devised for handling small 
oscillations, and of the general theorems about the motion. For example, space 
does not permit a discussion of the powerful Laplace transform techniques to 
study the response of a linearly oscillating system to driving forces with arbitrary 
time dependences. Nor is it appropriate here to consider the still expanding 
subject of nonlinear oscillations, where the potential energy contains terms 
beyond the quadratic and the motion is no longer simple harmonic. (Some 
relevant portions of this field will be introduced later when we treat perturbation 
theory). As has been mentioned, a formal development of the theory of small 
oscillations about steady motion will be given later in connection with the 
Hamiltonian version of mechanics. Another generalization that will deserve our 
attention relates to the oscillation of systems with continuously infinite numbers 
of degrees of freedom. The question is how one can construct a way of handling 
continuous systems that is analogous to the classical mechanics of discrete 
systems. We shall postpone such considerations of continuous systems to 
Chapter 12—after we have developed the canonical formulation of discrete 
mechanics, and after we have seen how the structure of Newtonian mechanics 
must be modified in the special theory of relativity. 
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H. JEFFREYS AND B. S. JEFFREYS, Methods of Mathematical Physics. Diagonalization of a 
matrix or of a pair of positive-definite quadratic forms is a common topic in texts on 
mathematical methods for physicists. This particular reference is chosen because the 
pertinent discussion in Chapter 4 has obviously been written with the problem of small 
oscillations particularly in mind. A number of theorems are given about the properties of 
roots of the secular determinant that are helpful in actually finding the eigenfrequencies. 


E. T. WHITTAKER, Analytical Dynamics. Chapter VII is on the theory of vibrations and 
gives the explicit proof that T and V can be diagonalized together, but the treatment of this 
point is not very clear. More valuable are the later sections of the chapter on the effects of 
constraints, and on vibrations about steady motion, which is discussed in considerable 
detail. Section 94 of Chapter VIII on vibrations in the presence of dissipative forces is 
fragmentary and restricted to two degrees of freedom. 

D. Ter Haar, Elements of Hamiltonian Mechanics. Despite its title this book is by no 


means confined to Hamiltonian mechanics, and Chapter 3 on small vibrations assumes no 
more than Lagrangian mechanics. The treatment is distinguished by a matrix approach— 


i 
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with all the elements of the matrices written out in detail. There is an abundance of 
examples, with useful diagrams of the normal modes of vibration. Some of the conclusions 
on the symmetry properties of vibrations of the linear triatomic molecule are questionable. 


J. L. SYNGE AND A. SCHILD, Tensor Calculus. Chapter 2 of this treatise provides an 
introduction to Riemannian spaces and associated metric tensors that is more than 
adequate for our purposes. In particular, they introduce immediately the differentiation 
into covariant and contravariant quantities, a distinction not needed here, though it is 
raised in Chapter 7 below. 


L. D. LANDAU AND E. M. Lirsuitz, Mechanics. As would be expected, the subject of small ` 


vibrations is presented compactly but covers a lot of ground. Oscillations of the triatomic 
molecule, both linear and “bent,” are considered in some detail. In the present chapter only 
linear oscillations are considered, and the parametric elements of the potential and kinetic 
energy matrices are assumed constant in time. Study of parametric excitation of 
oscillators, in which these elements vary in time, and of nonlinear oscillations has grown 
rapidly in the last few decades and has become an area calling for separate and massive 
treatment. Landau and Lifshitz in their Sections 27—30 provide a concise introduction to 
the subject, one in which the Russian contributions have been particularly notable. Only 
the tip of the iceberg, however, is revealed in the discussion. 


L. Meirovitcu, Methods of Analytical Dynamics. Modern approaches to oscillatory 
systems are presented here in a manner that doesn’t lose touch with practical reality. The 
subject of the present chapter appears here under the guise of linear autonomous systems, 
but the emphasis is on whether the motion is stable, something we have presupposed from 
the starf. Both the classical and modern (e.g., Liapunov method) criteria are discussed. 
Parametric oscillations (nonautonomous systems) get a separate chapter. 


Y. CHEN, Vibrations: Theoretical Methods. Much of this engineering-oriented text is 
concerned with introducing the basic ideas of mechanics, on the one hand, and in treating 
vibrations of continuous systems on the other. The rest covers the field of the present 
chapter with many examples worked out and the elements of the pertinent matrices 
explicitly (and sometimes clumsily) presented. Of particular interest is the application of 
Laplace and Fourier transform methods for handling problems of forced or driven 
oscillation. 


H. C. CoRBEN AND P. STEHLE, Classical Mechanics. The brief chapter on small oscillations 
in this well-known text concentrates on a number of examples rather than general theory. 
Special mention should be made of Appendix 3, which gives a brief introduction to the use 
of group-theoretical methods to reduce the complexity of the eigenfrequency problem for 
molecules, based on the intrinsic symmetries displayed by the systems. In the precomputer 
age when problems had to be solved by hand, any method for reducing the amount of 
computation was naturally the subject of intense concern and study. The advent of the 
high-speed computer has lessened the calculational importance of these approaches, 
although the use of symmetry properties to identify zero or degenerate frequencies is of 
obvious interest. See in this connection the paper by W. D. Gwinn: “Normal Coordinates: 
General Theory, Redundant Coordinates, and General Analysis Using Electronic 
Computers,” Jour. Chem. Phys. 55, 477 (July 15, 1971). 


G. HERZBERG, Infrared and Raman Spectra of Polyatomic Molecules. This treatise provides 
many illustrations of the application of classical small vibration theory to molecular 
structure. The techniques of using constants of the motion and symmetry properties to 
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reduce the complexity of the calculation are applied here to find explicit solutions for many 
molecular models. The various normal modes are shown diagrammatically for many of the 
molecules. 


E. B. WILSON, JR.; J. C. DECIUS; AND P. C. Cross, Molecular Vibrations. This 1955 treatise 
apparently remains the standard treatment of the molecular vibration problems for 
chemists. It is entirely precomputer in spirit—the long chapter on the benzene molecule 
ends with the reader adjured to gain facility in the matrix manipulation by checking the 
calculations of the chapter on a “standard desk-type computing machine.” The use of 
symmetry groups is gone into in considerable detail. Some knowledge of quantum 
mechanics is needed. 


LorD RAYLEIGH, Theory of Sound. One of the classics of physics literature, this treatise 
contains a wealth of theorems and physical illustrations on all of the aspects of vibration 
theory. Rayleigh himself was responsible for developing much of the theory, especially the 
introduction of the dissipation function. His treatment is smooth-flowing and clear and 
contains rarely discussed topics, as on the effects of constraints and the stationary 
properties of the eigenfrequencies. Rayleigh leans heavily on the work of Routh, who in his 
Adams Prize Essay of 1877 and in his text Rigid Dynamics was one of the first to give a 
systematic discussion of small vibrations. 


E. A. GUILLEMIN, The Mathematics of Circuit Analysis. This reference is included to 
indicate the importance of small vibration theory in modern electrical engineering. 
Considerable attention is paid to quadratic forms and their principal axis transformations. 
The treatment, which makes abundant use of matrix algebra, is advanced and elegant. 


EXERCISES 


1. A mass particle moves in a constant vertical gravitational field along the curve defined 
by y = axt, where y is the vertical direction. Find the equation of motion for small 
oscillations about the position of equilibrium. 


2. Obtain the normal modes of vibration for the double pendulum shown in Fig, 1-4, 
assuming equal lengths, but not equal masses. Show that when the lower mass is small 
compared to the upper one the two resonant frequencies are almost equal. If the pendula 
are set in motion by pulling the upper mass slightly away from the vertical and then 
releasing it, show that subsequent motion is such that at regular intervals one pendulum is 
at rest while the other has its maximum amplitude. This is the familiar phenomenon of 
“beats.” 


3. The problem of the linear triatomic molecule can be reduced to one of two degrees of 
freedom by introducing coordinates y, = x, — X,, Y2 = X3 — Xp, and eliminating x, by 
requiring that the center of mass remain at rest. Obtain the frequencies of the normal 
modes in these coordinates and show that they agree with the results of Section 6—4. The 
distances between the atoms, y, and y,, are known as the internal coordinates of the 
molecule. 


4. Obtain the frequencies of longitudinal vibration of the molecule discussed in Section 
6-4, except that now the center atom is to be considered bound to the origin by a spring of 
force constant k. Show that the translational mode disappears under these conditions. 


5. a) In the linear triatomic molecule suppose the initial condition is that the center 
atom is at rest but displaced by an amount a, from equilibrium, the other two being at 
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their equilibrium points. Find the amplitudes of the longitudinal small oscillations about 
the center of mass. Give the amplitudes of the normal modes. 
b) Repeat part (a) but with the center atom initially at equilibrium position but with 
an initial speed vg- 
6. A 5-atom linear molecule is simulated by a configuration of masses and ideal springs 
that looks like the following diagram: 


m M m M m 
OHO eo — TOTTI —e— TTT + eo — TTI ——e 
1 b 2 b 3 b 4 b 5 


All force constants are equal. Find the eigenfrequencies and norma! modes for longitudinal 
vibration. [Hint: transform the coordinates y; to ¢; defined by 


M3=S3. 0 M 1s =——= 
V2 V2 
with symmetrical expressions for 7, and n4. The secular determinant will then factor into 
l P 2 l4 
determinants of lower rank.] 


7. In the linear triatomic molecule suppose that motion in the y and z directions is 
governed by the potentials 


i k 2 k 2 
V,=302 = yi) +503 — y2)’ 


2 2 
k 2 k 2 
V, = 5 Es =z) as =z) 


Find the eigenfrequencies for small vibrations in three dimensions and describe the normal 
modes. What symmetries do the zero frequencies represent? You may want to use the kind 
of intermediate coordinates suggested in Exercise 6. 


8. The equilibrium configuration of a molecule is represented by three atoms of equal 
mass at the vertices of a 45° right triangle connected by springs of equal force constant. 
Obtain the secular determinant for the modes of vibration in the plane and show by 
rearrangement of the columns that the secular equation has a triple root w = 0. Reduce the 
determinant to one of the third rank and obtain the nonvanishing frequencies of free 
vibration. 


9. Show directly that the equations of motion of the preceding problem are satisfied by 
(a) a uniform translation of all atoms along the x axis, (b) a uniform translation along the y 
axis, and (c) a uniform rotation about the z axis. 


10. a) Three equal mass points have equilibrium positions at the vertices of an equilateral 
triangle. They are connected by equal springs that lie along the arcs of the circle 
circumscribing the triangle. Mass points and springs are constrained to move only on the 
circle, so that, e.g., the potential energy of a spring is determined by the arc length covered. 
Determine the eigenfrequencies and normal modes of small oscillations in the plane. 
Identify physically any zero frequencies. 

' b) Suppose one of the springs has a change in force constant 6k, the others remaining 
unchanged. To first order in 6k what are the changes in the eigenfrequencies and normal 
modes? 
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c) Suppose what is changed is the mass of one of the particles by an amount 6m. Now 
how do the normal eigenfrequencies and normal modes change? 


11. A uniform bar of length / and mass m is suspended by two equal springs of equilibrium 
length b and force constant k, as shown in the diagram. 


Find the normal modes of small oscillation in the plane. 


12. Two particles move in one dimension at the junction of three springs, as shown in the 
figure. The springs all have unstretched lengths equal to a, and the force constants and 
masses are shown. 


Find the eigenfrequencies and normal modes of the system. 


13. Two mass points of equal mass m are connected to each other and to fixed points by 
three equal springs of force constant k, as shown in the diagram: 


The equilibrium length of each spring is a. Each mass point has a positive charge +q, and 


they repel each other according to the Coulomb law. Set up the secular equation for the 
eigenfrequencies. 


14. Find expressions for the eigenfrequencies of the following coupled circuit: 
C | C3 
C3 
: L3 


L, 


m= 
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15. Ifthe generalized driving forces Q; are not sinusoidal, show that the forced vibrations 
of the normal coordinates in the absence of damping are given by 


3 1 K G:(w) 


=e! dow, 


an Ja of-a? 


where G,(w) is the Fourier transform of Q; defined by 


1 sa ; 
0) == [Glee do. 
[27 = 
If the dissipation function is simultaneously diagonalized along with T and V, show that 
the forced vibrations are given by 


a GOOF = 0? + OF) sor gy 


“S Tala 0- otr 


which has the typical resonance denominator form. These results are simple illustrations of 
the powerful technique of the operational calculus for handling transient vibrations. 
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CHAPTER 7 
Special Relativity in 
Classical Mechanics 


Our development of classical mechanics has been based on a number of 
definitions and postulates that were presented in Chapter 1. However, when the 
velocities involved approach the speed of light these postulates, as is well known, 
no longer represent the experimental facts, and they must then be altered to 
conform to what is called the special theory of relativity. This is a modification of 
the structure of mechanics that must not be confused with the far more violent 
recasting required by quantum theory. There are many physical instances where 
quantum effects are important but relativistic corrections are negligible. And 
conversely, phenomena frequently occur involving relativistic velocities where 
the refinements of quantum mechanics do not affect the discussion. There is no 
inherent connection between special relativity and quantum mechanics, and the 
effects of one may be discussed without the other. It is therefore of considerable 
practical importance to examine the changes in the formulation of classical 
mechanics required by special relativity. 

It is not intended, however, to present a comprehensive discussion of the 
theory of special relativity and its consequences. We shall not be greatly 
concerned with the events and experiments that led to the construction of the 
theory, far less with its philosophical implications, its apparent paradoxes “which 
gaily mock at common sense.” It will be assumed that the reader has had at least 
an elementary introduction to the relativistic transformations between uniformly 
moving systems and to the more striking physical phenomena arising therefrom. 
The emphasis here will be on how special relativity may be fitted into the 
framework of classical mechanics and only as much of the theory as is needed for 
this task will be presented. 


7-1 THE BASIC PROGRAM OF SPECIAL RELATIVITY 


In the discussions of the previous chapters, frequent use has been made of such 
phrases as “space system” or “system fixed in space.” By these phrases we have 
meant no more than an inertial system, one in which Newton’s law of motion, 


F = ma, (7-1) 
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15. Ifthe generalized driving forces Q; are not sinusoidal, show that the forced vibrations 
of the normal coordinates in the absence of damping are given by 
Lf aa 
Pix 
where G,(@) is the Fourier transform of Q; defined by 


1 to - 
OO == | Glo) do. 
<j. 20 -w 
If the dissipation function is simultaneously diagonalized along with T and V, show that 
the forced vibrations are given by 


e iat do, 


Či 2 2 
-o W7 —@ 


1 i G@)(w? — w? + io¥;) ota dt, 


&= Jn (w? — w*)? + oF? 


which has the typical resonance denominator form. These results are simple illustrations of 
the powerful technique of the operational calculus for handling transient vibrations. 
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It is not intended, however, to present a comprehensive discussion of the 
theory of special relativity and its consequences. We shall not be greatly 
concerned with the events and experiments that led to the construction of the 
theory, far less with its philosophical implications, its apparent paradoxes “which 
gaily mock at common sense.” It will be assumed that the reader has had at least 
an elementary introduction to the relativistic transformations between uniformly 
moving systems and to the more striking physical phenomena arising therefrom. 
The emphasis here will be on how special relativity may be fitted into the 
framework of classical mechanics and only as much of the theory as is needed for 
this task will be presented. 


7-1 THE BASIC PROGRAM OF SPECIAL RELATIVITY 


In the discussions of the previous chapters, frequent use has been made of such 
phrases as “space system” or “system fixed in space.” By these phrases we have 
meant no more than an inertial system, one in which Newton’s law of motion, 


F = ma, (7-1) 


VIS 
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is valid. A system fixed in a body rotating with respect to an inertial system does 
not satisfy this qualification; one must add to (7—1) terms describing the effect of 
the rotation. On the other hand, it would appear that a system moving uniformly 
with respect to a “space system” should itself be an inertial system. Ifr’ represents 
a radius vector from the origin of the second system to a given point, and r the 
corresponding vector in the first system, cf. Fig. 7-1, then if the two systems are 
coincident at t = 0, it seems obvious that these two vectors are connected by the 
relation: 


‘=p — yt. (7-2) 
Since the relative velocity is constant, the first time derivative of Eq. (7—2) is 
i’ =r —Yv, (7-3) 
and another differentiation gives 
a =a (1-4) 


so that the acceleration is the same in both systems. If Newton’s law, Eq. (7-1), 
holds in one system it should hold in the other, if the force has the same form in 
both systems. In many of the usual problems of mechanics the force is obviously 
unchanged between the two systems, as for example, with a constant force field 
such as F = mg. Whenever the forces in a system are derived from a potential that 
is a function only of the scalar distances between particles in the system, then the 
forces clearly have the same form expressed in the primed or unprimed systems, 
and the corresponding equations of motion are unaltered.* 

On the other hand, the transformation represented by Eqs. (6—2) and (6—4), 
known as the Galilean transformation, predicts that the velocity of light should be 
different in the two systems. Thus, suppose there is a source of light at the origin of 
the unprimed system emitting spherical waves traveling with the speed c. Let the 


FIGURE 7-1 
Sketch illustrating the Galilean transformation. 


* Tt is interesting to note that with such a potential the Lagrangian does not have the same 
form in the two systems. But the difference can be shown to be a total derivative of a 
function of position only (cf. Exercise 1) and the equations of motion look alike in the two 
systems. 
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radius vector r be the position vector of a point on some given wave surface. Then 
in the unprimed system the velocity of the point on the wave surface is t = cn, 
where n is a unit vector along r. According to (7—2), however, the corresponding 
wave velocity in the primed system is rt’ = cn — v. In the system moving with 
respect to the source of light the magnitude of the wave velocity will in general no 
longer be c; indeed, since it depends on direction, the waves will no longer be 
spherical. 

A long series of investigations, especially the famous experiments of 
Michelson and Morley, have indicated that the velocity of light is always the same 
in all directions and is independent of the relative uniform motions of the 
observer, the transmitting medium, and the source.* Since the propagation of 
light in a vacuum with the speed c is a consequence of Maxwell’s equations, it 
must be concluded that the Galilean transformation does not preserve the form of 
Maxwell’s equations. Now, it is a postulate of physics, implicit since the time of 
Galileo and Newton, that all phenomena of physics should appear the same in all 
systems moving uniformly relatively to each other. Measurements made entirely 
within a given system must be incapable of distinguishing that system from all 
others moving uniformly with respect to it. This postulate of equivalence requires 
that physical laws must be phrased in an identical manner for all uniformly 
moving systems, i.e., be covariant when subjected to a Galilean transformation. 
The paradox confronting physics at the turn of the twentieth century was that 
experimentally both Newton’s laws and Maxwell’s equations seemed to satisfy the 
equivalence postulate but that theoretically, i.e., according to the Galilean 
transformation, Maxwell’s equations did not. Einstein, affirming explicitly the 
postulate of equivalence, concluded that it is the form of Maxwell’s equations that 
must be kept invariant and therefore the Galilean transformation could not be 
correct. A new relationship between uniformly moving systems, the Lorentz 
transformation, must be found that preserves the speed of light in all uniformly 
moving systems. Einstein showed that such a transformation requires revision of 
the usual concepts of time and simultaneity. 

It is highly probable, a priori, that Newton’s equations of motion also require 
revision, since they satisfy the equivalence postulate only under the Galilean 
transformation, now seen to be incorrect. Possibly other commonly accepted 
laws of physics might not preserve their form under a Lorentz transformation and 
must therefore also be generalized to have the proper transformation properties. 
Of course the generalizations must be such as to reduce to the more customary 
forms for velocities much smaller than that of light, when the Galilean 
transformation is approximately correct. 


*One of the more striking of these experimental proofs involves measurements of the 
speed of photons emitted by z° mesons decaying in flight. Although the source was itself 
moving almost as fast as light, the velocity of the emitted photons as measured in the 
laboratory system agreed with c to within the experimental uncertainty, less than 0.01 %. 
See T. Alvager et al., Physics Letters 12, 260 (October 1, 1964). 
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The program of the theory of special relativity is therefore twofold. First, 
there must be obtained a transformation between two uniformly moving systems 


that will preserve the velocity of light. Second, the laws of physics must be ` 


examined as to their transformation properties under this Lorentz transfor- 
mation. Those laws that do not keep their form invariant are to be generalized so 
as to obey the equivalence postulate. Abundant experimental verification has by 
now been obtained for the physical picture resulting from this program, and in 
the last analysis this is the only justification needed for Einstein’s fundamental 
assumptions. l 


7-2 THE LORENTZ TRANSFORMATION 


It will be assumed the reader has met up with the equations of the Lorentz 
transformation before.* Consider two systems of coordinates whose origins 
coincide at zero time, as seen by observers in both system. Let one system, call it 
the primed system, move unformly with velocity v relative to the other, unprimed 
system, in a direction parallel to the z axis. Then the Lorentz transformation 
between the coordinates, and times, measured in the two systems is given by the 
equations 


X =X, 
` y =y, 
OG z — vt . 
: 1 =p? (7-5) 
vz 
t— 5 
a 


Ji- 

Here $ is v/c, the ratio of v to the speed of light. It is simple to see that these 
equations of transformation satisfy all the properties that might, a priori, have 
been demanded of them. Above all, they preserve the speed of light in the two 
systems. Suppose that a point source located at the origin ofthe unprimed system 
emits a light wave at time t = 0. The equation of the wave front as seen in the 
unprimed system is that of a sphere: 


x? y eg? ete, (7-6) 


The transformation equations (7-5) then show, with a little algebraic 
manipulation, that the transformed wave front observed in the primed system is 
also a sphere expanding with the speed c: 


aa + y? + z’? ai cr. (7-7) 


* Derivations of the Lorentz transformation abound at all levels of sophistication and 
degrees of rigor. See the annotated list of references at the end of the chapter. 
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Further, keeping only first order terms in v/c, Eqs. (7—5) reduce to 


eN 
y =y, 
z’ =z — vt (7-8) 
t=t 


In the limit of small relative speed, the Lorentz transformation equations thus do 
reduce to the Galilean transformation, Eq. (7—2), with the explicit statement that 
the times are the same in both systems. 

Equations (7—5) say that the x and y coordinates are unaltered by the 
transformation, and this is also as we would have expected. The directions 
perpendicular to the direction of relative motion should not be affected by the 
motion. More formally, the isotropy of space presupposes that a relative motion 
in one direction should not induce a twist of the other directions. The 
transformation equations are also linear. While it might not be obvious that they 
have to be linear, the property helps in assuring that the transformation reduces 
to the linear Galilean transformation in the limit of small velocities. It can in fact 
be shown* that the transformation has to be linear in order to preserve the inertial 
quality of a system under Lorentz transformation. Since the validity of Newton’s 
equations of motion is suspect, Einstein gave a new definition ofan inertial system 
as one in which an isolated particle, free from interactions, remains at rest or 
moves uniformly. The Lorentz transformation equations must be linear if 
uniform motion in one system is to transform into uniform motion in the other 
system. 

Finally it would be expected that the Lorentz transformation equations are 
truly relative, i.e., that the inverse transformation has the same form with the sign 
of ò changed. That Eqs. (7—5) satisfy this condition can easily be checked by direct 
solution of x, y, z, and ż in terms of x’, y’, 2’, and t’. 

The equations of the Lorentz transformation can easily be put into a vector 
form that does not single out any particular direction for the relative velocity. 
With v along the z axis we can reformulate the spatial part of the equations of 
transformation, (7—5) as 


; [jane |: 
r=Frt+ Z=: 


VET I 


Explicit appearance of z can be eliminated by using the relationship 


* See for example R. D. Sard, Relativistic Mechanics, p. 596, or V. Fock, The Theory of 


Space, Time and Gravitation, 2d ed., pp. 20-24. 
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leading to 

Tae 1) ee Le 
LP Ji=P 
Equation (7—9) can be put in a more compact form by using the vector B = v/c 
and defining y as 


vars ol (7-9) 


1 
p= Tat 


resulting in the equation 


r=r+ (B-D (y — 1) — Byet. (7-11) 


B 


The corresponding form of the transformation equation for time is 


=y- (b re. (7-12) 


Equations (7—11) and (7-12) constitute the Lorentz equations of transformation 
between two coordinate systems with parallel axes moving uniformly relative to 
each other with velocity v in any arbitrary direction. 

The general Lorentz transformation, Eqs. (7-11) and (7-12), is in the form of 
a linear transformation from one set of four coordinates to another set of four. 
Hence all of the mathematical apparatus developed in the earlier chapters for 
handling linear transformations can be applied to the Lorentz transformation. 
Minkowski pointed out that if the fourth coordinate is taken to be ict, in a four- 
dimensional Cartesian space, then the Lorentz transformation takes on a 
particularly simple and familiar form. The square of the magnitude of the 
position vector in such a 4-space (known as Minkowski space) has the form 


Rex 4x3 aa ty? +2? — 72’. (7-13) 


Now, the Lorentz transformation is designed to preserve the speed of light in the 
two systems, but by Eqs. (7-7) and (7-13), that condition is equivalent to 
requiring that the magnitude of the position vector in 4-space be held invariant 
under the transformation. We have seen in Chapter 4 that linear transformations 
that do not affect the magnitudes of vectors are orthogonal transformations. 
Thus, the Lorentz transformation is an orthogonal transformation in Minkowski 4- 
space. 

The Lorentz transformation can be described in terms of other four- 
dimensional coordinate systems (cf. Section 7-3). Any four-dimensional space 
involving time in one of the axes is referred to as world-space. For the most part 
our discussion will refer only to Minkowski space. 

Since the fourth coordinate is imaginary, Minkowski space is complex, and 
the elements of the Lorentz transformation matrix in this space may be 


(7-10). 
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imaginary. Explicit forms for the matrix elements may be obtained directly from 
the vector forms of the transformation, Eqs. (7—11) and (7-12). We shall denote the 
matrix of the Lorentz transformation in Minkowski space by L: 


x’ = Lx, (7-14) 


with L, as the general element.* It is conventional to use Greek letters for a 
subscript that runs over all four coordinates, and Roman letters for subscripts 
only over the space components. As previously, the summation convention will 
be employed unless explicitly disowned. 

In Minkowski space, Eqs. (7-11) and (7-12) take on the form 


: BBX ; 
XpS Xj + “Rr E — 1) + iByx4, (7-15) 
X4 = —1B,X,Y + YX4- (7-16) 


Hence the elements of L for arbitrary direction of B are 


Lir = Oi + Bibs Gad, 


B 
me (7-17) 
Ly, = —iB,y; 
Ly4 =}. 


For example, the particular Lorentz transformation with which we started this 
section has the relative velocity along the z axis, and the matrix L then takes the 
simple form 


1 0 0 0 

L= ae E : (7-18) 
0 0 y ißy 
0 0 —ify y 


It was seen in Chapter 4 that the basic property of an orthogonal matrix is that 
the transpose is equal to the inverse. For the Lorentz transformation with relative 
velocity vector B, the inverse must be the same matrix, but for velocity — B. 
Inspection of Eq. (7—17) immediately shows the elements satisfy this condition; 
changing the sign of £, is equivalent to transposing the subscripts. 

The analogy of L with three-dimensional orthogonal transformations can be 
exploited further. Looking at Eq. (7-18) we see that the 2 x 2 submatrix of the 


* It is regrettable that L is already used for Lagrangian and for angular momentum, but in 
practice the context almost always removes any chance of confusion. 
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third and fourth coordinates resembles the corresponding submatrix in the 
rotation of a three-dimensional coordinate system about one axis: 


cos@ sing 
—sing cosol 
Correspondingly, Eq. (7-18) can be said to be a rotation in the x,x, plane of 
Minkowski space but through an angle ¢ that is imaginary: 
1 ; iß 
9? sin $ = Err 
JF gip 
If the use of an imaginary angle leaves one uncomfortable, then a real angle y, 
defined by ¢ = iy, can be introduced for which 


=i sinh y = dete, 
Ji - B J1i- P 
so that the (x, x4) submatrix in Eq. (7-18) can be written 


coshy  isinhy 
—isinhy coshw | 


With the help of the equivalent rotation angle, manipulation of the Lorentz 
transformation matrices can sometimes be simplified. Suppose, for example, we 
have a Lorentz transformation L between two systems with relative velocity £ 
along the x, axis, and a second transformation L’ with relative velocity 8’ also 
along the x, axis. What is the Lorentz transformation equivalent to the successive 
applications of L and L’, that is, L” = LL? Since the two Lorentz 
transformations are rotations in the same plane, the rotation angles simply add 
(as may be verified by multiplying the two matrices), and $” for L” is @ + @’. By 
eqs. (7-19) 


cos ġ = (7-19) 


cosh wy = (7-20) 


tan d = if, (7-21) 
and since 
tan @ + tang’ 
~ |—tangtang” 


tan ġ” = tan (ġ + ¢’) 


we have immediately that the two successive Lorentz transformations 
correspond to a single Lorentz transformation with relative speed: 


„_ BAB. = 
B ere (7-22) 


Equation (7—22) is the well-known Einstein addition law for parallel velocities.* 
Two points may be made about this result. (1) In the corresponding non- 


* The derivation can equally well be carried out in terms of the real angle y and the 
formulas for hyperbolic functions of the sum of two angles. 


7-2 THE LORENTZ TRANSFORMATION 283 


relativistic problem the equivalent velocity would merely be the sum of the 
velocities of the two transformations; relativistically there is a correction through 
the term in the denominator. (2) The effect of the correction is that even if B and pf’ 
are arbitrarily close to unity (speeds near c), 8” never reaches, much less exceeds, 
unity. One cannot go faster than the speed of light by means of successive Lorentz 
transformations. Equivalently, starting from a system in which the observer is at 
rest there is no way to transform to asystem going faster than the speed of light. In 
that sense the speed of light is the “ultimate speed.” 

It is quite easy to see that one can find orthogonal matrices in Minkowski 
space other than those of the form given by Eqs. (7—17). Suppose, for example, 
Laa = 1, Ly; = Lig = 0, and the remaining nine elements of L formed a 3 x 3 
matrix R that is orthogonal in ordinary 3-space. The matrix L so defined is clearly 
orthogonal in Minkowski space. But the transformation involves no relative 
motion of the two systems; all it effects is a rotation of the spatial coordinates. All 
spatial rotations thus belong to a subclass of the Lorentz transformation. Equally 
well, Eq. (7-14) does not define the most general coordinate transformation 
under which the equations of physics should be invariant in form. A shift in the 
origin of the coordinates in Minkowski space—spatial translation plus a change 
in the zero of time—should also not affect the phrasing of the physical laws. Nor 
have the possibilities of generalization of the Lorentz transformation beyond Eqs. 
(7-17) yet been exhausted. Some systematization of these possibilities therefore 
seems in order at this point. 

The most general transformation in Minkowski space that would preserve 
the velocity of light thus has the form 


x’ = Lx + a, (1-23) 


where a is an arbitrary translation vector of the origin and L is an orthogonal 
matrix. A transformation such as represented by Eq. (7—23) is spoken of as a 
Poincaré transformation or inhomogeneous Lorentz transformation. The 
orthogonality condition 


LL=Li=1, (1-24) 


corresponds in 4-space to ten constraints on the elements of L (four 
diagonal and six off-diagonal conditions) leaving only six independent quantities 
in L. Another four independent elements are required for a, so the Poincaré 
transformation in general requires the specification of ten independent quantities. 
For present purposes we shall need to be concerned only with the homogeneous 
Lorentz transformation, that is, 


x’ = Lx, (7-14) 


involving six independent elements. As with the ordinary spatial orthogonal 
transformation, the orthogonality condition requires that the square of the 
determinant of L be unity: 


IL? = 1. (7-25) 
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Of the possible determinants satisfying Eq. (7-25), only matrices for which 
IL] = 1 can go continuously into the identity transformation. Such forms of L are, 
as in the three-dimensional case, known as proper Lorentz transformations.* 
However a transformation involving simultaneous inversion of all spatial 
coordinates and the time coordinate would also have a determinant + 1. It is easy 
to see by the following argument that in general L}, must be greater than or equal 
to unity. The 44 element of Eqs. (7-24) can be written 


Lig LajLaj =. 1. (7-26) . 


Now, the elements L4; connect an imaginary fourth coordinate with real spatial 
coordinates. Therefore L4; (and similarly L,,) must be pure imaginary so that the 
sum L,,L,, must be negative. Hence 


bee (7-27) 


By the same type of argument L,, must be real. Of the two ee Eq. (7-27) 
presents, L,, < —1 involves a time inversion, and only L,, > +1 allows 
continuity with the identity transformation. Lorentz transformations for which 
L44 > +1 are called orthochronous, and if L44 < —1, they are designated 
nonorthochronous. Of the four possible choices of the signs of |L| and L44, only the 
orthochronous proper Lorentz transformations can be continuously derived 
from the identity transformation. Such transformations are known as restricted 
Lorentz transformations; —only they can involve proper rotations and reduce to 
the Galilean transformation in the limit of small relative velocities. It is obvious 
that the signs of the square roots in the matrix elements in Eq. (7—17) are such that 
they represent a restricted Lorentz transformation. Like Moliere’s hero who was 
delighted to learn he had been talking prose all his life without knowing it, we 
have really been talking about the restricted Lorentz transformation from the 
beginning of this section without realizing it. We shall continue to confine our 
discussions to restricted Lorentz transformations, and the adjective will be 
implied unless otherwise explicitly stated. 

A restricted Lorentz transformation that describes the relation between two 
systems with parallel axes moving uniformly relatively to each other, i.e., without 
any spatial rotation, is called a pure Lorentz transformation or, in jargon, a 
“boost.” Clearly the transformation matrix given by Eqs. (7—17) is that of a pure 
Lorentz transformation. It is intuitively obvious that any restricted Lorentz 
transformation can be decomposed into a pure Lorentz transformation and a 


* The determinant |L] is real, as can be seen from the matrix elements in Eq. (7-17)—the 
determinant expansion involves at most only products of two imaginary matrix elements 
at a time. Hence the only other possibility is |L] = — 1, corresponding to improper 
transformations involving coordinate inversion. 

fit can be shown (cf. Exercise 9) that the products of restricted transformations are also 


restricted. Products of the other three classes do not remain within their class. Thus only 
the restricted Lorentz transformations can have the group property. 
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spatial rotation without relative motion (in either order). The procedure for 
constructing the component transformations can be sketched simply. Suppose a 
Lorentz transformation is to be represented as the product of a pure 
transformation followed by a spatial rotation: 


L = RP. (7-28) 


The coordinates of a point in the transformed space, xj, are related to the 
coordinates in the original space by 


X= = LyX). 


How fast does an observer in the unprimed system see the origin of the primed 
system (x; = 0) move by? The unprimed coordinates of that origin are 


TON t ai 1 
x; = L4jX4 X4 = L44X4- 


The relative velocity vector of the primed origin therefore has components 
Bi aae a (1-29) 


From Eq. (7—26), it then follows that 


Lial = p;p) = 1. 


The reality of L44 immediately implies that £ defined by Eq. (7-29) lies between 0 
and 1, and that in terms of this value of 8, L4, must have the value 


Lzy — py’ =y. (7-30) 


Construct now a pure Lorentz transformation P(B) corresponding to the relative 
velocity vector, Eq. (7—29). The inverse transformation has the matrix P(— p). It 
therefore follows that the matrix R can be constructed as the product 


R = LP(—). (7-31) 


A formal proof that the 4 x 4 matrix R has the form of a spatial rotation, as 
deduced from the matrix elements of P(—B) and the orthogonality of L, will be 
left to the exercises. It should however be clear that R can only be a spatial 
rotation. The intermediate coordinate system defined by P (P) is at rest relative to 
the final set of axes and all R can do is rotate the coordinates. Note, that by this 
decomposition, of the six independent elements of L, three are given by the 
components of the relative velocity vector $ and the other three by the parameters 
defining the spatial rotation represented by R, e.g., three Euler angles. 
Successive application of two pure Lorentz transformations is of course 
equivalent to a single Lorentz transformation between the initial and final 
coordinate systems. But unless the relative velocities of the successive 
transformations are parallel, the final equivalent transformation will not be a 
pure Lorentz transformation. The decomposition process described above can be 
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carried through on the product of two pure Lorentz transformations fo obtain 
explicitly the rotation of the coordinate axes resulting from the two successive 
“boosts.” In general, the algebra involved is quite forbidding, more than enough, 
usually, to discourage any actual demonstration of the rotation matrix. There is, 
however, one specific situation where allowable approximations reduce the 
calculational complexity, while the result obtained has important applications in 
many areas of modern physics. What is involved is a phenomenon known as the 
Thomas precession. 


Consider three coordinate systems: O,, the laboratory system; O,,a system 


moving with velocity B relative to O,; and O3, a system moving with velocity AB 
= P’ relativeto O>.Itisnoloss of generality to take B along thez axis of O, and’ to 
bein the y-z plane of O,,i.e., B, B’ define the y-z plane of O,. The components of $’ 
will be assumed to be infinitesimals, which need be retained only through the 
lowest nonvanishing order. Thus, y’ for the transformation between O, and O;can 
be replaced by unity. On this basis the matrix for L, the pure Lorentz 
transformation between O, and O,, has the form of Eq. (7-18), while the 
corresponding matrix of transformation from O, to O; is 


1 0 0 0 
0 1 0 ip, 
‘Lie 7-32 
E 0 0 1 ips > ( ) 
0 -if, -ify 1 


where $f and f are the components of B’. The product matrix, to the same 
approximation, is 


1 0 0 0 
0 1i BB2y = iBsy 
"=LL= fe doe 1-33 
l 0 0 y ißy ( ) 
0 


—ip, —ipy y 


It is clear that L” cannot represent a pure Lorentz transformation, for which, as 
Eq. (7-17) shows, the elements Li, must be symmetric. By Eq. (7-29) the 
nonvanishing components of the effective relative velocity between O, and O; 
are* 


==, =B. (7-34) 


* The effect of treating f’ as small is that $4 has been dropped in comparison to £. 


Í 
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Since (B”)? = (827 + (847 ~ B? and therefore y” œ y, the pure Lorentz 
transformation for the relative velocity —B” is to be approximated as 


1 0 0 0 
0 1 Bo —1) —ip; 
P(-B)=| g i (7-35) 
0 By? —1) y —ißy 
y 
0 ips ipy y 


Finally, the rotation matrix characterizing the rotation of the O3 axes as seen 
from O, is found, after some algebraic simplification and the dropping of higher 
order terms in f’, to be 


1 0 0 0 
0 1 “o-n 0 
R = L’P(—p”) = E (7-36) 
0 2—1 1 0 
By (y — 1) 


0 0 0 1 


Comparison with Eq. (4-105) shows that R implies O; is rotated with respect to 
O, about the x axis through an infinitesimal angle: 
2 np) 
AQ, By 1) = 3B Be 
The spatial rotation resulting from the successive application of two parallel axes 
Lorentz transformatiéns has been declared every bit as paradoxical as the more 
frequently discussed apparent violations of common sense, such as the “twin 
paradox.” But this particular paradox has important applications, especially in 
atomic physics, and therefore has been abundantly verified experimentally. 
Consider a particle moving in the laboratory system with a velocity v that is not 
constant. Since the system in which the particle is at rest is accelerated with 
respect to the laboratory, the two systems should not be connected by a Lorentz 
transformation. We can circumvent this difficulty by a frequently used strategem 
(elevated by some to the status of an additional postulate of relativity). We 
imagine an infinity of inertial systems moving uniformly relative to the laboratory 
system, one of which instantaneously matches the velocity of the particle. The 
particle is thus instantaneously at rest in an inertial system that can be connected 
to the laboratory system by a Lorentz transformation. It is assumed that this 
Lorentz transformation will also describe the properties of the particle and its 
true rest system as seen from the laboratory system. 

Suppose now, that O, is the laboratory system with O, and O, two of the 
instantaneous rest systems a time At apart in the particle’s motion. By Eq. (7-34) 


(7-37) 


j 
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the laboratory observer will see a change in the particle’s velocity in thjs time, Av, 
which has only a y component 5c. Since the initial z axis has been chosen along 
the direction of v, the vector of the infinitesimal rotation in this time can be 
written 


v x Ay 


AQ = —(y — 1) z 


(7-38) 


Hence, if the particle has some specific direction attached to it (such as a spin 


vector) it will be observed from the laboratory system that this direction precesses 
with an angular velocity 


vxa 
2 


a= (p= 1) 


: (7-39) 
where a is the particle’s acceleration as seen from O,. Equation (7—39) is 
frequently encountered in the form it takes when v is small enough that y can be 
‘approximated: 


1 
© =~ (a x y). (1-39') 
2c" 


In either form, œ is known as the Thomas precession frequency. 


7-3 LORENTZ TRANSFORMATIONS IN REAL 
FOUR DIMENSIONAL SPACES* 


While retaining its property of preserving the velocity of light, the Lorentz 
transformation can also be considered as a linear transformation in a real four- 
dimensional space. The fourth coordinate in such a space is usually denoted by 
Xo = ct. In order that light should propagate in all systems isotropically with the 
speed c, the square of the magnitude ofa vector should still be given by Eq. (7—13). 
Hence the real space cannot be Euclidean, but must be Riemannian with a 
diagonal metric tensor G of the form 


$ (7—40) 


em E = S E e 
or D © 
rr OC O° 


*Almost all of the kinematical features of the Lorentz transformation needed for the rest of 
the book have been presented in the previous section. While this section, and the next, are 
of importance for the use of Lorentz transformation in various parts of modern physics, 
they may be omitted without affecting the discussion of classical mechanics of relativistic 
particles. 
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where the index on the coordinates runs 1230. It will be remembered from Eq. 
(6-26) that the square of the magnitude of a vector in such.a space is given by 


KGx = x? + xi + x2 — x2 = x? 4 yp? 4 2? ~ 22, (7-41) 


exactly as in Eq. (7—13).* A homogeneous Lorentz transformation is a linear 
transformation in this real space that preserves the magnitude of vectors. Because 
the elements of the transformation are real and thus not identical with L, the real 
Lorentz transformation will be designated by A. The condition that vectors have 
the same magnitude before and after transformation is that 


%'Gx’ = XGx. (7-42) 
But, we have 
X'Gx' = AxGAx = XAGAx. 
Thus in order for Eq. (7—42) to hold, A must be such that 
AGA = G. (7-43) 


Equation (7—43) can be read as saying the congruence transformation A leaves 
the metric tensor unchanged. A more significant view of Eq. (7—43) is to see its 
analogy to the condition for an orthogonal matrix, e.g., Eq. (7-24), in a Euclidean 
space (where the metric tensor is 1). Indeed, Eq. (7-43) can be considered as the 
orthogonality condition on A in the real Riemannian space whose metric tensor 
is G. 

Translations between formulas expressed in Minkowski space and in the real 
four-space are easily accomplished since 


l 26 ioy (7-44) 
It follows that 


Ajo =iLjg, Aog = —iLays (7-45) 
while all other elements remain unchanged. Thus the pure Lorentz 
transformation with relative velocity along the z axis, corresponding to Eq. 
(7-18), has the real symmetric matrix 


1 0 0 0 
0 1 0 0 

A= 7-46 
0 0 y -—-fy ey 
0 0 -y 7 


2 Because the square may be either positive or negative, metric tensors such as Eq. (7-40) 
are said to define an indefinite metric. 
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All of the kinematic formulas of the preceding section can similarly be rewritten 
without difficulty. It should be remembered that the dot product of two vectors 
represented by x and y must now be written (cf. Eq. 6-25) as 


xGy = yGx F XpSuvv- 


(The orthogonality condition Eq. (7-43) guarantees that such a dot product is 
invariant under the A transformation.) 

It is possible to get rid of the ubiquitous presence of the metric tensor and 
make the formulas resemble more those for Cartesian spaces by a change in 
notation, which requires a brief excursion into Riemannian geometry. Suppose 
we form a vector out of the coordinate elements dx, and consider its behavior 
under a general coordinate transformation of the kind 


Vy = RX X23 --). (7-47) 


Then the transformation properties of dx, are 


oy 
ja pepe om (7-48) 


NOx, oe, 


Here the derivatives are the elements of the Jacobian matrix of transformation 
between (x) and (y). For a linear transformation A they would simply be the 
matrix elements A,,. On the other hand the elements of a gradient vector 
would transform according to the equation 


ey alee (7-49) 


In Eq. (7—49) the coefficients are now the Jacobian matrix elements of the inverse 
transformation from y to x. Vectors that transform as in Eq. (7-48) are called 
contravariant vectors and by convention are given superscripts: 
-ay 
D” = D p, (7-48) 
Ox 


H 


while covariant vectors transform as in Eq. (7—49) and are indicated by 
subscripts: 


Fi, = —F (7-49’) 


If one goes from (x) to (y) and then back to (x), the final result is of course an 
identity transformation. Hence the product of the Jacobian matrices for a 
transformation and its inverse must be the unit matrix. It therefore follows that 
the inner product (dot product) of a contravariant and a covariant vector is 
invariant under transformation, for , 
oy, Ox 
D°Fl = = JEDE, = Öp D"E, = D'E, 


4 
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For Cartesian spaces there is no difference between covariant and contravariant 
vectors under orthogonal linear transformations. Thus, if the matrix A describes 
such a transformation, a contravariant vector transforms as 


D” = Apu D", 
and a covariant vector as 
F,= (AT')a E, = (A) pF, z Ay, F,,- 


We have therefore had little need to distinguish between the two types of 
transformation behavior till now. 
The qualities of covariance and contravariance can easily be generalized to 


tensors of higher rank. Thus, a covariant tensor G of the second rank transforms 
as 


Go = Gye r (1-50) 


and the contraction of a covariant tensor of the second rank with two 
contravariant vectors, €g., G,,D"F’, can similarly be shown to transform 
invariantly in form. In a Riemannian space, where the element of path length (cf. 
Eq. 6-24) 


(ds)? = g, dx" dx" (7-51) 


is invariant under the transformations of interest, it follows that the metric tensor 
is a covariant tensor.* By asimilar argument the contraction of a covariant tensor 
of the second rank and a contravariant vector transforms as a covariant vector: 


fa) - 
ZeD = GD Ze 
m Vu 


Thus (and finally) the dot product of two contravariant vectors A“, B” in our real 
four-space, 


Emn A"B*, 


* For the Lorentz transformation this can also be seen directly from the orthogonality 
condition, Eq. (7—43), written as 


G=A7'GaA"! 


and viewed as a congruence transformation of G. 


m 
l, 
; 
/ 

| 

| 

| 
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can be rewritten as . 
A.B“ 


y 


where A, is the covariant vector: 
A =§,,A". (7-52) 


In this manner the square of the magnitude of the position vector in real four- 
space can be written as 


H 
Xx 


without having to introduce the metric tensor specifically. One just has to 
remember that one member of the dot product is replaced by the covariant vector 
formed by contraction with the metric tensor.* 

A variant on the use of a real space is to introduce one with the metric tensor 


—1 0 0 0 


0-1 0 0 
g 7-53 
S 0 0-1 0 Ce 


0 0 0 +1 
The square of the magnitude of a position vector is now 
x G’x = Xp Ee oe = —x? = x3 D x3 + ere. (1-41) 


Clearly a transformation preserving this magnitude will also keep the speed of 
light invariant, and the corresponding Lorentz transformation must be identical 
with A above. All the previous formalism is unaltered, only the value of dot 
products changes sign. Advocates of the metric tensor (7—53) point out that it will 
eliminate some minus signs in later formulas arising in particle dynamics. On the 
other hand, this metric represents a discontinuous change from what is 
considered the magnitude of a vector in ordinary three-space. The metric tensor 
G’ is sometimes said to have the “signature” (— — — +) whereas G, Eq. (7—40), 
has the signature (+ + + —). The tensors can also be identified by their traces, 
+2 for G and —2 for G’. 

In their massive treatise on gravity,f Misner, Thorne, and Wheeler call for the 
extinction of the complex Minkowski space: “One sometime participant in 
special relativity will have to be put to the sword: ‘xt = ict’.” Itis claimed that the 
use of a Cartesian space hides the basic indefinite nature of the metric—that the 
square of the magnitude of vectors can be positive, zero, or negative. Further, the 
artifice of a complex Cartesian space is feasible only in special relativity; in the 


*If we are concerned with the dot product of two covariant vectors, the index can be 
“raised” by contraction with the inverse of the metric tensor, which can be shown to be 
contravariant. The metric tensors employed here, which are diagonal with elements +1, 
are their own inverses and there is no difference between covariant and contravariant 
metric tensors. 


+C. W. Misner, K. S. Thorne, and J. A. Wheeler, “Gravitation,” 1973, p. 51. 
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theory of general relativity the spaceiscurved and the use of anon-Cartesian metric 
tensor is inescapable. It is also pointed out that in quantum mechanics where wave 
functions or state vectors are complex, the use of an imaginary coordinate will 
complicate the operation of complex,conjugation. These arguments appear to be 
persuasive; the real four-space with indefinite metric (often with trace —2) is 
widely used in quantum mechanics and particle physics. 

It is difficult to oppose such distinguished authority. Nonetheless, we shall 
here make a stand against the euthanasia of Minkowski space. Neither general 
relativity nor quantum mechanics will be discussed in this book; we need not bow 
to their special requirements. The indefinite character of the line element is as 
manifest or as hidden in the complex space as in the real space; we shall have it 
thrust upon us only too often. On the other hand, the formulas in complex 
Minkowski space are usually particularly simple and neat, without the 
encumbrances of metric tensors or the (here) artificial distinction between 
covariant and contravariant quantities. It also permits natural extensions from 
our experience with ordinary three-dimensional space. For these reasons we shall 
use the formalism of the Minkowski space almost exclusively from here on. Most 
of the equations look the same in either space; in any case, conversion from one 
space to the other is a simple matter. We will make use of real space in only a few 
instances, where it is particularly convenient (as in the next section), and then 
almost always with the metric having the trace +2. 


7-4 FURTHER DESCRIPTIONS OF THE LORENTZ TRANSFORMATION 


One of the instances where the use of a real time coordinate leads to simpler 
derivations is in showing the homomorphism between the Lorentz transfor- 
mations and a class of 2 x 2 complex matrices. It will be remembered from 
Section 4-5 that a homomorphism exists between the proper spatial rotations 
and unitary complex matrices with determinant +1 (“unimodular”). A similar 
homomorphism can be demonstrated for the Lorentz transformation, using 
much the same methods as were employed for spatial rotations. 
Consider a 2 x 2 matrix S defined as 


S 


ae es Shee x, — ix, (7-54) 
x+iy —z+ct Xi +iX, Xg—X3 

Here S, a generalization of P given in Eq. (4—59), is a hermitean matrix. Indeed, it 
is in the form of the most general hermitean 2 x 2 matrix possible for real x, We 
saw in Section (4—5) that the Pauli spin matrices, Eq. (4-74), together with the 
unit matrix form a complete basis set of 2 x 2 hermitean matrices. One can 
express S simply in terms of this basis set if the unit matrix is denoted aso); S can 
then be written as 


o (7-55) 


DEEE Rak oa 
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where the summation is from 0 through 3. The determinant of S is easily found to 
be 
S| = =x? — y? — 2? + et, (1-56) 


and thus proportional to the square of the position vector in four-space. Let Q be 
the same general complex 2 x 2 matrix as in Section 4-5 (Eq. 4-49) with only the 
restriction that the determinant of Q shall be + 1, that is,Q is unimodular. Since 
the elements of Q are in general complex, the condition on the determinant 
provides two equations of constraint, reducing the number of the independent 
elements of Q to 6—as many as are needed in the homogeneous Lorentz 
transformation. With the aid of Q let us transform S according to the scheme (cf. 
Eq. 4—60) 

S' = asa. (1-57) 


Because Q is not unitary this is not a similarity transformation, but it is simple to 
show that it also preserves the hermitean character of S. Hence the transformed 
matrix S’ must have a form similar to Eq. (7-55), 


S' = xio 


rOy, 
where the x’ must be real. Further, because Q is unimodular, the determinant of 
S’ must be the same as the determinant of S. We can therefore say that Q 
generates a transformation from coordinates x, to coordinates x, in such a 
manner as to preserve the velocity of light—Q is homomorphic to at least some 
subclass of the Lorentz transformation. 

It is possible to show that the Lorentz transformation equivalent to Q must 
be both proper and orthochronous, but the formal proofis involved.* However a 
plausible argument can be sketched briefly. Following the procedure used in 
Section 4-5 it is easy to show that if L, and L, are two Lorentz transformations 
corresponding to Q, and Q,, then L,L, corresponds to Q, = Q,Q,, which is 
also unimodular. Hence the subclass of the Lorentz transformation 
homomorphic to the Q matrices is such that the product of two Lorentz 
transformations is still a member of the same subclass—one of the most 
important of the “group properties.” Now, we have seen that only two classes of 
Lorentz transformation have this property: the general homogeneous Lorentz 
transformation and the restricted Lorentz transformation. To decide between 
these two possibilities it may be noted that brute force evaluation of the matrix 
products in Eq. (7-57) shows that L44 is given in terms of the elements of Q (Eq. 
4-49) by the expression 


1 
Laa = Aaa =5(00* + BB* + yy* + 00"), 


which is positive definite. For nonorthochronous transformations, L44 is 
negative, in fact <—1. Of the two classes, the Q matrices can therefore be 


* See, for example, A. O. Barut, Electrodynamics and Classical Theory of Fields, p. 23, or A. 
J. Macfarlane, Jour. Math. Phys. 3, 1116 (1962). 
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homomorphic only to the restricted Lorentz transformations, just as the unitary 
unimodular matrices are homomorphic only to proper spatial rotations. 

Again, as in the three-dimensional case, there is a double-valued association 
between L and QO, because both +Q and —Q lead to the same Lorentz 
transformation. Hence the relationship is spoken of as a homomorphism rather 
than isomorphism. The actual expressions for the elements L,,, in terms of the 
elements of Q can be obtained either by brute force evaluation of Eq. (7-57) or, 
more elegantly, by methods described in the references of Barut and MacFarlane 
cited above. For pure Lorentz transformations, however, there is a simple 
description of the Q analogous to Eq. (4-98) for proper spatial rotations. Direct 
evaluation of Eq. (7-57) shows that the unimodular matrix 


e2 9 
Q= 0 pula)? (7-58) 
where w is real, corresponds to the Lorentz transformation 
x, =X 
Xx =X 
. (1-59) 

x, = x, cosh y — xo sinh y 
Xo = — x, sinh y + xo cosh w. 


Equation (7—59) will be recognized as the pure Lorentz transformation, Eq. 
(7-46), for relative motion along the x; axis, with y defined by Eq. (7-20). The 
matrix in Eq. (7-58) can also be written as 


Q=1 cosh — o sinh A (7-60) 


analogously to Eq. (4-76) for spatial rotation about the z axis. We can easily 
generalize this result to an arbitrary pure Lorentz transformation. Just as a 
proper rotation could be parameterized in terms of a direction of the axis of 
rotation and a finite angle of rotation, so a pure Lorentz transformation can be 
described in terms of a unit vector x in the direction of relative motion and an 
“angle” y defined by Eq. (7-20). The vector form of the Lorentz transformation, 
Eqs. (7-11) and (7-12), can be rewritten in these parameters as 


r =r + («-r)K(cosh y — 1) — xxy sinh y, (7-61) 
xo = —(k-r)sinh y + xgcosh y. (1-62) 


Equation (7—61) is quite reminiscent of the form of the finite rotation formula, Eq. 
(4-92). The obvious extension of Eq. (7-60) to relative motion in a given 
direction x is 


O(x,) =1 cosh Z — x-osinh A (7-63) 
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which is to be compared with Eq. (4-98) for spatial rotations.* Note that the form 
of Eq. (7-63) shows that the Q matrices for pure Lorentz transformations are 
hermitean, whereas for proper rotations they are unitary. As with pure rotations, 
Eq. (7-63) implies an exponential representation for the Q matrix of a pure 
Lorentz transformation: 


Q(x, Y) = exp [-x +o (/2)]. (7-64) 


Since a restricted Lorentz transformation is the product of a boost and a spatial 
rotation, we can combine Eq. (7—64) with Eq. (4-99) to obtain the corresponding | 
form of the Q matrix: 


O(n; x, Y) = exp [in-o(/2)] exp [—K-o(/2)]. (7-65) 


It should be remembered, of course, that the exponentials simply stand for the 
series representations. 

The advantages of the unimodular representations of the Lorentz 
transformation become apparent when we try to resolve the product of two pure 
Lorentz transformations into a spatial rotation and a pure Lorentz 
transformation. As was pointed out, to disentangle the effective velocity and 
rotation vectors out of the straightforward multiplication is a formidable 
algebraic exercise. With the Q matrix form, it becomes much simpler although 
considerable manipulation is still required (see Exercise 13). 

Infinitesimal transformations play so great a role in spatial rotations it is 
natural to seek their counterparts for the Lorentz transformation. We have 
already made use of an infinitesimal Lorentz transformation in deriving the 
Thomas precession (cf. Eq. 7-32). While not as immediately useful as in spatial 
rotations, the infinitesimal Lorentz transformations are valuable in applications 
where (as we shall see in Section 9-7) they provide the identifying mark for the 
mathematical group structure of the Lorentz transformation. In terms of x and Y, 
the real pure Lorentz transformation takes the form (either directly from Eqs. 
(7-61) and (7-62) or via Eqs. (7-17)) 


Ay = 54; + Kk(cosh y — 1), 
Aio = Agi = — Ki sinh y, (7-66) 
Aoo = cosh Y. 


An infinitesimal pure Lorentz transformation is characterized by an infinitesimal 
relative velocity between the two systems or equivalently by an infinitesimal 
“angle” Ay. From Eq. (7-66) an infinitesimal pure Lorentz transformation can be 
written as 


A=1+6, (7-67) 
* We cannot introduce any quantities similar to “Euler angles” because unlike proper 


rotations, the product of two noncollinear pure Lorentz transformations is not a pure 
Lorentz transformation. 
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where 
0 0 0 —K, Ay 
ez 0 0 0 —K, Aw 
0 0 0 — K3 Ap 


-k ÂY —Kx,AW ~k, ây 0 


In analogy to Eq. (4-117) for spatial rotations, we can introduce the notion of 
generator matrices for infinitesimal pure Lorentz transformations as 


0001 000 0 
000 0 
K, = l K, = 0001 
000 0 K 0000p 
1000 0100 
0000 ne 
K, = 000 0 
0001 
0010 
In terms of K; the infinitesimal matrix 6 can be written very simply as 
ô= ~K Ay, 


and the change in a vector in real four-space, written as a matrix x, under a pure 
infinitesimal Lorentz transformation is given completely as 


Ax = — K; K;x Ay. (7-69) 

Equation (7—69) constitutes in effect a differential equation fòr generating a finite 
pure Lorentz transformation. 

Because the spatial rotations are a subgroup of the Lorentz transformation 

we should add to these the generators of the infinitesimal spatial rotation in the 

A formalism, which are identical with the M; defined in Eq. (4-117) except for 


an added fourth row and column of zeros. The commutators or Lie brackets of 
M; remain unchanged in this guise as 


[M;,Mj] = eM. (4-118) 
Direct multiplication will verify that the K; satisfy the commutation relations 


‘ [K;, K] S — éi My, 
an 

(7-70) 
LK;, M,] m eink. 
Equations (4-118) and (7—70) together define the Lie algebra of the restricted 
Lorentz group and act as a hallmark to identify that group. We shall find they 
appear, surprisingly, in association with the nonrelativistic unbound motion in 
the Kepler problem (see Section 9—7). 


ae NS 


298 SPECIAL RELATIVITY IN CLASSICAL MECHANICS 


7-5 COVARIANT FOUR-DIMENSIONAL FORMULATIONS s 


Having obtained the Lorentz transformation to replace the incorrect Galilean 
transformation, we can now proceed to the second stage and require that the laws 
of mechanics, in common with all of physics, shall have the same form in all 
uniformly moving systems. The task of examining the laws of physics for 
invariance in form under Lorentz transformation is greatly facilitated by writing 
them in terms of the four-dimensional world introduced in the previous sections. 
Indeed, as will be shown, it is then possible to verify the Lorentz invariance of a 
given equation merely by inspection. 

Invariance of form under Lorentz transformation is not the only invariant 
property demanded of physical laws. Clearly the physical content of any given 
relation cannot be affected by the particular orientation chosen for the spatial 
axes; the laws of physics must also be invariant in form under rigid rotations, ie, 
proper spatial orthogonal transformations. An examination of this more familiar 
invariance requirement will clarify the procedure to be followed in establishing 
invariance under Lorentz transformation. 

Normally we do not worry about the invariance of our theories under spatial 
rotations. In constructing any equation it is always required that the terms of the 
equation be all scalars, or all vectors; in general all terms must be tensors of the 
same rank, and this requirement automatically ensures the desired invariance 
under rotation. Thus a scalar relation will have the general form 


a= b, 


and since both sides of the equation, being scalars, are invariant under spatial 
rotations the relation obviously holds in all coordinate systems. A vector relation, 
of the form 


F=G, 
really stands for three separate relations between the components of the vector: 


F= G, 


The values of these components, of course, are not invariant under the spatial 
rotation; rather they are transformed to new values F;, G; that are the 
components of the transformed vectors, F’,G’. But because both sides of the 
component relations transform in identical fashion, the same relation must hold 
between the transformed components: 


F; = Gj. 
The relationship between the two vectors is thus undisturbed by the spatial 
rotation; in the new system we still have 

F =G". 
Note that the invariance in the form of the relationship is entirely in consequence 
of the fact that both sides transform as vectors. We speak of the terms of the 
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equation as being covariant.* Similarly, an equality between two tensors of the 
second rank 


C=D 
necessarily implies the same equality between the two transformed tensors 
C’ — D’ 


because the two tensors transform covariantly under a spatial rotation. On the 
other hand, an equation involving separately a component ofa vector and, say, a 
component of a tensor obviously cannot remain invariant in form under a three- 
dimensional orthogonal transformation. Invariance of a physical law under 
rotation of the spatial coordinate system requires covariance of the terms of the 
equation under three-dimensional orthogonal transformation. 

Now, the restricted Lorentz transformation has been identified as an 
orthogonal transformation in Minkowski, or world, space. We have already 
handled scalars and vectors in this four-dimensional space. Similarly one can set 
up tensors of other ranks in this space, with transformation properties that are 
obvious generalizations of the three-dimensional transformations. These tensors 
of various ranks will be spoken of as world tensors, starting with world scalars, 
world vectors (or four-vectors), etc. The invariance of the form of any physical law 
under Lorentz transformation will then be immediately evident once it is 
expressed in a covariant four-dimensional form, all terms being world tensors of the 
same rank. A law failing to meet the requirements of the equivalence principle 
cannot be put into a covariant form. The four-dimensional transformation 
properties of the terms of a physical law thus act as the touchstone for examining 
its relativistic validity. 

The simplest example of a four-vector is the position vector of a “point” in 
Minkowski space, with components (x; , X3, X3, X4). Since the four coordinates of 
a world point tell where in ordinary space something happened and when it 
happened, it is perhaps more descriptive to speak of a point in four-dimensional 
space as an event. Though we shall often use three-dimensional terminology in 
speaking of world space, it is well to remember the important physical differences 
in meanings between the two spaces. 

As a particle moves in ordinary space its corresponding point in four- 
dimensional space will describe a path known as the world line. The four-vector 
dx, represents the change in the position four-vector for a differential motion 
along the world line. From the dot product of dx, with itself we can form a world 
scalar (and hence a Lorentz invariant), denoted by dt and defined by the equation 


(dt? = =g, dx,- (7-71) 


*As used here, the term “covariant” has nothing whatever to do with “covariant 
transformation” as used in Section 7—3. Unfortunately we have here another instance of the 
mathematicians and physicists using the same term for two entirely separate concepts. 
Both conventions are too entrenched to be changed now. 


| 
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The significance of dt can be made clear by evaluating Eq. (7-71) in the Lorentz 
system in which the particle is momentarily at rest. In such a system the 
components of the transformed vector dx, are (0, 0, 0, icdt’) and the invariant dt is 
given by 


1 , , 1\2 

(dt)? = ax, dx}, = (dt')’. 
Thus drt is the time interval as measured on a clock traveling with the particle,* 
hence it is referred to as an interval of the particle’s proper time or world time. 
The relation between dt and an interval of time as measured in a given 


Lorentz system can be derived directly by expanding the defining equation 
(7-71): 


(ae)? = — (dx)? + (dy? + (de)? — (at? 


or 


which is equivalent to the relation 


ace 
fi j 


3 


dt. : (7-72) 


It may seem the use of the symbol f in Eq. (7—72) would lead to-confusion. 
Hitherto $ has referred solely to the relative velocity (in units of c) of two inertial 
systems connected by a Lorentz transformation. Here it is being used to represent 
the velocity of a particle as observed in one inertial system (the laboratory 
system). Actually the usage is made consistent by thinking in terms of Lorentz 
systems instantaneously at rest with respect to the particle, as mentioned in 
connection with the Thomas precession. Then f is both the relative velocity 
between the observer's system and the instantaneous rest system, and the 
observed velocity of the particle. Equation (7-72) says that a time interval 
measured in the rest system is always longer than the corresponding time interval 
observed in a system in which the particle is not at rest. This is an example of the 
by-now familiar “time-dilatation” which has been abundantly verified 
experimentally, most notably by observations of the lifetimes of unstable particles 
decaying in flight. 


* By definition dz is taken as the positive square root of the expression given in Eq. (7-71). 
The minus sign inside the square root would have been eliminated if we had used the metric 
of trace —2, Eq. (7-53). 


TCE the discussion in R. D. Sard, Relativistic Mechanics, 1970, pp. 96—100. 
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As has been mentioned, the square of the magnitude of a four-vector is not 
necessarily positive definite. Four-vectors for which the square of the magnitude 
is greater than or equal to zero are called space-like; when the squares of the 
magnitudes are negative they are known as time-like vectors. Since these 
characteristics arise from the dot products of the vectors with themselves, which 
are world scalars, the designations are obviously invariant under Lorentz 
transformation. The names stem from the fact that the square ofa spatial vector is 
always positive definite, and a space-like four-vector can always be transformed 
so that its fourth component vanishes, as we shall see. On the other hand, a time- 
like four-vector must always have a fourth component, but it can be transformed 
so that the first three components vanish. As an example of these concepts it may 
be noted that the difference vector between two world points can be either space- 
like or time-like. Let X,, be the difference vector, defined as 


X, = Xip — Xays 


the subscripts 1 and 2 denoting the two events. The magnitude of X, is given by 
XX, = [ty — 2? elt — t}. 
Thus, X, is space-like if the two world points are separated such that 
k -nP > et h), 
while it is time-like if 
lr, = n|? < e(t — t). 


The condition for a time-like difference vector is equivalent to stating that it is 
possible to bridge the distance between the two events by a light signal, while if the 
points are separated by a space-like difference vector they cannot be connected 
by any wave traveling with the speed c. 

The spatial axes can always be so oriented that the spatial difference vector 
r, — r, is along the z axis, such that |r, —r,| is equal to z, — z,. Under a 
Lorentz transformation with velocity v parallel to the z axis, the fourth 
component of X, then transforms according to Eq. (7-5): 


If X, is space-like and the events are designated such that t, > t,, then 
C(t, — t3) < 2, = Z3, 


and it is therefore possible to find a velocity v < c such that ic(t, — t3) = X4 
vanishes, as was stated above. Physically the vanishing of X, means that if the 
distance between two events is space-like, then one can always find a Lorentz 
system in which the two events are simultaneous. On the other hand, for time-like 
separations between events one cannot find a Lorentz transformation that will 
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make them simultaneous or, a forteriori, change the order of the time sequence of 
the two events. Thus, “before” and “after” are concepts invariant under a Lorentz 
transformation, and causality is preserved. That the sequence of events with 
space-like separations can be reversed does not violate causality, because by 
definition there is no way one event can influence the other. For example, nothing 
we can do on Earth now will affect what happens within the next ten years on a 
planet around a star ten light-years away. 

Examples of four-vectors may be easily multiplied. Thus, the four-velocity u, 
is defined as the rate of change of the position vector of a particle with respect to 
its proper time: 


u, = — (1-73) 
with space and time components 


E A and u ean 
l= Sie ee 


The world velocity has a constant magnitude, for the sum u,u, is given by 


(7-74) 


2 
uu, = ——5 — — = e, (7-75) 


and it is thus also time-like. 

It can be shown that the electric current density j and icp, where p is the 
electric charge density, also form a four-vector, j,.* The equation of continuity for 
charge and current, 


Jao. (1-76) 


We have already seen (p. 290) that the four-gradient operator transforms in 
Minkowski space as a four-vector,} since 
0 ox, ô ð ô 
y= E Lana = Luzo (1-77) 
Ox, ÔX, X, "YOX, "OX, 
by the orthogonality condition on L. Hence the left-hand side of Eq. (7-76) is a 
four-divergence ofa four-vector, i.e. a world scalar, and therefore invariant under a 


*j,, is simply the four-vector pot, where p, is the charge density in the system in which the 
charges are at rest, i.e., the “proper charge density.” See Panofsky and Phillips, Classical 
Electricity and Magnetism, or Jackson, Classical Electrodynamics. 


+ In non-Cartesian spaces it transforms covariantly (in the mathematician’s sense) and Eq. 
(7-76) is thus the invariant dot product of a covariant vector and a contravariant vector. 
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Lorentz transformation. Here we havean example of how restating a law of physics 
in the language of Minkowski space can manifestly show its Lorentz covariance. 

Another illustration involves the vector and scalar electromagnetic potentials, 
which together forma four-vector A, > (A, i¢). Ifthe potentials satisfy the Lorentz 
gauge condition 


1 6¢ 
V-A+-~—=0 = 
z a $ (7-78) 
then they saparately satisfy wave equations of the form 
1 A 4n 
WA — = > = -j 
c? at? ee 
os i ao es (7-79) 
eo 


(See the above cited reference to Panofsky and Phillips or Jackson.) In thelanguage 
of Minkowski space the Lorentz condition can be written in a manifestly covariant 
form as 


ðA 
wz 

ie, 0. (7-80) 
In obvious generalization of the three-dimensional del operator V, the four- 
dimensional gradient operator may be denoted by the symbol []. The dot product 
of O with itself, Q? (known as the D’ Alembertian), is therefore a world scalar 
differential operator: 

5 8? o he 
[rae v* 2 52° 


Ox ,,OX, c7 Ot 


Hence the set of wave equations, Eqs. (7—78), can be written as a clearly covariant 
world vector equation: 
3 4rj 
D?A, = -2 (1-81) 
Just being able to write the gauge and wave equations in the form of Eqs. (7—80)and 
(7-81) is enough to show that Maxwell’s electromagnetic theory is in accord with 
special relativity, and not with Galilean relativity. 


7-6 THE FORCE AND ENERGY EQUATIONS 
IN RELATIVISTIC MECHANICS 


We have seen that Newton’s equations of motion, being invariant under a Galilean 
transformation, cannot beinvariant under a Lorentz transformation; they must be 
suitably generalized to provide a law of force satisfying the covariance 
requirements of special relativity. Of course, the generalizations we seek must be 


l 
i 
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such that for velocities small compared to c the new equations for a single particle 
reduce to the familiar form 


d 
g» =k: (7-82) 


Now, the space components of a four-vector by themselves constitute a spatial 
vector, fora Lorentz transformation for which L4; = Lj, = 0, L44 = 1,18 merely an 
ordinary spatial rotation and affects only the space components of a four-vector. 
The converse is not true, however; the components of a spatial vector do not 
necessarily transform as the spatial components of a four-vector. One may 
multiply the components of an ordinary vector by any function of f without 
changing their spatial rotation properties. But such a multiplication vitally affects 
the way in which they change under a Lorentz transformation.* Thus the spatial 
components of the world velocity u, form a vector v// 1 — B?; but note that vitself 
is not part of a four-vector, it must first be divided by ./1 — B. 

While Eq. (7-82) is itself not Lorentz-invariant, we can expect, therefore, that 
its relativistic generalization will be a four-vector equation, whose spatial 
component reduces to (7—82) in the limit as 8 > 0. It is not difficult to find a four- 
vector generalization of the left-hand side of the equation. The only four-vector 
whose space part reduces to v for small velocities is the world velocity u,. Further, 
while m can be taken as an invariant property of the particle, we know that the 
time t is not a Lorentz-invariant but it can obviously be replaced by the scalar 
proper time t, which approaches t as 8 — 0. The desired generalization of 
Newton’s equations of motion for a single particle must therefore have the form 


£ (mu) = Ky (7-83) 


where K, is some four-vector, known as the Minkowski force. 

It must not be thought that the spatial components of K, are to be identified 
with the components of the force. All that is required by Eq. (7-82) is that K; 
reduce to F in the limit of small velocities. Thus K; may be equal to the product of 
F, with any function of f that reduces to unity as 8 > 0; the exact relation clearly 
depends on the Lorentz transformation properties of the force components. Two 
types of approach have been used in the past to determine the behavior of F under 
Lorentz transformation. 

One procedure begins by pointing out that, fundamentally, forces arise from 
only a few physical sources—forces are either gravitational, electromagnetic, or 
possibly nuclear. It is the duty of a correct theory of these physical phenomena to 
provide expressions for the forces involved, and these expressions, if stated in 
covariant form, automatically tell us the transformation properties of the force 


* As before $ (and v) are used interchangeably for the velocity of a particle as seen in the 
laboratory system, or as the velocity of a Lorentz system in which the particle is 


instantaneously at rest. 
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components. Unfortunately we don’t have covariant theories of all the possible 
sources of force, indeed for nuclear forces we have hardly any theory worth 
speaking about. Only classical electromagnetic theory can be expected to provide 
a covariant force equation, since the Lorentz transformation was expressly 
constructed so as to preserve the invariance of the theory. But this is sufficient for 
our purposes; the transformation properties must be the same for all forces no 
matter what their origin. The statement “a particle is in equilibrium under the 
influence of two forces” must hold true in all Lorentz systems, which can only be 
the case if all forces transform in the same manner. 

in Section 1-5 it was pointed out that the electromagnetic force on a particle 
is given by (cf. Eq. (1-64’)) 


ENEN fa ae i 
Ace alge (—2y-a} +2, ue) 


I 5 : : 1 
n terms of the four-vector potential A,,, the expression @ ——v- A can be written 
covariantly as ç 


1 1 m 
$ =A = =l — B7u,A,, (7-85) 
and the force components F, become 
.__4 <7 ð dA; 
i z> /\ — p? | — Bx, oy) +7). (7-86) 


‘The expression in the parentheses transforms as the spatial component of a four- 


vector, so that A is equal to the product of ,/1 — f? and the spatial component of 
a four-vector, which is to be identified as the Minkowski force K . Hence the 
connection between the ordinary and Minkowski forces must be i 


F= K,/1— p, (7-87) 


irrespective of the origin of the forces. A by-product to this derivation is the 
particular form of the Minkowski force on charged particles: 


q| ô dA 
K, = a ua) | . (7-88) 


dt 


The alternative procedure attempts to avoid the necessity of using a physical 


‘theory beyond mechanics itself; it simply defines force as being the time rate of 


change of momentum, in all Lorentz systems: 
Ti R. (7-89) 


The momentum indicated in (7-89), however, is not mv, but rather some 
relativistic generalization that reduces to it in the limit of small velocities. Lewis 


306 SPECIAL RELATIVITY IN CLASSICAL MECHANICS 


and Tolman* have obtained an expression for the relativistic momentum, 
independent of the form (7-83) for the force law, by noting that a Lorentz- 
invariant consequence of the definition (7—89) is the conservation of momentum 
in the absence of external forces. They examine an elastic collision between two 
particles and find the form of p; such that it is conserved in such a collision for all 
Lorentz systems. But having accepted (7—83) as the form of the force law, we can 
find the relativistic momentum and the meaning of K, at once, by putting (7-83) in 
a form resembling (7-89) as closely as possible. From the relation between t and t, 
and the definition of world velocity, we can write the spatial components of Eq. 
(7-83) as 


aem 5| = KVI-F. 
aN fA BP 

Comparison with (7-89) shows that the conservation of momentum theorem is 
invariant providing the momentum is defined by 


MD; 
Pi = -n 
Jak 


and that F, and K;, are related according to Eq. (7-87). It will be noted that Eq. 
(7-90) properly reduces to mu, as B + 0. The two approaches thus lead to the 
same conclusion. Comparison of Eq. (7-90) with Eq. (7-74) defining the four- 
velocity shows that p; forms the spatial part of a four-vector that is called the four- 
momentum: - 


(1-90) 


p, = mu,. (7-91) 


The generalized equation of motion for a single particle thus can also be written 
as 


do ge. (1-83') 
dt k 


So far only the space part of the four-vector equation (7—83, 7-83’) has been 
discussed; nothing has been said about the physical significance of the fourth 
equation. The time-like part of the four-vector K, can be obtained directly from 
the dot product of (7-83) with the world velocity: 


d dim 
uy T (mu,) = T | 5 wt = Ku. (7-92) 
Since the square of the magnitude of u, is a constant, — c? (cf. Eq. 7-15 ), and mis 
here likewise a constant, the left-hand side of (7—92) vanishes, leaving 
Fry ick, 


Be = 0. (7-93) 
I-P A- 


*See R. D. Sard, Relativistic Mechanics, pp. 146-152. 
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The fourth component of the Minkowski force is therefore 


Reo (7-94) 
47 c = Br 
and the corresponding fourth component of Eq. (7-83) appears as 
d me 
— —— = Fy, (7-95 
dt “ft - f? ) 


Now, the kinetic energy T is defined in general to be such that F -v, the rate at 
which the force does work on the particle, is the time rate of increase of T: 


dT 
dt 
This is a definition of kinetic energy that agrees with the customary 


nonrelativistic form mv? ; the relativistic expression, by comparison, is furnished 
by Eq. (7-95), which is thus seen to be the energy equation with 


Fey. (7-95’) 


me? 
Ji 


In the limit as £? becomes much less than 1, Eq. (7-96) can be expanded as 


T (7-96) 


2 


rome + a = mc? + 


mv? 


(7-97) 


This limiting value does not agree with the expected nonrelativistic form; there is 
here the added term mc’. It would seem at first sight, however, that the term is of 
no importance, for clearly any constant of integration can be added to the right of 
Eq. (7-96) without affecting the validity of Eq. (7-95’). In particular the constant 
could be — mc’, which would bring T in line with the nonrelativistic value. 

However, it is preferable to retain the quantity Tas given by Eq. (7-96), for 
comparison of Eq. (7-91) with Eq. (7-96) shows that iT/c is the fourth 
component of the four-momentum. In order to preserve the correct transition to 
nonrelativistic values, it is preferable to transfer the name “kinetic energy” to a 
separate quantity, K, defined by 


K = T— m? = mce?(y — 1). (7-96') 


No uniform designation for T exists in the literature. It is sometimes referred to as 
the “total energy” although strictly this is appropriate only for a free particle, 
without interactions. It will often be referred to simply as the energy. 

By whatever name, T possesses interesting and useful properties. For 
example, we can show that T as given by Eq. (7-96) has the advantageous 
property that any situation that conserves the spatial linear momentum must also 
conserve T. To verify this theorem we need only note that the statement “spatial 


ase 
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linear momentum is conserved” must be invariant under a Lorentz 
transformation. (Indeed, the invariance is implicit in Einstein’s definition of an 
inertial system, cf. p. 279). The transformed components of the linear momentum 
p; are given as linear functions of p; and T. Hence, conservation of Dj for all 
Lorentz systems requires joint conservation of all components of p,, which is the 
conclusion we were seeking. 

In nonrelativistic mechanics, conservation of linear momentum and 
conservation of kinetic energy were separate matters. Indeed, in Chapter 3 we saw 
that for inelastic collisions or reactions the linear momentum of the reactants was 
conserved, but not their kinetic energy. However the relativistic kinetic energy, 
because of its transformation properties as the fourth component of a world 
vector, must be conserved even in inelastic encounters, along with the spatial 
momentum. The term mc”, known as the rest energy, therefore has an important 
physical significance. 

A simple example will show that the conservation of Timplies a change in the 
rest mass of the system as the result of reactions or collisions that are not elastic. 
Consider, for example, two particles or systems of equal mass moving, in the 
laboratory system, toward each other with equal and opposite velocities. The 
total spatial linear momentum is therefore zero in the laboratory system. We can 
form a total four-momentum for the system 


j P, = p(l) + p,@) 


which therefore has a zero spatial component, but a fourth component 2iT/c, 
where Tis the energy of each particle as defined by Eq. (7-96). Suppose now that 
the collision is completely inelastic—after the collision, the particles are brought 
completely to rest in the laboratory system, like two putty balls that collide and 
stick together. The total energy is then the rest energy of the final composite system 
which has a mass 


M = 2m + AM. 
Conservation of P, in the collision implies 
2T = Mc’. (7-98) 


Now, to give the particles their initial velocity from rest in the laboratory system 
requires an energy 


AE = (T — mc?) = AM. (7-99) 


The energy of the initial motion in the laboratory system is thus all converted by 
the inelastic collision into the increased rest mass of the system, according to 
Einstein’s famous relationship, Eq. (7-99). 

In the case of the two putty balls colliding, we normally say the incident 
energy of motion lost in the collision is converted into heat. What special 
relativity tells us is that the rest mass, or inertia, of the system is increased in 
proportion to the heat produced. In principle the mass increase could be detected 


Se 
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if the system were set in motion by a known force.* On an atomic or nuclear scale 
the incident energy of motion may, for example, go into the creation of a new 
third particle. Modern physics abounds in similar instances; something of the 
relativistic kinematics of such collisions will be found in the next section. Of 
course the process can go the other way—conversion of rest energy into energy of 
motion. The most striking example on a terrestrial scale is probably provided by 
man-made nuclear explosions. Again, the total energy T of a nuclear device or 
weapon remains constant through the explosion; a large amount of kinetic 
energy is released only by virtue of a decrease in the rest mass of the contents. 
Despite the awesome energies produced, the mass loss is only around 0.1 % of the 
original mass. 

Formally the connection between the energy T and the momentum is 
expressed in the statement that the magnitude of the momentum four-vector is 
constant: 

T? 


2,2 2 
P,P, = ZM C = p a 


or 
Pape + mét. (7-100) 


Equation (7-100) is the relativistic analog of the relation T= p?/2m in 
nonrelativistic mechanics, except that T here includes the rest energy. From the 
definition of T, Eq. (7—96), it is obvious that the energy ofa particle with finite rest 
mass tends to infinity as the speed approaches that of light. In other words, it 
takes an infinite amount of energy to increase the speed of a mass particle (or a 
space ship) from rest to c, the speed of light. Here we have another proof that it is 


impossible to attain or exceed the speed of light starting from any finite speed less 
than c.f 


7-7 RELATIVISTIC KINEMATICS OF COLLISIONS 
AND MANY-PARTICLE SYSTEMS 


The formulations of the previous sections enable us now to generalize 
relativistically the discussion of Section 3-11 on the transformation of collision 
phenomena between various systems. The subject is of considerable interest in 


* The mass changes involved in such macroscopic collisions are, of course, quite small 
since a joule of energy corresponds to a mass of only 1.1 x 107'*+gm. 

f It has been pointed out that it would not violate this statement to have particles born with 
speeds greater than that of light. For such “tachyons” the energy, by Eq. (7-96), could be 
real only if the “mass” associated with the particle were imaginary. In effect this means that 
a tachyon is described by a real parameter m’ such that the total energy is given by 
T= m'c?/,/B? — 1. Speculation on the nature of tachyons and their interactions has given 
rise to a flourishing debate as to how they could be fitted into our normal views of 
causality. To go into the matter further would be pointless inasmuch as there is absolutely 
no experimental evidence at the moment for the existence of such particles. 
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experimental high energy physics. While the forces between elementary particles 
are only imperfectly known, and are certainly far from classical, so long as the 
particles involved in a reaction are outside the region of mutual interaction their 
mean motion can be described by classical mechanics. Further, the main principle 
involved in the transformations—conservation of the four-vector of 
momentum— is valid in both classical and quantum mechanics. The actual 
collision or reaction is taken as occurring at a point—or inside a very small black 
box—and one looks only at the behavior of the particles before and after. Because 


of the importance to high energy physics, this aspect of relativistic kinematics has _ 


become an elaborately developed field.* It would be impossible to give a 
comprehensive discussion here. All that can be done is to provide some of the 
important tools, and to cite a few simple examples that may illustrate the flavor of 
the techniques employed. 

The notion of a point designated as the center-of-mass obviously presents 
difficulties in a Lorentz-invariant theory. But the center-of-mass system can be 
suitably generalized as the Lorentz frame of reference in which the total spatial 
linear momentum ofall particles is zero. That such a Lorentz frame can always be 
found follows from the theorem that the total momentum four-vector is time-like 
for a system of mass points. In demonstrating this result, it is convenient to 
introduce a notation in which four-vector components have two indices; one to 
designate the particle (usually r, s, t, etc.) and the other the customary Greek letter 
index indicating the component. The total four-momentum of a system is thus 
written as 


P, =) Pr (7-101) 


The square of the magnitude of this vector, in view of Eqs. (7—91 ), (7-74) and (7-75), l 


is given by 
PL, = È PruPsp 


= -Em F Piya 
r r=s 


I 


-mpe — } mmy,y.(c? — Y, Ys) 
r r#s 

As the velocities of material particles will always be less than c, the square of the 
magnitude of P, is always negative. Hence there exists some Lorentz system of 
coordinates in which the spatial components of the transformed vector P, are all 
zero. This coordinate frame will be spoken of as the center-of-momentum system, 
or more loosely as the center-of-mass system, and will be designated by the 
abbreviation “C-O-M system.” 


*The description as “kinematics” is something of a misnomer, because it is actually 
concerned with dynamical quantities such as momentum and energy, but the name is too 
firmly entrenched to be dislodged now. 
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The major dynamical principle that can be employed-—indeed, almost all the 
physics of the situation permits us—is the conservation of the total momentum 
four-vector before and after the collision. As we have seen, this automatically 
implies both conservation of spatial linear momentum and conservation of total 
energy (including rest mass energy). Our major tools for making use of the 
conservation principle are Lorentz transformations to and from the center-of- 
momentum system, and the formation of Lorentz invariants (world scalars) 
having the same value in all Lorentz frames. Many of the procedures are 
analogous to those used for nonrelativistic collisions. But, in a way, results in 
relativistic kinematics are more easily obtained. One does not have to worry 
about separate conservation of momentum and energy. And the transformations 
between laboratory system and center-of-momentum system are merely special 
cases of the Lorentz transformation. 

As an example of the use of Lorentz invariants, consider a reaction initiated 
by two particles that produces another set of particles with masses m,, 
r= 3,4,5... . In the C-O-M system the transformed total momentum P, has 
zero spatial components and a fourth component iT’/c. It is often convenient to 
look on the C-O-M system as the proper or rest system of a composite mass 
particle of mass M = T’/c*.* The square of the magnitude of P, must be invariant 
in all Lorentz systems (and conserved in the reaction). Hence, we have 


PP = PP! = ——-= —M?ec’. (7-102) 


But for the initial particles, P,P, can be evaluated as 
P,P, = — (mi + ma) + 2p, Pap- (7-103) 
The energy in the C-O-M system, or equivalent mass M, is therefore given in 
terms of the incident particles as 
T? = M?c* = (mÅ + m3)c* + 2(T,T, — c7p, Pa). (7-104) 
Suppose now that as is customary, one particle, say 2, was stationary in the 
laboratory system. Since then p, = 0 and T, = m,c’, the C-O-M energy becomes 
T? = Mt = (mz + m3)c* + 2m,c7T,. (7-105) 
If the excess of T, over the rest mass energy be denoted by K,, that is, the kinetic 
energy, this can be written 


T? = M*c* = (m, + m,y ct + 2m, K]. (7-105°) 
1 Fi 2 z 


It is clear that the available energy in the C-O-M system increases only slowly 
with incident kinetic energy. Even in the “ultrarelativistic” region, where the 


* Although it is customary in high energy physics to use units in which c = 1, it seems more 
helpful in an introductory exposition such as this to retain the powers of c throughout. 
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kinetic energy of motion is very large compared to the rest mass energy, T’ 
increases only as the square root of K,. 

The effect of the proportionally small amount of incident energy available in 
the C-O-M system is shown dramatically in terms of the threshold energies. It is 
obvious that the lowest energy at which a reaction (other than elastic scattering) 
is possible is when the reaction products are at rest in the C-O-M system. Any 
finite kinetic energy requires a higher T” or equivalently higher incident energy. 
The total four-momentum in the C-O-M system after the reaction, denoted by P/, 
has the magnitude at threshold given by 


2 
“pu 2 ca 
pypl = —c (En ; (7-106) 


which, by conservation of momentum, must be the same as Eq. (7-102). For a 
stationary target, the incident energy of motion at threshold is then given in 
consequence of Eq. (7-105) by 


2 


m,| — (m, + m) 
K, _ (5 ] ( 1 2) 
me 2mm, ` 
If the Q of the reaction is defined as* 
i Q= Ym, — (m, + m3), (7-107) 


this threshold energy becomes 


K, _ Q +2Q(m, +m) 
me 2mm, 


l (7-108) 


A common illustration of the application of Eq. (7—108) is in the historic 
production of an antiproton by the reaction 


P+N>+P+N+P+P, 


where N is a nucleon, either neutron or proton. The masses of all particles 
involved are nearly equal at 938 MeV equivalent rest mass energy and Q = 2m. 
Equation (7-108) then says that the incident particle kinetic energy at threshold 
must be 


1 = 6mc? = 5.57 GeV, 


which is three times the energy represented by Q! If, however, the reaction was 
initiated by two nucleons incident on each other with equal and opposite velocity, 
then the laboratory system is the same as the C-O-M system. All of the kinetic 
energy is available in this case to go into production of the proton—antiproton 
pair and each of the incident particles at threshold need have a kinetic energy of 


*Q here has the opposite sign to the convention adopted in Eq. (3-112). 
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motion equivalent to only the mass of one proton, 938 MeV. It is no wonder so 
much effort is put into constructing colliding beam machines! 

Another instructive example of threshold calculation is for photomeson 
production, say, by the reaction 


y+P=2° + Kt, (7-109) 


where y stands for a photon. For the purposes of classical mechanics, a photon is a 
zero-mass particle with spatial momentum °p and energy °pc.* In calculating Q, 
the mass of m, is zero: 


Q = (2° + K* — P) = 748 MeV. 
Equation (7-108) is to be rewritten for a reaction involving an incident photon as 
2 
K,= ea 120m 
2m, 


From the value of Q and the rest mass energy m, of the proton, the threshold 
energy for the reaction Eq. (7-109) is then 


K, = 1.05GeV, 


which is only slightly higher than Q. 

We can also easily find the energy of the reaction products in the laboratory 
system at the threshold. The C-O-M system is the rest system for the mass M, with 
P,,=iMc. In any other system the fourth component of the four-vector is 
P, =iMcy. But in the laboratory system 


i i 
P, =z + T) =z + mc’), 
where the last form holds only for a stationary target particle. Hence the C-O-M 


system moves relative to the laboratory system such that 


_ 1, +m,¢? 
Mc? ` 


But at threshold all the reaction products are at rest in the C-O-M so that 
M = )'m,, and therefore 


(7-110) 


K, + (m, + m,)c? 


yi m;c? 
: 


y (threshold). (7-111) 


* The square of the magnitude of the photon momentum four-vector is zero: the vector is 
sometimes described as “light-like.” The center-of-momentum theorem (p. 310) is 
imperiled only ifall of the particles are photons, and even then only if the photons are going 
in the same direction. 


314 SPECIAL RELATIVITY IN CLASSICAL MECHANICS 


The kinetic energy of the sth reaction product in the laboratory system is then 
K, = m,c?(y — 1). (7-112) 


Thus the antiproton at threshold has a kinetic energy of motion 
p= mc? = 938 MeV. In contrast the K* meson emerges at threshold with 
88.4 MeV. 
In Section 3—11 the kinematic transformations of a two-body nonrelativistic 
collision were investigated. Equation (3—117’) gives the reduction in energy of an 


incident particle after elastic scattering from a stationary target, as function of the ` 


scattering angle in the C-O-M system. The derivation of the relativistic analog 
provides another interesting example of the methods of relativistic kinematics. 
Use of Lorentz invariants here is not particularly helpful; instead direct Lorentz 
transformations are made between the laboratory and C-O-M systems. Figure 
7-2 illustrates the relations of the incident and scattered spatial momentum 
vectors in both systems. The incident and scattered momentum vectors define a 
plane, invariant in orientation under Lorentz transformation, here taken to be 
the xz plane with the incident direction along the z axis. As the collision is elastic 
the masses of the incident particle, m,, and of the stationary target, m,, remain 
unchanged, that is, m, = m,, mą = m,. Primes on the vectors denote C-O-M 
values, unprimed vectors are in the laboratory system. To distinguish clearly 
between before and after the scattering, the indexes 3 and 4 will be retained for the 
vectors after scattering. One only has to remember that 3 denotes the scattered 
incident particle, and 4 the recoiling target particle. Components of the separate 
particle four-vectors will always have two indices: the first for the particle, the 
second for the component. 

The Lorentz transformation from the laboratory to the C-O-M system is 
defined by the y of Eq. (7-110) with M given by Eq. (7-105): 


j T, + mc? > K, + (m, + m)? 
Jm eT, + (m + mé 2m, K, + (m, + m,)*c* 


p: 
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v 
SS e ; menenseseanenennmessanenacnanacemmmmenmmemnntSzo— E 
z Pi By 


P4 


(7-113) 


P4 


(a) Center of momentum system (b) Laboratory system 


FIGURE 7-2 
Diagram of momentum vectors for relativistic elastic scattering in C-O-M and laboratory 
Lorentz frames. 
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The quantity J can be found from y; or more directly by arguments similar to those 
used to obtain y. In the C-O-M system the spatial part ofthe total momentum four- 
vector is zero; in any other system the spatial part is McBy. However, in the 
laboratory system the spatial part is p,. Hence, by Eq. (7-110) B must be given as 


p= Pic Ee Pic 
T, +m? K, + (m, +m)? 


(7-114) 


Because f is along the z axis, the Lorentz transformation takes the form of Eq. 
(7-18), and the components of p, in the C-O-M system are given by 
BT, 
Py = pis = af EF > 
(7-115) 


T, 
1 1 ;, 1 
= = f Gel 5 
z = Pia o| Z A 
After the collision p4 is no longer along the z axis, but since the collision is elastic 
its magnitude is the same as that of pi. If © is the angle between p; and the incident 
direction, as in Section 3-11, then the components of p4, in the C-O-M system are 


1 
1 


+ , 4 a lA + 4 i 
P3, = pisin O, P33 = p, cosO, P34 = Pig = Ta (7-116) 


The transformation back to the laboratory system is the same Lorentz 
transformation but with relative velocity —B. Hence the components of p, are 


P31 = P31 = py sin, 


1 s F t BT 
P33 = ?(P33 — iBp34) = ilo cos® + 7 Lj, (7-117) 


, X 1 3 Ti , 
P34 = Y(P34 + iBp33) = „(Z + £p; cos o}. 


If T; and p; are substituted in the last of Eqs. (7-117) from Eqs. (7-115) we 
obtain, after a little simplification, an expression for the energy of the scattered 
particle in terms of its incident properties: 

T; = T, — y°B(1 — cos O)(p,c — BT;). (7-118) 
In Eq. (7-118) y and $ must be expressed terms of the incident quantities through 
Eqs. (7-113) and (7-114), resulting in the relation 

mpc? 

2mT, + (mp + mĝ)c? 


y Epic BT,) = 


With the help of the relation between p, and T,, Eq. (7-100), this can be written 


m,K,(K, + 2m,c’) 
2m,K, + (m, + m) c 


y pipice — BT,)= 7 (7-119) 
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Some further algebraic manipulation then enables one to rewrite Eq. (7-118) as 
Ky_,__2e(t + 61/2) 
ko (1 + p)*? + 2pé, 

where p = m,/m,, as in Section 3-11 for elastic scattering, and 6, is the kinetic 

energy of the incident particle in units of the rest mass energy, 
K, 


= -oF t 
mc 


(1 — cos ©), (7-120) 


A (7-121) 
Equation (7-120) is the relativistic counterpart of Eq. (3—117'). It is easy to see 
that Eq. (7-120) reduces to the nonrelativistic case as &, — 0, and that if p = 1 
(equal masses), the relativistic corrections cancel completely. Equation (7-120) 
implies that the minimum energy after scattering, in units of m,c’, is given by 


(1 — p)? 
(63) min =~ AG rf p? a 206, i 


In the nonrelativistic limit, the minimum fractional energy after scattering is 


(63 erin 


KA 
whichis a well-known result, easily obtained from Eq. (3—117’). Equation (7-123) 
says that in the nonrelativistic region a particle of mass m, cannot lose much 
kinetic energy through scattering from a much heavier particle, i.e., when p « 1, 
which clearly fits in with common sense. However, in the ultrarelativistic region, 
when pé, > 1, the minimum energy after scattering is independent of é,: 


(7-122) 


a 2 
R é «1, (1-123) 
1+p 


(m, — m,)*c? 


(K3 )min = ; p> 1s (7-124) 


2m, 
Since the condition on &, is equivalent to requiring K, > m,c’, it follows from 
Eq. (7—124) that such a particle can lose a large fraction of its energy even when 
scattered by a much heavier particle. This behavior is unexpected, but it should be 
remembered that for particles at these energies, traveling very close to the speed of 
light, even a slight change in velocity corresponds to a large change in energy. 
Finally, we may easily obtain the relation between the scattering angles in the 
C-O-M and laboratory systems by noting that 


sin © 
tang = P = : BT’) 
P33 i{cos += ; 
Pye 
By Eqs. (7-90) and (7-96), 
Pic Vi g 
rath. 
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so that tan 8 can also be written 
sin @ 
~ y(cos® + 8/61) 
In terms of initial quantities, Eqs. (7-115) show that 
T, 
pr, PEA] 
ne BT, 


tan & 


This can be further reduced by employing the relations (cf. Eq. 7-114) 


p net 
De BT, me 
c 
m (m, + m,)ct + m,e K 
yams 1(m, + m) ae Peas. 


(m, +m,)c? + K, 

The final expression for tan 9 can then be written as 
iG eae oe, (7-125) 

(cos © + pg(p, 6;)) 


where g(p, 6.) is the function 


1+ p(i+&,) 
6) et oni LD 7-126 
Aaea, (1-126) 
and y, by Eq. (7-113), takes the form 
1+6 + 
yP, 61) = eae (7-127) 


Jt + p)? + 28, 


Again in the nonrelativistic region, y and g tend to unity, and Eq. (7-125) reduces 
to Eq. (3-107). The correction function g(p, 6) never really amounts to much, 
approaching the constant limit p as &, becomes very large. The important factor 
affecting the transformed angle is y, which of course increases indefinitely as &, 
increases. It does not affect the bounds of the angular distribution, when © = Oor 
z, but its presence means that at other angles 9 is always smaller than it would be 
nonrelativistically. The Lorentz transformation from C-O-M to laboratory 
system, which does not affect the transverse component of the momentum, thus 
always tends to distort the scattered angular distribution into the forward 
direction. 

One further topic will be mentioned here which deals only peripherally with 
collisions but which is closely connected with the notion of the center-of- 
momentum system—the relativistic generalization of angular momentum. In 


h 
i 
i 
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Chapter 1 it was proven that the nonrelativistic angular momentum obeys an 
equation of motion much like that for the linear momentum, but with torques 
replacing forces. It was shown that for an isolated system obeying the law of 
action and reaction the total angular momentum is conserved, and that in the 
center-of-mass system it is independent of the point of reference. All of these 
statements have their relativistic counterparts, at times involving some additional 
restrictions. 

For a single particle define an antisymmetric tensor of the second rank in 
Minkowski space with elements my, given by* 


Muy = Xp Py — X Pp (7-128) 


The 3 x 3 subtensor mij clearly corresponds, as was seen in Section 4—7, with the 
spatial angular momentum of the particle. An equation of motion for m,, can be 
found by taking its derivative with respect to the particle’s proper time and making 
use of Eq. (7-83’): 


amy, 


dt 


where K, here is the component of the Minkowski force. The first term on the 
right obviously vanishes by the definition of the four-momentum as p, = mu,, 
while the remainder of the expression is equally obviously the best candidate for 
the relativistic generalization of torque: 


= (up, — WPa) + (x, K, — x,K,), 


Ny = X,K, — x, Ky (7-129) 
Thus m,,, obeys the equation of motion 
dm 
= 7-130 
Te mo ( ) 


with Eq. (1—11) as the nonrelativistic limiting form. 

For a system involving a collection of particles, a total angular momentum 
four-tensor can be defined (analogously to the total linear momentum four- 
vector) as 


Mp = È Myw (7-131) 
Ss 


where the index s denotes the sth particle. It is more difficult to form an equation 
of motion for M „ because each particle has its own proper time. (For the same 
reason, we did not attempt it even for P,.) But plausible arguments can be given 
for the conservation of M,, under certain circumstances. If the system is 
completely isolated and the particles do not interact with each other or with the 
outside world (including fields), then m,, for each particle is conserved by Eq. 


* The double subscript will clearly distinguish m,, from the completely unrelated particle 
mass. 
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(7-130), and therefore M „, is also conserved. Even if the particles interact, but the 
interaction takes place only through binary collisions at a point, there still 
could be conservation as can be seen from the following argument. 
Instantaneously when the two particles collide they are traveling together and 
have the same proper time. (In other words, their world lines cross and they share 
the same event.) One can therefore write an equation of motion of the form of Eq. 
(7-130) for the sum of their angular momenta. If the impulsive forces of contact 
are equal and opposite—as we would expect from conservation of linear 
momentum in the collision—then the sum of the impulsive torques cancel. Hence 
relativistic angular momentum is also conserved through such collisions. Note 
that urilike the nonrelativistic case the interactions must be confined to 
instantaneous point collisions. 

The relativistic angular momentum obeys the same kind of theorem 
regarding translation of the reference point as does its nonrelativistic 
counterpart. In the definition, Eq. (7-128) or Eq. (7-131), the reference point 
(really reference “event”) is the arbitrary origin of the Lorentz system. With 
respect to some other reference event a,, the total angular momentum is 


M,,.(4;) = D [sy 7 ap)Psy a (x,, ae ay)Psy J, 
i (7-132) 
= M „(0) TT (a, P, a a,P,). 


As in the nonrelativistic case, the change in the angular momentum components 
is equal to the angular momentum, relative to the origin, that the whole system 
would have if it were located at a,. 

In Chapter 1, one particular reference point played an important role—the 
center-of-mass. We can find something similar here, at least in one Lorentz frame, 
by examining the nature of the nonspatial three components of M, namely 
M,; = —M,,. By definition, in some particular Lorentz frame, these components 
are given by 


M,;= È (XsaPsj — XyjPs4) 


In the center-of-momentum frame the total linear momentum P, vanishes and 
M4; in this frame has the form 


X 


T 
Maj = ~ie t. (7-133) 


If the system is such that the total angular momentum is conserved, as described 
above, then along with other components M,, is conserved and hence 


> xT, = constant. 
Ss 
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Conservation of total linear momentum means that T = È T, is also conserved. It 
is therefore possible to define a spatial point R,, 


oe 
R,=+ ; 


ÈT, 


associated with the system, which is stationary in the center-of-momentum 
coordinate frame. In the nonrelativistic limit, where to first approximation 
T,= m,c?, Eq. (7-134) reduces to the usual definition, Eq. (1-21). Thus a 
meaningful center-of-mass (sometimes called center-of-energy) can be defined in 
special relativity only in terms of the angular-momentum tensor, and only for a 
particular frame of reference. Finally, it should be noted that by Eq. (7-132) the 
spatial part of the angular momentum tensor, M,,, is independent of reference 
point in the center-of-momentum system, exactly as in the nonrelativistic case. 

Except for the special case of point collisions, we have so far carefully skirted 
the problem of finding the motion of a relativistic particle given the Minkowski 
forces. To this more general problem we address ourselves in the next section, 
within the (nominal) framework of the Lagrangian formulation. 


(7-134) 


7-8 THE LAGRANGIAN FORMULATION OF 
RELATIVISTIC MECHANICS 


Having established the appropriate generalization of Newton’s equation of 
motion for special relativity, we can now seek to establish a Lagrangian 
formulation of the resulting relativistic mechanics. Generally speaking, there are 
two ways in which this has been attempted. One procedure makes no pretense at 
a manifestly covariant formulation and instead concentrates on reproducing, for 

‘some particular Lorentz frame, the spatial part of the equation of motion, Eq. 
(7-89). The forces F, may or may not be suitably related to a covariant 
Minkowski force. The other method sets out to obtain a covariant Hamilton’s 
principle and ensuing Lagrange’s equations in which space and time are treated 
in common fashion as coordinates in a four-dimensional configuration space. 
The basis for the first method is at times quite shaky, especially when the forces 
are not relativistically well formulated. Most of the time, however, the equations 
of motions so obtained, while not manifestly covariant, are relativistically correct 
for some particular Lorentz frame. The second method, on the other hand, seems 
clearly to be thé proper approach but quickly runs into difficulties that require 
skillful handling to circumvent, even for a single particle. For a system of more 
than one particle, it breaks down almost from the start. No satisfactory 
formulation for an interacting multiparticle system exists in classical relativistic 
mechanics except for some few special cases. The subject is still an active area of 
research. 
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This section will be concerned with the first approach, seeking to find a 
Lagrangian that leads to the relativistic equations of motion in terms of the 
coordinates of some particular inertial system. Within these limitations there is 
no great difficulty in constructing a suitable Lagrangian. It is true that the 
method of Section (1—4), deriving the Lagrangian from D’Alembert’s principle, 
will not work here. While the principle itself remains valid (in any given Lorentz 
frame), the derivation there is based on p; = m,v,, which is no longer valid 
relativistically. But one may also approach the Lagrangian formulation from the 
alternative route of Hamilton’s principle (Section 2—1) and attempt simply to find 
a function L for which the Euler-Lagrange equations, as obtained from the 
variational principle 


t2 
él = af Ldt =0, (7-135) 
ty 


agree with the known relativistic equations of motion, Eq. (7—89). 
A suitable relativistic Lagrangian for a single particle acted on by 
conservative forces independent of velocity would be 


L= -m° /1 — fp? — V, (7-136) 


where Vis the potential, depending only upon position, and 8? = v?/c?, with v the 
speed of the particle in the Lorentz frame under consideration. That this is the 
correct Lagrangian can be shown by demonstrating that the resultant Lagrange 
equations, 


afaL) aL _ 
dt\dv,] Ox,” 


agree with Eq. (7-89). Since the potential is velocity independent v; occurs only in 
the first term of (7-136) and therefore 


OL mv, 


t 


ðv, 1 — p? 


= p; (7-137) 


The equations of motion derived from the Lagrangian (7-136) are then 


d mb, OV 


dt Ji =p ôx; Fs 


which agree with (7—84). Note that the Lagrangian is no longer L= T — V but 
that the partial derivative of L with velocity is still the momentum. Indeed it is just 
this last fact that ensures the correctness of the Lagrange equations, and one could 
have worked backward from Eq. (7-137) to supply at least the velocity dependence 
of the Lagrangian. 

One can readily extend the Lagrangian (7—136) to systems of many particles 
and change from Cartesian coordinates to any desired set of generalized 
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coordinates q,. The canonical momenta will still be defined by 


ôL 
Pj å; 
so that the connection between cyclic coordinates and conservation of the 
corresponding momenta remains just as in the nonrelativistic theory. Further, 
just as in Section (2-6), if L does not contain the time explicitly there exists a 
constant of the motion 


(1-138) 


h=ġ p- L. (7-139) 


However, the identification of h with the energy for, say, a Lagrangian of the form 
of Eq. (7-136) cannot proceed along the same route as in Section (2—6). It will be 
noted that L in Eq. (7-136) is not at all a homogeneous function of the velocity 
components. Nonetheless, direct evaluation of Eq. (7-139) from Eq. (7-136) 
shows that in this case h is indeed the total energy: 


ha ei +me?./1 — p + V, 


Ji F 
which, on collecting terms; reduces to 


me? 
IF 


The quantity h is thus again seen to be the total energy E, which is therefore a 
constant of the motion under these conditions. 

The introduction of velocity-dependent potentials produces no particular 
difficulty here and can be performed in exactly the same manner as in Section 1—5 
for nonrelativistic mechanics. Thus the Lagrangian for a single particle in an 
electromagnetic field is 


h =—=— et VETIHVH=E. (7-140) 


L= -mc /1 — p? — qo tŽAv. (7-141) 


Note that the canonical momentum is no longer mu;; there are now additional 
terms arising from the velocity-dependent part of the potential: 


p; = mu; tiA (7-142) 


This phenomenon is not a relativistic one, of course; exactly the same additional 
term was found in the earlier treatment (cf. Eq. 2—47). The formulation of Eq. 
(7-141) is not manifestly covariant. But we can confidently expect that the results 
will hold in all Lorentz frames as a consequence of the relativistic covariance of 
the Lorentz force derivable from the velocity dependent potential in Eq. (7-141). 
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Almost all of the procedures devised previously for the solution of specific 
mechanical problems thus can be carried over into relativistic mechanics. A few 
simple examples will be considered here by way of illustration. 


1. Motion under a constant force; hyperbolic motion. It will be no loss of 
generality to take the x axis as the direction of the constant force. The Lagrangian 


is therefore 
L= —-m,/1 — P — max, (7-143) 


where B here is ž/c and a is the constant magnitude of the force per unit mass. 
Either from Eq. (7-143) or directly on the basis of Eq. (7-89) the equation of 
motion is easily found to be 


| B a 
dt E= 


The first integration leads to 


oB at + o 


Jif 


or 
at +g 
Jc? + (at + x)? 


where g is a constant of integration. A second integration over t from 0 to t and x 
from Xp to x, 


(at’ + oœ) dt’ 


{a Jc? + (at + a)? + (at’ +a)?” 


— xo =C 


leads to the complete solution 


x= xo =e + (at toy — Jc? +). (7-144) 


If the particle starts at rest from the origin so that x) = 0 and vo = 0 = g, then Eq. 
(7-144) can be written as 


which is the equation of a hyperbola in the x, t plane. (Under the same conditions 
the nonrelativistic motion is of course a parabola in the x,t plane). The 
nonrelativistic limit is obtained from Eq. (7-144) by considering (at + «) small 
compared to c; the usual freshman-physics formula for x as a function of t is then 
easily obtained, recognizing that in this limit ø — vg- 
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The motion described in this example arises in reasonably realistic situations. 
It corresponds, for example, to the acceleration of electrons to relativistic speeds 
in the laboratory system by means of a constant and uniform electric field. The 
illustration considered next is more academic but is of interest as an example of 
the techniques employed: 


2. The relativistic one-dimensional harmonic oscillator. The Lagrangian in this 
case is of the form of Eq. (7-136) with 


Loe 
V(x) =i. (7-145) 


Since L is then not explicitly a function of time and not velocity dependent, the 
total energy E is constant. Equation (7-140) may now be solved for the velocity x 
as 


a EVF (7-146) 
For the moment we may postpone substituting in the particular form of V(x) and 
generalize the problem slightly to include any potential sharing the qualitative 
characteristics of Eq. (7-145). Thus, suppose that V(x) is any potential function 
symmetric about the origin and possessing a minimum at that point. Then 
providing E lies between V(0) and the maximum of V, the motion will be 


pel 
c 


1 fa 2 B mĉ?ct 


oscillatory between limits x = —b and x = +b, determined by 
V(+b) = E. 
The period of the oscillatory motion is, by Eq. (7-146), to be obtained from 
4? dx 
t= ; (7-147) 
EJA mct 
(E — V(x))? 


` Equation (7-147) when specialized to the particular Hooke’s law form for V(x) 


can be expressed in terms of elliptic integrals.* We shall instead examine the first 
order relativistic corrections when the potential energy is always small compared 
to the rest mass energy mc”. A change of notation is helpful. The energy E can be 
written as 
E=mc7(1 +6) 

so that here 

E — V(x 

Ee) = 1 +8- Kx? =1 + x(b? — x’), (7-148) 
me” 


where 


(7-149) 


K= , 
2mc? 


* See J. L. Synge, Classical Dynamics, p. 211, in Vol. III/1, Encyclopedia of Physics, 1960. 
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To the order (xb*)’, the period, Eq. (7-147) then reduces to 


4° dx 3K, 3 | 
~ | Í b? “)). 7-150 
$ d Te 4 i E ' ) 


The integral in Eq. (7-150) can be evaluated by elementary means, most simply 
by changing variable through x = bsing; the final result is 


2x 1 3 m 3kb? 
rog J2 E 8 fad | „ffi "A 


It will be recognized that the expression in front of the bracket is tọ, the 
nonrelativistic period of the harmonic oscillator. In special relativity the period of 
the harmonic oscillator is thus not independent of the amplitude; instead there is 
an amplitude dependent correction given approximately by 


Av At 3 kb? 3 
Y To 16mce? 8` 


(7-151) 


3. Motion of a charged particle in a constant magnetic field. In principle one 
should start from a Lagrangian of the form of Eq. (7-141) with @ = 0 and A 
appropriate to a constant magnetic field (Eq. 5-106). But we know such a 
Lagrangian corresponds. to the Lorentz force on the charged particle given by 


=i x B) (7-152) 


(cf. Eq. 1-61). Hence the equation of motion must be 


ma x B). (7-153) 


The nature of the force, Eq. (7-152), is clearly such that the magnetic field does 
no work on the particle: F +v = 0. Hence by Eq. (7-95) T must be a constant, as 
also p and y by Eq. (7-100). Further, by Eq. (7-152), there is no component of the 
force parallel to B, and the momentum component along that direction must 
remain constant. It is therefore no loss of generality to consider the motion only 
in the plane perpendicular to B and to let p represent the projection of the total 
linear momentum on to that plane. Equation (7-153) then says that the vector p 
(whose magnitude is constant) is precessing around the direction of the magnetic 
field with a frequency 


Q=—. (7-154) 


Because y is constant, the velocity vector in the plane is also of constant 
magnitude and rotating with the same frequency. The particle must therefore 
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move in the plane uniformly in a circular orbit with angular speed Q. It follows 
that the magnitude of the linear momentum in the plane must be given by 


p =myrQ. 


Combining this expression with Eq. (7-154) leads to the relation between the 
circle radius and the momentum: 


r= p 
qB/c` 


(7-155) 


The radius of curvature into which the particle motion is bent depends only on 
the particle properties through the ratio pc/q (= Br), which is sometimes called 
the magnetic rigidity of the particle. Note that while Q (Eq. (7—-154)) shows 
relativistic corrections through the presence of y, the relation between r and p is 
the same both relativistically and nonrelativistically. It should be remembered 
that in both Eqs. (7-154) and (7-155) p is the magnitude of the momentum 
perpendicular to B, but in calculating y one must use both the perpendicular and 
parallel components to find f.* 
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The Lagrangian procedure as given above certainly predicts the correct 
relativistic equations of motion. Yet it is a relativistic formulation only “in a 
certain sense.” No effort has been made to keep to the ideal of a covariant four- 
dimensional form for all the laws of mechanics. Thus the time t has been treated as 
a parameter entirely distinct from the spatial coordinates, while a covariant 
formulation would require that space and time be considered as entirely similar 
coordinates in world space. Clearly some invariant parameter should be used, 
instead of t, to trace the progress of the system point in configuration space. 
Further, the examples of Lagrangian functions discussed in the previous section 
do not have any particular Lorentz transformation properties. Hamilton’s 
principle must itself be manifestly covariant, which can only mean in this case that 
the action integral must be a world scalar. If the parameter of integration is a 
Lorentz invariant, then the Lagrangian function itself must be a world scalar in 
any covariant formulation. Finally, instead of being a function of x; and x,, the 
Lagrangian should be a function of the coordinates in Minkowski space and of 
their derivatives with respect to the invariant parameter. 


* The gyration frequency (7-154) must not be confused with the Larmor frequency given 
by Eq. (5-104). Indeed, the Larmor Theorem of Section (5-9) is inapplicable here because 
the kinetic energy of motion in the plane is of the same order of magnitude as the w? term in 
Eq. (5-110) and both are comparable to the term linear in B. The conditions for the 
Larmor Theorem are therefore not met in this case. 
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We shall consider primarily a system of only one particle. The natural choice 
of the invariant parameter in such a system would seem to be the particle’s proper 
time t. But the various components of the generalized velocity, u,, must then obey 
the relation 


—u,u, = C7, (7-75) 


which shows they are not independent. Therefore we shall instead assume the 
choice of some Lorentz-invariant quantity 0 with no further specification than 
that it be a monotone function of the progress of the world point along the 
particle’s world line. For the purposes of this discussion a superscript prime will 
be used to denote differentiation with respect to 0: 


while a dot over the letter indicates differentiation with respect to t. A suitably 
covariant Hamilton’s principle must therefore appear as 
82 
ôl =d| A(X, Xp) dd, (7-156) 
8; 
where the Lagrangian function A must be a world scalar. Note that this 
formulation includes what would have ordinarily been called “time-dependent 
Lagrangians,” because A is considered a function of x,. The Euler-Lagrange 
equations corresponding to Eq. (7-156) are 
d | ôA ðA 
dO \ ôx, OX, 
The problem is to find the form of A such that Eqs. (7-157) are equivalent to the 
equations of motion, Eq. (7—83). 

One way of seeking A is to transform the action integral from the usual 
integral over t to one over 0, and to treat the time t appearing explicitly in the 
Lagrangian not as a parameter but as an additional generalized coordinate. Since 
0 must be a monotone function of t as measured in some Lorentz frame, we have 

dx; dx,;d0 xi 


= = = 7-158 
di dO dt x, nee 


=0. (7-157) 


Hence the action integral is transformed as 


2 i 3 xt 
I a L(x,,t,x,)dt = —— Lote") x, 48, 
t C va, Aa 


It would seem therefore that a recipe for a suitable A is given by the relation 


ix; ME E 
A(x p X) = -2t fxpe, (7-159) 
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The Lagrangian obtained this way is however a strange creature, unlike any 
Lagrangian we have so far met. Note that no matter what the functional form of 
L, the new Lagrangian A is a homogeneous function of the generalized velocities 
in the first degree: 


A(x,:4x;,) = aA(X,, xi): (7-160) 


This is not a phenomenon of relativistic physics per se; it is a mathematical 
consequence of enlarging configuration space to include t as a dynamical variable 
and using some other parameter to mark the system-point’s travel through the 
space. A Lagrangian obeying Eq. (7-160) is often called (somewhat misleadingly) 
a homogeneous Lagrangian and the corresponding “homogeneous” problem of 
the calculus of variations requires special treatment.* The most serious of the 
resulting difficulties will arise in the Hamiltonian formulation, but we can glimpse 
some of them by noting that in consequence the energy function h, according to 
Eq. (2-56), is identically zero. It follows from Euler’s Theorem on homogeneous 
functions that if A is homogeneous to first degree in x/,, then 
oA 

AM, Ox}, 
One can then show (cf. Exercise 29 at the end of the chapter) that as a result the 
function A identically satisfies the relation 


eE a 
dO\ ôx, ôx] ” 
Thus if any three of the Lagrangian Eqs. (7—157) are satisfied it will follow, solely 
as a consequence of the homogeneous property of A, that the fourth is satisfied 
identically. 

Being thus forewarned to tread carefully, so to speak, let us carry out this 


transformation for. a free particle. From Eq. (7-136), the “noncovariant” 
‘Lagrangian for the free particle is 


L= —me,/c? — X,X;. 


By the transformation of Eq. (7-159) a possible covariant Lagrangian is thent 


A= —me,/—x}x!. (7-162) 


* For a full exposition, see H. Rund, The Hamilton-Jacobi Theory in the Calculus of 
Variations (New York: Van Nostrand, 1966), Chapter 3. 


+ In the algebraic manipulations leading to Eq. (7-162) there is an ambiguity of sign that 
must be decided so that Ldt has the same value as A d0. The final step in the derivation 
must be written as 


= ime /xi? + xix = me (iPx + xixi = me = xiy 
Note also that the choice of the special metric, Eq. (7-53), would eliminate the minus sign 
in the square root, but at the price of other complications in notation. 


nc 


7-9 COVARIANT LAGRANGIAN FORMULATIONS 329 


With this Lagrangian the Euler-Lagrange equations are equivalent to 


mex, | = 


Jaxx, Xy 


The parameter 0 must be a monotone function of the proper time t so that 
derivatives with respect to 8 are related to those in terms of t according to 


d 
dð 


Hence the Lagrangian equations correspond to 
d | mcu, d(mu,) 
dt J UU, dt 


which are Eqs. (7—83) for a free particle. As we have seen above, the fourth of these 
equations says that the kinetic energy T is conserved (cf. Eq. 7-95), which is 
indeed not new but can be derived from the other three equations. 

We have thus been led to a covariant Lagrangian procedure that works, at 
least for a single free particle, but only in a tortuous fashion. The elaborate 
superstructure can be greatly simplified, however, by a few bold pragmatic steps. 
First of all we can avoid using 8 and work in terms of the proper time t directly by 
a procedure introduced in a slightly different context by Dirac. The constraint on 
the generalized velocities in terms of t, Eq. (7-75), is not a true dynamical 
constraint on the motion; rather it is a geometric consequence of the way in which 
t is defined. Equation (7—75) says in effect that we cannot roam over the full four- 
dimensional 4, space; we are confined to a particular three-dimensional surface in 
the space. Dirac calls relations such as Eq. (7—75) weak equations. One can with 
impunity treat u, as unconstrained quantities and only after all differentiation 
operations have been carried out need the condition of Eq. (7—75) be imposed. 
Certainly the procedure would have worked above for the free particle 
Lagrangian. There would have been no difference if 0 were set equal to t from the 
start and Eq. (7—75) applied only in the last step. The covariant Lagrange 
equations can with this proviso therefore be written directly in terms of t: 


=0, 


i eh aE 2 =0 (7-163 
dt\du,} Gx, 


Secondly it is not a sacrosanct physical law that the action integral in 
Hamilton’s principle must have the same value whether expressed in terms of t or 
in terms of 8 (or 1). It needn’t be given by the prescription of Eq. (7-159). All that is 
required is that A be a world scalar (or function of a world scalar) that leads to the 
correct equations of motion. It doesn’t have to be homogeneous to first degree in 
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the generalized velocities. For example, a suitable A for a free particle would 
clearly be the quadratic expression 


A =5 muu,- (7-164) 


Many other possibilities are available.* We shall use Eq. (7-162) for the “kinetic 
energy” part of the Lagrangian in all subsequent discussions; many present and 
future headaches will thereby be avoided. 


If the particle is not free, but is acted on by external forces, then interaction 


terms have to be added to the Lagrangian of Eq. (7-164) that would lead to the 
corresponding Minkowski forces. Very little can be said at this time about the 
additional terms other than they must be Lorentz-invariant. For example, if G, 
were some (external) four-vector, then G,,x, would bea suitable interaction term. If 
in some particular Lorentz frame G, = ma and all other components vanish, then 
we would have an example of a constant force such as discussed in the previous 
section. In general, these terms will represent the interaction of the particle with 
some external field. The specific form will depend on the covariant formulation of 
the field theory. We have only one example of a field already expressed in a 
covariant way—the electromagnetic field—and it is instructive therefore to 
examine the Lagrangian for a particle in an electromagnetic field. 
A suitable Lagrangian can easily be seen to be 


1 
A(X po U) = 5t + Lay ya) (7-165) 
The corresponding Lagrange’s equations are then 
d qdA, ô jq 
2 da gee ae a A; 
T (mu,) PEET + an, ote i 


which are exactly the generalized equations of motion Eq. (7-83), with the 
Minkowski force K, on a charged particle, Eq. (7-88). Note that again the 
“mechanical momentum” four-vector p, differs from the canonical momentum 
Pa: 
OA q q 
=——=mu,+—A, =p, +-A (7-166) 
Pu ôu, B c P Pa c P 


* In general A can have the form mf (u,u,) where f(y) is any function of y such that 


af A 
ôy y=-c? 2 


In Eq. (7-164) we have used f(u,u,) = 24,4,- The choice 


fuu) = —c/ uu, 
corresponds to Eq. (7-162). 
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by a term linear in the electromagnetic potential. The canonical momentum 
conjugate to x, is now 


T i k 
Iput t 
c c c 


Pa Fa E, 

where E is the total energy of the particle, T + qd. Thus the momentum conjugate 
to the time coordinate is proportional to the total energy. A similar conjugate 
connection between these two quantities will recur later in nonrelativistic theory. 
The connection between the magnitude of the spatial “mechanical” momentum 
and the energy T is still given by Eq. (7-100). From Eq. (7166) it is seen that the 
canonical momenta conjugate to x, form the components of a spatial Cartesian 
vector p related to p by 


A. (7-167) 


a pa 


In terms of p, Eq. (7-100) can be rewritten as 
z 


T? = [» ~44)) + m?c4, (7-168) 


which is a useful relation between the energy T and the canonical momentum 
vector p. 

The interaction term in the Lagrangian of Eq. (7-165) is an example of a 
vector field interaction (as is also a term of the form G,,x,,). One could also have a 
simple scalar field interaction where the term added to the Lagrangian would be 
some world scalar y(x,,). Or more complicated invariant interaction terms can be 
created involving an external tensor field. The nature of such Lagrangians 
properly stems from the physical field theory involved and cannot concern us 
further here. 

So far we have spoken only of systems comprising a single mass particle. 
Multiparticle systems introduce new complications. One obvious problem is 
finding an invariant parameter to describe the evolution of the system—each 
particle in the system has its own proper time. With a little thought, however, one 
could imagine ways of solving this difficulty. For example, the proper time 
associated with the center-of-momentum system involves a symmetric treatment 
of all the particles and might prove suitable. One could also include in the picture 
interactions of the particles with external fields very much as was done for asingle 
particle. The great stumbling block, however, is the treatment of the type of 
interaction that is so natural and common in nonrelativistic mechanics—direct 
interaction between particles. 

At first sight, it would seem indeed that such interactions are impossible in 
relativistic mechanics. To say that the force on a particle depends on the positions 
or velocities of other particles at the same time implies propagation of effects with 
infinite velocity from one particle to another—“action at a distance.” In special 
relativity, where signals cannot travel faster than the speed of light, action-at-a- 
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distance seems outlawed. And in a certain sense this seems to be the correct 
picture. It has been formally proven, first in 1963, that if we require certain 
properties of the system to behave in the normal way (such as conservation of 
total linear momentum), then there can be no covariant direct interaction 
between particles except through contact forces. 

There have been many attempts in recent years to get around this “no- 
interaction” theorem. After all, we have seen that electromagnetic forces can be 
expressed covariantly, and a static electric field gives rise to the Coulomb law of 
attraction, which has the same form as the supposedly banned Newtonian 
gravitational attraction. Some of these attempts have led to approximately 
covariant Lagrangians, correct through orders of v?/c?.* Others involve 
formulations of mechanics at variance with our normal structures; most for 
example cannot be stated in terms of a simple Hamilton’s principle. Active 
research in the field is still going on and it is too early to say what picture will 
finally emerge. Nor is it clear what consequences, if any, these developments will 
have on other branches of physics, such as particle physics. The status of the field 
as of 1973 is described in some of the references given below. 


SUGGESTED REFERENCES 


A. P. FRENCH, Special Relativity. The literature on relativity has been one of the world’s 
growth industries, especially during the last few decades. It would overstrain all the 
constraints of space limitation to list even a goodly fraction of the worthwhile references, 
and only a highly individualistic selection can be given here. French’s book has been justly 
praised as one of the best introductory treatments. The mathematics is at the level of 
freshman or sophomore physics; there is a heavy emphasis on the experimental 
phenomena that led up to, and verified, the theory of special relativity. Two chapters relate 
to mechanics, mainly on conservation theorems and relativistic forces. 


ALBERT EINSTEIN, The Meaning of Relativity. This is not a treatment designed for popular 
audiences. Little more than a third of this brief book is concerned with special relativity, 

` but it contains a great deal of information. A considerable background in electrodynamics 
is assumed. 


R. D. SARD, Relativistic Mechanics: Special Relativity and Classical Particle Dynamics. 
This is relativistic mechanics at the level of an intermediate mechanics course; Lagrangian 
mechanics is not discussed. There is otherwise an incredible amount of material here. In 
deriving the Lorentz transformation special care is taken to reduce the necessary 
presuppositions to the minimum. Considerable emphasis is given to particle kinematics. 
Minkowski space is used almost throughout. 


K. R. Symon, Mechanics. The last two chapters are an unusually elaborate treatment of 
relativity for an intermediate level text. Four-space is introduced early with a metric tensor 
of trace +2 and thus provides a gentle introduction to manipulations in a non-Euclidean 
space. 


* A number of Lagrangians covariant to v?/c? antedate the “no-interaction” theorem by 
many years, e.g, the Breit-Darwin Lagrangian for the interaction between two moving 
charged particles, published in 1920. 
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J. L. SYNGE AND A. SCHILD, Tensor Calculus. Chapter 2 of this book is one of the best 
compact references for the manipulation of tensors in Riemannian spaces. The senior 
author's books on relativity, both special and general, are so voluminous as to discourage 
the incidental reader, but that should not divert one from this text. 


J. D. Jackson, Classical Electrodynamics. The first edition of this renowned text covered 
almost all topics in special relativity, from the Michelson—Morley experiment to 
relativistic motion in particle accelerators, with an unusually extensive section on reaction 
kinematics. It used a complex Minkowski space with xy = ict. The second edition has 
changed to a space with trace — 2 and has dropped most of the early experiments and all of 
the section on kinematics. Discussions on Lagrangian formulations have been extended, 
including Lagrangians for more than one particle that are only approximately relativistic, 
and Lagrangians for fields, to be treated in Chapter 12, below. Between the two editions 
one has almost all that would be wished for on special relativity. For present purposes the 
first edition version is in fact more useful. 


H. M. SCHWARTZ, Introduction to Special Relativity. This reference is representative of the 
full-scale treatises on special relativity, in particular one with an approach roughly 
corresponding to that taken here. Notable are the treatments of group properties of the 
Lorentz transformations and of Thomas precession. Initially, the discussion is based on 
Minkowski space. Although the use of tensors in flat spaces is gone into in great detail, it is 
not clear what trace or signature is finally decided on. 


V. Fock, Theory of Space, Time and Gravitation, Most of this treatise by a distinguished 
Russian physicist is devoted to what we would call general relativity. The first 100 pages, 
however, are on special relativity, with a number of exceptional features, such as detailed 
analysis of the “paradoxical” experiments and the decomposition of a Lorentz 
transformation into a rotation and a pure Lorentz transformation. Where tensors are used 
the space mostly has a trace or signature —2. 


C. W. MISNER; K. S. THORNE; AND J. A. WHEELER, Gravitation. This massive treatise (1279 
pages! (the pun is irresistible)) is to be praised for the great efforts made to help the reader 
through the maze. The pedagogic apparatus includes separately marked tracks, boxes of 
various kinds, marginal comments, and cleverly designed diagrams. An angel blowing a 
trumpet marks the end of the book, celebrated, among other items, with a couple of French 
songs and a diagram of the phrenology ofa devoted “relativist.” It makes the reading great 
fun, if not completely painless for all that. The physics of flat space time (i.e., special 
relativity) covers only 193 pages, and there is a refreshing new viewpoint on every one of 
them. The death of ict is proclaimed on p. 51; the metric with signature + 2 is used instead. 


A. O. Barut, Electrodynamics and Classical Theory of Fields and Particles. As a 
preliminary to a treatment of Lorentz covariant field theories, Barut gives a brief 
introduction to the covariant dynamics of a particle. Noteworthy topics include the group 
structure of the Lorentz transformatin, the rotation matrix that lurks in the Lorentz 
transformation, and the variety of covariant Lagrangians. The metric used has a trace —2. 


R. HAGEDORN, Relativistic Kinematics. Naturally, this book covers much more ground 
than our discussion of kinematics, but it does include all the topics treated here. The 
equations of the Lorentz transformation are used directly, for the most part, along with the 
invariants, but there is a brief chapter on tensor notation, where formulas are given for both 
signatures —2 and +2. Asis customary in particle physics, f is used throughout instead of 
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v (though it’s written as v) and masses are relative to the proton mass. The typography is 
directly from typescript and is abominable. 


H. Runb, Hamilton-Jacobi Theory in the Calculus of Variations. This reference is one of 
the few books that openly confronts the homogeneous problem and considers it at length 
(in Chapter 3). The particular solutions proposed are not adopted here, but the discussion 
of the mathematical aspects provides a useful orientation. In talking about relativity 
Minkowski space is used. 


R. A. Mann, The Classical Dynamics of Particles: Galilean and Lorentz Relativity. Special 
relativity occupies only a fraction of this relatively brief book, which is primarily a general 
text on mechanics, so the treatment is sketchier than might be expected. It is one of the few 
books that says anything about tachyons and includes a proof of the “no-interaction” 
theorem. Special relativity is described in terms of a space with signature — 2. The author is 
infatuated with group theory. 


E. H. Kerner, ed. Theory of Action-at-a-Distance in Relativistic Particle Dynamics. 
Primarily a collection of reprints of basic papers on the question, there is a brief 
introductory essay by the editor surveying the state of affairs as of 1972. Since then the field 
has developed, and is continuing to develop. One must keep up with the journal literature. 


EXERCISES 


1. Consider a mechanical system of n particles, with a conservative potential consisting 
of terms dependent only on the scalar distance between pairs of particles. Show explicitly 
that the Lagrangian for the system when expressed in coordinates derived by a Galilean 
transformation differs in form from the original Lagrangian only by a term that is a total 
time derivative of a function of the position vectors. This is a special case of invariance 
under a point transformation (c.f. Exercise 15, Chapter 1). 


2. Obtain the Lorentz transformation in which the velocity is at an infinitesimal angle d@ 
counterclockwise from the z axis, by means of a similarity transformation applied to Eq. 
(7-18). Show directly that the resulting matrix is orthogonal and that the inverse matrix is 
obtained by substituting —v for v. 


3. Show that if K(B) is the dyadic 


Kp) =1 +2 
(B)=1 + B 


then the dyadic form of the space part of the pure Lorentz transformation is 


r' = K(B)- @ — Bet). 


4. A rocket of length lẹ in its rest system is moving with constant speed along the z axis of 
an inertial system. An observer at the origin of this system observes the apparent length of 
the rocket at any time by noting the z coordinates that can be seen for the head and tail of 
the rocket. How does this apparent length vary as the rocket moves from the extreme left of 
the observer to the extreme right? 


BBY — 1) 


5. In special relativity it is not necessarily obvious that the velocity of system B as 
observed in system A is the negative of the velocity vector of system A observed in system B. 
From the orthogonality properties of L prove that the two vectors have the same 
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magnitude and are in fact the negative of each other. For simplicity a pure Lorentz 
transformation may be assumed, although this condition is not necessary for the proof. 


6. The Einstein addition law can also be obtained by remembering that the second 
velocity is related directly to the space components of a four-velocity, which may then be 
transformed back to the initial system by a Lorentz transformation. If the second system is 
moving with a speed v’ relative to the first in the direction of their z axes, while a third 
system is moving relative to the second with an arbitrarily oriented velocity v”, show by 
this procedure that the magnitude of the velocity v between the first and third system is 
given by 


1+ p'BS ; 
and that the components of v are 
g Pi - 8" g = frv1 B? g BB 
x 1+ BB" ? y 1+ BRE d A 1+ p’pr 


Here BY = v%/c, and so forth. Note that the equation for B. correctly reduces to Eq. (7-22) 
(with a change in notation) when v” is along the z axis. 


7. Show that the magnitude of the velocity of the preceding exercise between the first and 
the third systems can be given in general by 


(B+ 8")? (B x pY 
(+e By 


8. A beam of particles moving with uniform velocity collides with a collection of target 
particles that are at rest in a particular system. Let og be the collision cross section 
observed in this system. In another system the incident particles have a normalized 
velocity B, and the target particles a normalized velocity B}. If ¢ is the observed cross 
section in this system, show that 


p= 


(B, x B2)? 


o= co, i=. 


(B, z B2) f 
Remember that collision rate must be invariant under a Lorentz transformation. 


9. A set of transformations are said to have the group property if they possess the 
following four characteristics: 


1) The transformation equivalent to two successive transformations (“product” of 
transformations) is a member of the set. 

2) The product operation obeys the associative law. 

3) The identity transformation is a member of the set. 

4) The inverse of each transformation in the set is also a member of the set. 


Prove that the sets of full Lorentz transformations and of restricted Lorentz 


transformation have (separately) the group property, but that the other kinds of Lorentz 
transformations do not. 


10. Show that the matrix R defined by Eq. (7-31) has the form of a spatial rotation by 
forming explicitly the elements R,,, R,,, and R,,, and by examining the properties of the 
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3 x 3 matrix with elements R,,. Prove that there cannot be two rotation matrices such 
that Eq. (7-28) is satisfied, that is, R is unique. Finally, show that L can similarly be 
uniquely factored into a rotation and a pure Lorentz transformation in the form 


L= P'R'. 


11. For a “close” satellite of Earth (semimajor axis approximately the radius of Earth) 
calculate numerically the value of the Thomas precession rate. Compare the result with the 
precession rate induced in the orbit because of the oblate figure of Earth. Assume the 
satellite orbital plane is inclined at 30° to the equator. 


12. Show by direct multiplication of the vector form of the Lorentz transformation. Eqs. 
(7-61) and (7-62), that 


r2 et? =r — 0742. 
13. Examine the transformation corresponding to the product of two pure Lorentz 
transformations by multiplying the appropriate Q matrices, Eq. (7—63). Show that the 
product involves a spatial rotation along the direction given by x, x x,, through an angle 
@ that occurs in the equation. 


6 1+ cosh, + cosh, + cosh, 
cos = = —— Aa 
2 t: Ya Ws 


j 4 cosh- cosh-= z cosh" 


where y, gives the effective relative speed of the two successive transformations in the form 


cosh, =coshw, coshw, + «,°«,sinhy, sinhy,. 


14. Show that to each plane wave there is associated a covariant four-vector involving the 
frequency and the wave number. From the consequent transformation equations of the 
components of the four-vector, derive the Doppler effect equations. 


15. From the transformation properties of the world acceleration show that the 
components of the acceleration a are given in terms of the transformed acceleration a’ ina 
system momentarily at rest with respect to the particle by the formulas 


, ay E a, j a, 


a. =r. a = 


x 79 _ 2? a, = 2? 
ip? 1B c= pe 


the z axis being chosen in the direction of the relative velocity. 


16. By expanding the equation of motion, Eq. (7—89), with Eq. (7—90) for the momentum 
show that the force is parallel to the acceleration only when the velocity is either parallel or 
perpendicular to the acceleration. Obtain expressions for the coefficients of the 
acceleration in these two cases. In the older literature these coefficients were known as the 
longitudinal and transverse masses, respectively. 


17. Two particles with rest masses m, and m, are observed to move along the observer’s z 
axis toward each other with speeds v, and v,, respectively. Upon collision they are 
observed to coalesce into one particle of rest mass m, moving with speed v, relative to the 
observer. Find m, and v, in terms of m,, m,, v,, and v,. Would it be possible for the 
resultant particle to be a photon, that is, m, = 0, if neither m, nor m, are zero? 


18. In the £ disintegration considered in Exercise 1, Chapter 1, the electron has a mass 
equivalent to a rest energy of 0.511 MeV, while the neutrino has no mass. What are the 
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total energies carried away by the electron and neutrino? What fraction of the nuclear mass 
is converted into kinetic energy (including the electron rest energy)? 


19. A meson of mass x comes to rest and disintegrates into a meson of mass u and a 
neutrino of zero mass. Show that the kinetic energy of motion of the u meson (i.e., without 
the rest mass energy) is 
P (x E hy? Fa 
2n 


20. A x* meson of rest mass 139.6 MeV collides with a neutron- (rest mass 939.6 MeV) 
stationary in the laboratory system to produce a K* meson (rest mass 494 MeV) anda A 
hyperon (rest mass 1115 MeV). What is the threshold energy for this reaction in the 
laboratory system? 


21. A photon may be described classically as a particle of zero mass possessing 
nevertheless a momentum h/2 = hv/c, and therefore a kinetic energy hv. If the photon 
collides with an electron of mass m at rest it will be scattered at some angle @ with a new 
energy hv’. Show that the change in energy is related to the scattering angle by the formula 


0 

X — 2 =2),sin?-, 

sints 

where 4, = h/mc, known as the Compton wave length. Show also that the kinetic energy of 
the recoil motion of the electron is 


a4] sin? 6/2 
T= eel T 
1+ 2(2 sin? 6/2 


22. A photon of energy &collides at angle 8 with another photon of energy E. Prove that 
the minimum value of & permitting formation of a pair of particles of mass m is 

P 2m?c* 
t E(1 — cos@) 


23. The theory of rocket motion developed in Exercise 3, Chapter 1, no longer applies in 
the relativistic region, in part because there is no longer conservation of mass. Instead, all 
the conservation laws are combined into the conservation of the world momentum; the 
change in each component of the rocket’s world momentum in an infinitesimal time dt 
must be matched by the value of the same component of p, for the gases ejected vy the 
rocket in that time interval. Show that if there are no external forces acting on the rocket 
the differential equation for its velocity as a function of the mass is 


dv v? 
— + aļ| 1 ——] =0, 
M Im e| "| 


where a is the constant velocity of the exhaust gases relative to the rocket. Verify that the 
solution can be put in the form 
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mọ being the initial mass of the rocket. Since mass is not conserved, what happens to the 
mass that is lost? 


24. In hyperbolic motion starting from the origin at rest, find the time tọ such that if a 
photon is emitted from the origin after tọ it will never catch up with the particle. 


25. A particle of rest mass m, charge q, and initial velocity vg enters a uniform electric field 
E perpendicular to yy. Find the subsequent trajectory of the particle and show that it 
reduces to a parabola as the limit c becomes infinite. 


26. Show that the relativistic motion of a particle in an attractive inverse square law of 
force is a precessing ellipse. Compute the precession of the perihelion of Mercury resulting 
from this effect. (The answer, about 7” per century, is much smaller than the actual 
precession of 40” per century which can be accounted for correctly only by general 
relativity.) 

27. Starting from the equation of motion (7-89), derive the relativistic analog of the virial 
theorem, which states that for motions bounded in space and such that the velocities 
involved do not approach c indefinitely close, then 


Lo+T =—F-r, 


where Lo is the form the Lagrangian takes in the absence of external forces. Note that 
although neither La nor T corresponds exactly to the kinetic energy in nonrelativistic 
mechanics, their sum, L+ T, plays the same role as twice the kinetic energy in the 
nonrelativistic virial theorem, Eq. (3—26). 


28. A generalized potential suitable for use in a covariant Lagrangian for a single particle 
is 


U = —A, (x, )ugu,, 


where A,, stands for a symmetric world tensor of the second rank and u, are the 
components of the world velocity. If the Lagrangian is made up of Eq. (7-164) minus %, 
obtain the Lagrange equations of motion. What is the Minkowski force? Give the 
components of the force as observed in some Lorentz frame. 


29. Show that if A satisfies the Lagrange equations, it identically satisfies Eq. (7-161) on 
the basis of the homogeneity of A, by explicitly forming the total derivative with respect to 
@ that occurs in the equation. 


30. Covariant Lagrange equations for a single particle in terms of the proper time have 
been constructed incorporating the constraint of Eq. (7~75) by a method of Lagrange 
multipliers. The Lagrangian A (assumed not to depend explicitly on t) is replaced in the 
variational principle by 


A(t) 


, 2 
N =A +e + utp) 


Show that the Euler-Lagrange equation for 4 gives Eq. (7-75). The Euler-Lagrange 
equations for x, involve the derivative of 2 with respect to t. Show that these can be 
integrated to give an expression for.4 leading to the Lagrange equations: 


d [dA Fg ta “| aA 7 
dr| ðu \ © c ôx, 


un 


CHAPTER 8 
The Hamilton Equations 
of Motion 


The Lagrangian formulation of mechanics was developed largely in the first two 
chapters, and most of the subsequent discussion has been in the nature of 
application, but still within the framework of the Lagrangian procedure. In this 
chapter we resume the formal development of mechanics, turning our attention to 
an alternative statement of the structure of the theory known as the Hamiltonian 
formulation. Nothing new is added to the physics involved; we simply gain 
another (and more powerful) method of working with the physical principles 
already established. The Hamiltonian methods are not particularly superior to 
Lagrangian techniques for the direct solution of mechanical problems. Rather, 
the usefulness of the Hamiltonian viewpoint lies in providing a framework for 
theoretical extensions in many areas of physics. Within classical mechanics it 
forms the basis for further developments, such as Hamilton-Jacobi Theory and 
perturbation approaches. Outside classical mechanics, the Hamiltonian 
formulation provides much of the language with which present day statistical 
mechanics and quantum mechanics is constructed. We shall assume in the 
following chapters that the mechanical systems are holonomic and that the forces 
are monogenic, that is, derived either from a potential dependent on position 
only, or from velocity-dependent generalized potentials of the type discussed in 
Section 1-5. 


8-1 LEGENDRE TRANSFORMATIONS AND THE 
HAMILTON EQUATIONS OF MOTION 


In the Lagrangian formulation (nonrelativistic) a system with n degrees of 
freedom possesses n equations of motion of the form 

d | ôL ôL 
=] -= =0. (8-1) 
dt \ 6q; 

As the equations are of second order, the motion of the system is determined for 
all time only when 2n initial values are specified, e.g., the n qs and n qs at a 


particular time t,, or the n q;s at two times, t, and t,. We represent the state of the 
system by a point in an n-dimensional configuration space whose coordinates are 
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the n generalized coordinates q; and follow the motion of the system point in time 
as it traverses its path in configuration space. Physically, in the Lagrangian 
viewpoint a system with n independent degrees of freedom is a problem in n 
independent variables q,(t), and å; appears only as a shorthand for the time 
derivative of q;. 

The Hamiltonian formulation is based on a fundamentally different picture. 
We seek to describe the motion in terms of first-order equations of motion. Since 
the number of initial conditions determining the motion must of course still be 2n, 
there must be 2n independent first order equations expressed in terms of 2n 
independent variables. Hence the 2n equations of the motion describe the behavior 
of the system point in a phase space whose coordinates are the 2n independent 
variables. In thus doubling our set of independent quantities, it is natural (though 
not inevitable) to choose half of them to be the n generalized coordinates q;. As we 
shall see, the formulation is nearly symmetric if we choose the other half of the set 
to be the generalized or conjugate momenta p; already introduced by the definition 
(cf. Eq. 2-44): 
ed 6L(q;, qj» t) 


~ aa sid 


L 
The quantities (q, p) are known as the canonical variables.* 
From the mathematical viewpoint it can, however, be claimed that the q’s and 
q’s have been treated as distinct variables. In Lagrange’s equations, Eq. (8—1), the 
partial derivative of L with respect to q; means a derivative taken with all other q’s 
and all q’s constant. Similarly, in the partial derivatives with respect to å, the q’s 
are kept constant. Treated strictly as a mathematical problem, the transition from 
Lagrangian to Hamiltonian formulation corresponds to changing the variables 
in our mechanical functions from (q, å, t) to (q, p, t), where p is related to q and g by 
Eqs. (8-2). The procedure for switching variables in this manner is provided by 
the Legendre transformation,+ which is tailored for just this type of change of 
variable. 
Consider a function of only two variables f (x, y), so that a differential of f has 
the form 


df = udx + vdy, (8-3) 
where 
of of 
= ==. 8-4 
j 6x’ oy bY) 


* Unless otherwise specified, in this and subsequent chapters the symbol p will be used only 
for the conjugate or canonical momentum. When the forces are velocity dependent the 
canonical momentum will differ from the corresponding mechanical momentum (cf. Eq. 
2-47). 


t For a geometrical interpretation of the Legendre transformation and the role it plays in 
the theory of differential equations see R. Courant and D. Hilbert, Methods of 
Mathematical Physics, Vol. I, pp. 32-39, 1962. 
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We wish now to change the basis of description from x, y to a new distinct set of 
variables u,y, so that differential quantities are expressed in terms of the 
differentials du and dy. Let g be a function of u and y defined by the equation 


g=f—unx. (8-5) 
A differential of g is then given as 
. dg = df — udx — x du, 
or, by (8-3), as 
dg = vdy — x du, 


which is exactly in the form desired. The quantities x and v are now functions of 
the variables u and y given by the relations 


dg ôg 


=. au v= oy’ (8-6) 


which are in effect the converse of Eqs. (8—4). 

The Legendre transformation so defined is used frequently in thermody- 
namics. For example, the enthalpy X is a function of the entropy S and the 
pressure P with the properties that 


so that 
dX = TdS + VdP, 


where T and V are temperature and volume, respectively. The enthalpy is useful 
in considering isentropic and isobaric processes, but often one has to deal rather 
with isothermal and isobaric processes. In such case one wants a thermodynamic 
function of T and P alone. The Legendre transformation shows that the desired 
function may be defined as 


G=X -TS 
with 

dG = —SdT + VdP, (8-7) 
where G is the well-known Gibbs function, or free energy, whose properties are 
correctly given by Eq. (8-7). 

The transformation from (q, å, t) to (q, p, t) differs from the type considered in 
Eqs. (8—3) to (8-5) only in that more than one variable is to be transformed. In 
place of the Lagrangian one deals with a function defined in analogy to Eq. (8-5), 
except for a minus sign: 

Aq, p, t) = QD; ai L(q, a, t) (8-8) 
(where, of course, the summation convention has been employed). Here H is 
known as the Hamiltonian. Considered as a function of q,p, and t only, the 
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differential of H is given by 


OH oH 
dH = Ou dq, + dp, + dt, (8-9) 


but from the defining equation (8-8) we can also write 


ôL ôL ôL 
= 4, dp; + pidġ; — = då; ~ dq, — = dt. 8-10 
| Gi Sap Bada aaa ae as a 


The terms in dq, in Eq. (8-10) cancel in consequence of the definition of 
generalized momentum, and from Lagrange’s equation it follows that 


OL, 
ôq; PAN 
Equation (8—10) therefore reduces to the simple form 
ðL 
dH = å;dp; — bıdq; — PA (8-11) 


Comparison with (8—9) furnishes the following set of 2n + 1 relations, in analogy 
with Eqs. (8-6): 


i _ ôH 
UT õp: 
(8-12) 
= 0H 
ES aq; 
Bee = 2E (8-13) 
ot ot 


Equations (8-12) are known as the canonical equations of Hamilton; they 
constitute the desired set of 2n first order equations of motion replacing the 
Lagrange equations.* 

The first half of Hamilton’s equations give the ġ;s as functions of (q, p, t). 
They form therefore the inverse of the constitutive equations (8—2), which detine 
the momenta p; as functions of (q, g, t). It may therefore be said that they provide 
no new information. In terms of solving mechanical problems by means of the 


*Canonical is used here presumably in the sense of designating a simple, general set of 
standard equations. It appears that the term was first introduced by C. G. J. Jacobi in 1837 
(Comptes rendus de l? Academie des Sciences de Paris, 5, p. 61) but in a slightly different 
context referring to an application of Hamilton’s equations of motion to perturbation 
theory. Although the term rapidly gained common usage, the reason for its introduction 
apparently remained obscure even to contemporaries. By 1879, only 45 years after 
Hamilton explicitly introduced his equations, Thomson (Lord Kelvin) and Tait were 
moved by the adjective ‘canonical’ to exclaim: “Why it has been so called would be hard to 
say.” (Treatise on Natural Philosophy, 1879, Vol. 1, p. 307.) 
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canonical equations, the statement is correct. But within the framework of the 
Hamiltonian picture, where H(q, p, t) is some given function obtained no matter 
how, the two halves of the set of Hamiltonian equations are equally independent 
and meaningful. The first half says how å depends on q, p, and t; the second says 
the same thing for p. 

Of course the Hamiltonian H is constructed in the same manner, and has 
identically the same value, as h, the energy function defined in Eq. (2-53). But 
they are functions of different variables: like the Lagrangian, h is a function of q, å 
(and possibly t), while H must always be expressed as a function of gq, p (and 
possibly t). It is to emphasize this difference in functional behavior that different 
symbols have been given to the quantities even though they have the same 
numerical values. 

Nominally, the Hamiltonian for each problem must be constructed via the 
Lagrangian formulation. The formal procedure calls for a lengthy sequence of 
steps: 


1. With a chosen set of generalized coordinates, q,, the Lagrangian L(q;, i, t) is 
constructed. 


N 


The conjugate momenta are defined as functions of q,, g,, and t by Eqs. (8-2). 


3. Equation (8-8) is used to form the Hamiltonian. At this stage one has h 
instead of H, or rather some mixed function of q;, q;, P and t. 


4. Equations (8-2) are then inverted to obtain q, as functions of (q, p, t). Possible 
difficulties in the inversion will be discussed below. 


5. The results of the previous step are then applied to eliminate g from H so as to 
express it solely as a function of (q, p, t). 


Now we are ready to use the Hamiltonian in the canonical equations of motion. 

For many physical systems it is possible to shorten this drawn-out sequence 
quite appreciably. As has been described in Section 2—6, in many problems the 
Lagrangian is the sum of functions each homogeneous in the generalized 
velocities of degree 0, 1, and 2, respectively. In that case H by the prescription of 
Eq. (8-8) is given by (cf. Eq. 2-57) 

H = L, — Lo, (8-14) 
where Lo is the part of the Lagrangian independent of the generalized velocities 
and L, is the part that is homogeneous in å; in the second degree. Further, if the 
equations defining the generalized coordinates don’t depend on time explicitly 
then L, = T, and if the forces are derivable from a conservative potential V then 


Lo = —V. When both these conditions are satisfied, the Hamiltonian is then 
automatically the total energy: 


H=T+V=E. (8-15) 


If either Eqs. (8—14) or (8-15) holds, then much of the algebra in step 3 above is 
eliminated. 
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One can at times go further. In large classes of problems it happens that L, isa 
quadratic function of the generalized velocities and L, is a linear function of the 
same variables. The algebraic manipulations required in steps 2 through 5 can then 
be carried out, at least formally, once and for all. To show this let us form the g;’s 
into a single column matrix q. Under the given assumptions the Lagrangian can be 
written as 


= i Py 
L(q,4,t) = Lo(4,t) + Ga + 5474, (8-16) 


where the single row matrix has been written explicitly as the transpose ofasingle 
column matrix in view of operations to be performed subsequently. Here a is a 
column matrix and T is a square n x n matrix (much like the corresponding 
matrix introduced in Chapter 6). The elements of both are in general functions of 
q and t. The conjugate momenta, considered as a row matrix p, is then, by Eq. 
(8-2), given as 
p=Tq+a, (8-17) 
which can be inverted (step 4) as 
q=T'(p — a). (8-18) 


This step presupposes T~! exists, which it normally does by virtue of the positive 
definite property of the kinetic energy. By the prescription of Eq. (8-14) the 
Hamiltonian, identical with the energy function h, is given by 


lt. 
h aot — Lp. 


To obtain the right functional form for H, Eq. (8-18) must be substituted for qin 
the quadratic part of h (step 5). Now T is obviously a symmetric matrix, and its 
inverse must also be symmetric. It therefore follows that 

§Tq = (P — 4)" TT (p — a). 
Hence final form for the Hamiltonian is 


H(a.p.t) =5(6 — aT Mp — a) ~ Lolas t} (8-19) 


If the Lagrangian can be written in the form of Eq. (8-16), then one can 

immediately skip the intervening steps and write the Hamiltonian as Eq. (8-19). 

The inverse matrix T7! can usually most easily be obtained straightforwardly as* 
T, 


Tis. (8-20) 
ITI 


* See almost any book on mathematical methods in physics or on matrices, e.g., Margenau 
and Murphy, The Mathematics of Physics and Chemistry, 1943 (p. 295); Hildebrand, 
Methods of Applied Mathematics, 2d ed. 1965 (p. 16); or Nering, Linear Algebra and 
Matrix Theory, 1963 (p. 83). Incidentally, T, is what the mathematicians call the adjoint 
matrix to T (cf. p. 142 above). 
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Here T, is the cofactor matrix whose elements (T,) are (—1)/** times the 
determinant of the matrix obtained by striking out the jth row and kth column of 
T. It is easy to see that if T is diagonal, then T7! is also diagonal with elements that 
are just the reciprocals of the corresponding elements of T. 

A number of exercises in applying this formalism to various mechanical 
systems will be found in the problems at the end of the chapter. Two very simple 
examples may be considered here, particularly because they illustrate some 
important aspects of the technique. First consider the spatial motion of a particle 
in a central force field, using spherical polar coordinates (r,0,¢) for the 
generalized coordinates. The potential energy is some V(r) and the kinetic energy 
is 


m? m . . 
T =— =—(i? + r’ sin? 0¢? + 10°). 
z =z $ ) 
Clearly the Hamiltonian is the same as the total energy T + V, and since T is 
diagonal the form of H, by inspection, is 


a 24 Po Po 


Pe _| + vr), 3 
am\Pr P 72 sin26 (r) (8521) 


H(r, 0, P,» Pos Pg) = 


Note that the Hamiltonian would have a different functional form if the 
generalized coordinates were chosen to be the Cartesian coordinates x; of the 
particle. The kinetic energy then has the form 


mvo măi 


PTAR 
so that the Hamiltonian is now 
Hipp) = SEE + V/s). (8-22) 


It is sometimes convenient to form the canonical momenta p; conjugate to x; into 
a vector p such that the Hamiltonian can be written as 


H(xe P) = 5 + VJ). (8-23) 


We can of course take the components of p relative to any coordinate system we 
desire, curvilinear spherical coordinates, for example. But it is important not to 
confuse, say, pa with the O component of p, designated as (p),. The former is the 
canonical momentum conjugate to the coordinate 0; the latter is the 9 component 
of the momentum vector conjugate to the Cartesian coordinates. Dimensionally 
it is clear they are quite separate quantities; p, is an angular momentum, (p), is a 
linear momentum. Whenever a vector is used from here on to represent canonical 
momenta it will refer to the momenta conjugate to Cartesian position coordinates. 
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For a second example consider a single (nonrelativistic) particle moving in an 
electromagnetic field. By Eq. (1-66), the Lagrangian for this system is 


1 
L=T~—V==mv? qo +4 A-y. 
2 c 


Using Cartesian position coordinates as generalized coordinates the Lagrangian 
can also be written as 


mx;X; q 

L= TEE As, gh, (8-24) 
where the potentials ġ and A are in general functions of x; and the time (q here of 
course is the particle’s charge, not a generalized coordinate). There is now a linear 
term in the generalized velocities such that the matrix a has the elements qA,/c. 
Because of this linear term in U, the Hamiltonian is not T + U. However, it is still 
in this case the total energy since the “potential” energy in an electromagnetic 
field is determined by ¢ alone. The canonical momenta, either by Eq. (8—2) or Eq. 
(8-17), are 


Dp; = mx; + TA (8-25) 


and the Hamiltonian (cf. Eq. 8-19) is 


c 
+ — 
Im qo, (8-26) 


which is the total energy of the particle. Again the momenta p; can be formed into 
a vector p and H written as 
pa me 
~ 2m > c 99, a) 
and it must be remembered again that p refers only to momenta conjugate to x;. 
It will have been noticed that Hamilton’s equations of motion do not treat the 
coordinates and momenta in a completely symmetric fashion. The equation for p 
has a minus sign that is absent in the equation for g. Considerable ingenuity has 
been exercised in devising nomenclature schemes that result in entirely symmetric 
equations, or combine the two sets into one. Most of these schemes have only 
oddity value, but one has proved to be an elegant and powerful tool for 
manipulating the canonical equations and allied expressions. 


For a system of n degrees of freedom we construct a column matrix y with 2n 
elements such that 


ni = qis Nien = Pis isn. (8-28) 
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: . ĉH 
Similarly the column matrix = has the elements 
n 


(z) oH z) OH ; 
—| =—, — ==; i<n. (8-29) 
on i 04g; on itn 


Finally, let J be the 2n x 2n square matrix composed of the n x n zero and unit 
matrices according to the scheme 


0 1 
TE a (8-30) 


Here 0 is the n x n matrix all of whose elements are zero, and 1 is the standard 
nxn unit matrix. Hamilton’s equations of motion can then be written in 
compact form as 


4 =J. (8-31) 


This method of displaying the canonical equations of motion will be referred to as 
Hamilton’s equations in matrix or symplectic* notation. In subsequent chapters 
we shall frequently employ this matrix form of the equations. For later use, some 
easily verified properties of J may be noted. The matrix (it has no standard name) 
is a sort of 2n x 2n version of i times the Pauli matrix o, (cf. Eq. 4—74), and its 
square is therefore the negative of the 2n x 2n unit matrix: 


J? = —1. (8-32) 
It is also orthogonal: 
JJ =1 (8-33) 
so that 
. J=—-J=J7) (8-34) 


From the orthogonality property it follows the square of the determinant is 1, but 
in fact one can prove (cf. Exercise 25) the stronger statement that 


J| = +1. (8-34') 
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According to the definition given in Section 2—6, a cyclic coordinate q, is one that 
does not appear explicitly in the Lagrangian; by virtue of Lagrange’s equations 


* The term symplectic comes from the Greek for “intertwined,” particularly appropriate 
for Hamilton’s equations where q is matched with a derivative with respect to p and p 
similarly with the negative of a q derivative. H. Weyl first introduced the term in 1939 in his 
book The Classical Groups (p. 165 in both the first edition, 1939, and second edition, 1946). 
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its conjugate momentum p, is then a constant. But comparison of Eq. (8—9) with 
Eq. (8-10) has already told us that 


A coordinate that is cyclic will thus also be absent from the Hamiltonian.* 
Conversely if a generalized coordinate does not occur in H, the conjugate 
momentum is conserved. The momentum conservation theorems of Section 2—6 
can thus be transferred to the Hamiltonian formulation with no more than a 
substitution of H for L. In particular the connection between the invariance or 
symmetry properties of the physical system and the constants of the motion can 
also be derived in terms of the Hamiltonian. For example, if a system is 
completely self-contained, with only internal forces between the particles, then 
the system can be moved as a rigid ensemble without affecting the forces or 
subsequent motion. The system is said to be invariant under a rigid displacement. 
Hence a generalized coordinate describing such a rigid motion will not appear 
explicitly in the Hamiltonian and the corresponding conjugate momentum will 
be conserved. If the rigid motion is a translation along some particular direction, 
then the conserved momentum is the corresponding Cartesian component of the 
total linear (canonical) momentum of the system. Since the direction is arbitrary, 
the total vector linear momentum is conserved. The rigid displacement may be a 
rotation, from whence it follows that the total angular momentum vector is 
conserved. Even if the system interacts with external forces, there may be a 
symmetry in the situation that leads to a conserved canonical momentum. 
Suppose the system is symmetrical about a given axis so that H is invariant under 
rotation about that axis. Then H obviously cannot involve the rotation angle 
about the axis and the particular angle variable must be a cyclic coordinate. It 
follows, as in Section 2—6, that the component of the angular momentum about 
that axis is conserved. 

The considerations concerning h in Section 2-6 have already shown that if L 
(and in consequence of Eq. (8-13), also H)is not an explicit function oft, then H isa 
constant of motion. This can also be seen directly from the equations of motion 
(8-12) by writing the total time derivative of the Hamiltonian as 


dH 0H OH ôH 


— = q. + Dp. + 7 
dt og Op, i t 


In consequence of the equations of motion (8—12) the first two sums on the right 
cancel each other and it therefore follows that 


dH ôH aL as 
dt ot ôt 


* This conclusion also follows from the definition of Eq. (8-8), for H differs from — L only 
by p,q,, which does not involve q; explicitly. 
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Thus if t doesn’t appear explicitly in L, it will also not be present in H, and H will 
be constant in time. 

Further, it was proved in Section 2-6 that if the equations of transformation 
that define the generalized coordinates (1-38), 


L = TilQis-+-24n3 ts 


do not depend explicitly on the time, and if the potential is velocity-independent 
then H is the total energy, T + V. The identification of H as a constant of the 
motion and as the total energy are two separate matters, and the conditions 
sufficient for the one are not enough for the other. It can happen that the Eqs. 
(1-38) do involve time explicitly but that H does not. In this case H is a constant 
of the motion but it is not the total energy. As was also emphasized in Section 
(2-6), the Hamiltonian is dependent both in magnitude and in functional form on 
the initial choice of generalized coordinates. For the Lagrangian we havea specific 
prescription, L= T — V, and a change of generalized coordinates within that 
prescription may change the functional appearance of L but cannot alter. its 
magnitude. On the other hand, use of a different set of generalized coordinates in 
the definition for the Hamiltonian, Eq. (8-8), may lead to an entirely different 
quantity for the Hamiltonian. It may be that for one set of generalized coordinates 
H is conserved, but that for another it varies in time. 

To illustrate some of these points in a simple example we may consider a 
somewhat artificial one-dimensional system. Suppose a point mass m is attached 
to a spring, of force constant k, the other end of which is fixed on a massless cart 
that is being moved uniformly by an external device with speed vg (cf. Fig. 8-1). If 
we take as generalized coordinate the position x of the mass particle in the 
stationary system, then the Lagrangian of the system is obviously 


k 2 
ar =e vot)“. (8-36) 


vot 
FIGURE 8-1 
O Example of a harmonic oscillator fixed to a 
O OO uniformly moving cart. 


350 THE HAMILTON EQUATIONS OF MOTION 


(For simplicity the origin has been chosen so that the cart passed through it at 
t = 0.) The corresponding equation of motion is clearly 


m¥ = —k(x — vot). 


An obvious way of solving this equation is to change the unknown to x’(t) defined 
as 


"=x — Vot, (8-37) 
so that the equation of motion becomes 
mx! = —kx’. (8-38) 


From Eq. (8—37) x’ is the displacement of the particle relative to the cart; Eq. 
(8-38) says that to an observer on the cart the particle exhibits simple harmonic 
motion, as would be expected on the principle of equivalence in Galilean 
relativity. 

Having looked at the nature of the motion, let us consider the Hamiltonian 
formulation. Since x is the Cartesian coordinate of the particle, and the potential 
does not involve generalized velocities, the Hamiltonian relative to x is the sum of 
the kinetic and potential energies, i.e., the total energy. In functional form the 
Hamiltonian is given by 


2 
pe ik 2 
t) = T+ V=— +(x — vt}. (8-39) 
A(x, P, ) 2m z. 0 ) 
The Hamiltonian is the total energy of the system, but since it is explicitly a 
function of t, it is not conserved. Physically this is understandable; energy must 
flow into and out of the “external physical device” to keep the cart moving 
uniformly against the reaction of the oscillating particle.* l 
Suppose now we formulated the Lagrangian from the start in terms of the 
relative coordinate x’. The same prescription gives the Lagrangian as 
212 2 k 12 
mx : mvg kx 
+ mx'v9 + =s 
pene so 2g 
In setting up the corresponding Hamiltonian we note there is now a term linear in 
x’, with the single component of a being mv). The new Hamiltonian is now 


(p' — mo) kx’? — mug 
2m 2 2° 


(8—40) 


L(x’, x’) = 


H'(x',p') = (8-41) 
Note that the last term is a constant involving neither x’ nor p';it could, if one 
wished, be dropped from H’ without affecting the resultant equations of motion. 
Now H’ is not the total energy of the system, but it is conserved. Except for the last 


* Put another way, the moving cart constitutes a time-dependent constraint on the particle 
and the force of the constraint does do work in actual (not virtual) displacement of the 
system. 
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term it can be easily identified as the total energy of motion of the particle relative 
to the moving cart. The two Hamiltonian’s are different in magnitude, time- 
dependence, and functional behavior. But the reader can easily verify both lead to 
the same motion for the particle. 


8-3 ROUTH’S PROCEDURE AND OSCILLATIONS 
ABOUT STEADY MOTION 


It has been remarked that the Hamiltonian formulation is not particularly helpful 
in direct solution of mechanical problems. Often one can solve the 2n first order 
equations only by eliminating some of the variables, e.g., the p variables, which 
speedily leads back to the second order Lagrangian equations of motion. But an 
important exception should be noted. The Hamiltonian procedure is especially 
adapted to the treatment of problems involving cyclic coordinates. Consider the 
situation in Lagrangian formulation when some coordinate, say q,,, is cyclic. The 
Lagrangian as a function of q and q can then be written 


L= L(g- -s an-13ġ1>- -+5 ġn3t). 


All the generalized velocities still occur in the Lagrangian and in general will be 
functions of the time. We still have to solve a problem of n degrees of freedom even 
though one degree of freedom corresponds to a cyclic coordinate. A cyclic 
coordinate in the Hamiltonian formulation, on the other hand, truly deserves its 
alternative description as “ignorable,” for in the same situation P, is some 
constant g, and H has the form 


H = H(qy,--+s4y—13 Pis-++s Pn—13 05) 


In effect the Hamiltonian now describes a problem involving only n — 1 
coordinates, which may be solved completely ignoring the cyclic coordinate 
except as it is manifested in the constant of integration o, to be determined from 
the initial conditions. The behavior of the cyclic coordinate itself with time is then 
found by integrating the equation of motion 


. OH 
a ða ` 

The advantages of the Hamiltonian formulation in handling cyclic 
coordinates may be combined with the Lagrangian procedure by a method 
devised by Routh. Essentially, one carries out a mathematical transformation 
from the q,q basis to the q,p basis only for those coordinates that are cyclic, 
obtaining their equations of motion in the Hamiltonian form, while the 
remaining coordinates are governed by Lagrange equations. If the cyclic 
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coordinates are labeled g,,,,--.,4,, then a new function R, known as the 
Routhian,* may be introduced, defined as 


RGB tii GS Ps1 Pait) SD, På L (8-42) 


i=st+i 
A differential of R is therefore given by 
n EAR Same " 6L éL 
aR= X ddn- Y oedi - Y il- 
i=s+1 i=1 OG; i 
from which it follows that 
Raa l i=1,...,8; (8-43) 
ôq; ôq; 04; 0g; 
OR , OR | P 
M Opp en 
Equations (8-44) for the n — s ignorable coordinates q, , 12+++> 4n ATE in the form 
of Hamilton’s equations of motion with R as the Hamiltonian, while Eqs. (8—43) 
show that the s nonignorable coordinates obey the Lagrange equations 
d/0R\ OR _ 
` dt \ ôd; ôq; 
with R as the Lagrangian! Up to this point no explicit use has been made of the 
cyclic nature of the coordinates q,,, to q,- A coordinate absent from L will 
likewise not appear in the Routhian. Then — s momenta P; to p, conjugate to 
the cyclic coordinates are constants and may be replaced in the Routhian by a set 
of constants a,,...,0,,wherer = n — s, to be determined by the initial conditions. 
With these modifications the only variables in the Routhian are the s noncyclic 
coordinates and their generalized velocities: 


i =s + 1,...,7. (8—44) 


0, i=1....,s, (8-45) 


R = R(gq 5-0-5453 V2 -ssi Osee 03t). (8-46) 


The Lagrange equations for the noncyclic coordinates, (8-45), can now be solved 
without any regard for the behavior of the cyclic coordinates, exactly as in the 
Hamiltonian formulation. In effect the problem has been reduced to a 
Lagrangian problem for a system of s degrees of freedom, and except for the r 
constant parameters, «,, we can “ignore” the other degrees of freedom. 

The prime example where Routh’s procedure may be usefully applied is in the 
examination of deviations from steady motion along with the question of the 
stability of such deviations. We have already considered several instances of 
steady motion. In Section 3—6 we investigated the stability of the steady motion of 
a particle in a circular orbit about a center of force for various central force laws. 


* The function R as defined here is the negative of the form usually quoted, in order to bringit 
in line with the definition of H, Eq. (8-8). 
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The uniform precession of a heavy top, discussed in Section 5-7, constituted a 
steady motion and the phenomenon of nutation appeared as one of the deviations 
from this steady motion. In these and other examples steady motion is 
characterized by all of the noncyclic coordinates being constant. Thus in the central 
force problem, with two coordinates r and 6, a circular orbit means that the only 
noncyclic coordinate is constant. Again in the heavy top problem, of the three 
Euler angle coordinates 0, ġ, y in the Lagrangian Eq. (5-50) the only noncyclic 
coordinate is 0, which is constant in uniform precession. If we restrict ourselves to 
situations where the Lagrangian is not an explicit function of time, then it follows 
that in steady motion the cyclic coordinates are linear functions of time. This can 
be seen from the equations of motion, (8-44), for the cyclic or ignorable 
coordinates. With a Routhian of the form of Eq. (8-46), these equations imply 
that a generalized velocity of an ignorable coordinate q; is given in terms of the 
noncyclic variables by some relation of the type 


Gi = G15 -es Asi I 1502-53 %19---5%e) i=l.. n. (8-47) 


For steady motion q,,...,q, are constant, g,,..., 4, are zero, and therefore q; fora 
cyclic variable is constant and q; varies linearly with time. Thus in the steady 
motion in a circular orbit the cyclic coordinate @ increases uniformly with time. 
Again when the heavy top precesses uniformly the angular velocities of the cyclic 
coordinates, namely w and @, are constant. 

As far as the “modified” system of s degrees of freedom is concerned, the 
problem has been reduced to that of oscillations about equilibrium positions ois 
already studied in Chapter 6. As there, the generalized force corresponding to qi 
must vanish at equilibrium, indicating that 


R R 
: p | = 0, i=1,...,8. (8-48) 


? aq; 
(Cf. Eq. 6-1.) Indeed much of the procedure followed in Chapter 6 can be taken 
over here without significant change. The major difference is that we must start 
from specific generalized variables so chosen that the coordinates in steady motion 
are ignorable. These may be such that R is not simply a quadratic function of the 
generalized velocities but may have more complicated forms. 

To see both the similarities and the differences with small oscillations about 
an equilibrium we will carry the procedure through at least part of the way. For 
the remainder of this section we will resume the summation convention for sums 
from 1 through s, and as is suggested by Eq: (8-48), the subscript 0 will indicate 
values and derivatives evaluated at the “equilibrium” position corresponding to 


steady motion. As in Chapter 6, new variables p; will denote the deviation from 
this equilibrium: 


qi = foi © Pis 


: A Pees: (8-49) 
di = Pi 
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The quantities p; and p, are treated as small in the sense that R can be expanded in 
a Taylor series about the steady motion configuration retaining only terms only 
through the second order. In light of Eq. (8—48) the expansion has the form 


ôR., 1l R er aR pee o7R ap (8-50) 
Gas 2aqoi040;" | 7 ôdo:ôĝoj g 204 9:04o; ne 


R=R,+ 


R and all its derivatives are functions only of the noncyclic q,’s, the corresponding 
ġřs, and constants. In steady motion the qs are constant and the q;’s zero. Hence 
Ro and all the coefficients in Eq. (8—50) are constant in time, and Ry as an additive 
constant can be dropped from R. The linear term in b; automatically satisfies the 
Lagrangian equations of motion since the coefficient of p; is constant in time and 
independent of p,;. This term too can therefore be dropped, and R may be 
rewritten as 
ee a oe 

R = 5 4iPiPj + gypi — 5 SigP iP y (8-51) 
Note that the matrix elements a; j and c,, are symmetric, but that is not necessarily 
so for g,;. The terms in R bilinear in p; and ġ; are sometimes referred to as 
“gyroscopic terms” because they frequently arise in problems of gyroscopic 
motion. The Lagrange equations of motion for the variables p; then take the form 


aij; — 5;j); + jp; = 0, (8-52) 

where 
bij = 8j — Sy 

Comparison with the equations of motion in Chapter 6, Eq. (6-8), shows that a;; 
plays the role of T;; and c;j corresponds to V;, (hence the choice of sign) but the 
term in p, has no counterpart. (It does not correspond to the dissipative force 
terms that are not in R; typically the gyroscopic forces do no work and do not 
destroy the conservation of H.) The bilinear term in R makes it impossible to 
simultaneously diagonalize all terms in R by a transformation in configuration 
space as was done in Chapter 6, so normal modes cannot be obtained that way.* 
However, we can again seek oscillatory exponential solutions of the form of Eq. 
(6-9), with angular frequencies œ that will be the roots of the secular determinant: 


lc + iwb — wal = 0. (8-53) 


(cf. Eq. 6-11.) Despite the appearance of terms linear in @ it can be showny from 
the antisymmetry of b and the symmetry of the other matrices that the secular 


* The corresponding Hamiltonian can be diagonalized by a transformation in phase space, 
but that requires the theory of canonical transformations, to be discussed in the next 
chapter. See the article by J. L. Synge in Vol. ITI/1 of the Encyclopedia of Physics, p. 192, 
and Exercise 20 in Chapter 9 below. 


+See K. R. Symon, Mechanics, 3d ed. (Reading, Massachusetts: Addison-Wesley, 1971). p. 
483. 
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equation is a function of w” only (as would be expected on physical grounds from 
symmetry under time reversal). If the roots of Eq. (8—53) correspond to real œ, the 
deviations from steady motion can be bounded and stability is possible. 
Imaginary values of œ can lead to unbounded increase of p with time, indicating 
instability of the steady motion. 

It must be acknowledged that these statements give a highly oversimplified 
picture of the general problem of stability of motion. There are many 
complications, the least of which are the questions about the nature of the motion 
when there are multiple or zero roots to Eq. (8-53). More serious is the 
uncertainty as to what extent the linearized equations of motion (8—52) can 
represent the oscillations even for small amplitudes, and as to the nature of the 
nonlinear solutions. The general subject of stability of motion is today a very 
active field of investigation, often using sophisticated mathematical tools that are 
far beyond the scope of this book. 

A simple, almost trivial, example may clarify Routh’s procedure and the 
physical significance of the quantities involved. Consider the situation 
investigated in Section 3—6, that of a single particle moving in a plane under the 
influence of a central force f(r) derived from a potential V(r). The Lagrangian is 
then 


L= =(P + 1°67) — V(r). 


As noted before the ignorable coordinate is 6, and if the constant conjugate 
momentum is denoted by l, the corresponding Routhian is 


Fd 


o Mma 

— 2m? ER oS 

Physically we see that the Routhian is the equivalent one-dimensional potential 
V'(r) minus the kinetic energy of radial motion. (The minus sign appears because 
the Routhian as defined by Eq. (8—42) is the negative of the Lagrangian for the 
effective one-dimensional problem.) In steady motion the noncyclic coordinate r 
is constant (at rọ) and the cyclic coordinate, 0, increases uniformly with time, i.e., 
the particle moves in a circular orbit with constant angular velocity. The steady 
state condition is given by Eq. (8—48), which is equivalent here to saying V’'(r) is 
an extremum at r = ro: 


ôR v'i) 2 av 
= + 
ary or | = mr = Or |= 


or 
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which is Eq. (3—41). Expanding R in a Taylor series about the steady state leads to 
a linearized Routhian here of the form 


R 


-2 2 
aP CaP 
— > 


2 2 
where 
a ae PR 32 ðf 
ay ns |; i ae, 


The secular determinantal equation, Eq. (8—53), reduces to a single term 
, C1, — @7a,, =0. 


Hence, the condition that the motion be stable, that is, œ real, is equivalent to 
requiring c,,/a,, > 0, or, using the condition for steady motion, 


Ff , 70) co, 
Ory To 


which is Eq. (3—43), the criterion for stability of the steady motion. 

Typically, Routh’s procedure has not added to the physics of the analysis 
presented earlier in Section (3—6), but it has made the analysis automatic. In 
complicated problems with many degrees of freedom this feature can be a 
considerable advantage. It is not surprising therefore that Routh’s procedure 
finds its greatest usefulness in the direct solution of problems relating to 
engineering applications. But basically, the Routhian is a sterile hybrid, 
combining some of the features of both the Lagrangian and the Hamiltonian 
pictures. For the development of various formalisms of classical mechanics, the 
complete Hamiltonian formulation is more fruitful. 


8-4 THE HAMILTONIAN FORMULATION OF 
RELATIVISTIC MECHANICS 


As with the Lagrangian picture in special relativity, two attitudes can be taken to 
the Hamiltonian formulation of relativistic mechanics. The first makes no 
pretense at a covariant description but instead works in some specific Lorentz or 
inertial frame. Time as measured in the particular Lorentz frame is then not 
treated on a common basis with other coordinates but serves, as in nonrelativistic 
mechanics, as a parameter describing the evolution of the system. Nonetheless, if 
the Lagrangian that leads to the Hamiltonian is itself based on a relativistically 
invariant physical theory, e.g., Maxwell’s equations and the Lorentz force, then 
the resultant Hamiltonian picture will be relativistically correct. The second 
approach, of course, attempts a fully covariant description of the Hamiltonian 
picture, but the difficulties that plagued the corresponding Lagrangian approach 
(cf. Section 7—9) are even fiercer here. We shall consider the noncovariant method 
first. 
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For a single-particle Lagrangian of the form of Eq. (7~136), 
L= -m° Ji- p* — V, 


we have already shown that the Hamiltonian (in the guise of the energy function 
h) is the total energy of the system: 


H=T+V. 


The energy T can be expressed in terms of the canonical momenta p; (Eq. 7-137) 
through Eq. (7-100): 


T? = pc? +m, 
so that a suitable form for the Hamiltonian is 
H = PP + mt + Vz (8-54) 


When the system consists of a single particle moving in an electromagnetic 
field, the Lagrangian has been given as (cf. Eq. 7~141) 


L= —mce?,/1 — B? + qA-B — qo. 


- The term in L linear in the velocities drops out of the Hamiltonian, as we have 


seen, whereas the first term leads to the appearance of T in the Hamiltonian. Thus 
the Hamiltonian is again the total particle energy: 


H=T+q¢. (8-55) 


For this system the canonical momenta conjugate to the Cartesian coordinates of 
the particle are defined by (cf. Eq. 7-142) 


p; = mu; +54, 


so that the relation between T and p; is given by Eq. (7-168), and the Hamiltonian 
has the final form 


2 
H= Je -4a] c? + mct + qo. (8-56) 


It should be emphasized again that p here is the vector of the canonical momenta 
conjugate to the Cartesian position coordinates of the particle. We may also note 
that iH/c is the fourth component of the world vector 


mu, + 2A. 
c 


(Cf. Eqs. 7—74, 7-96, and 7—166.) While the Hamiltonian (8—56) is not expressed 
in covariant fashion, it does have a definite transformation behavior under a 
Lorentz transformation as being, in some Lorentz frame, the fourth component 
of a world vector. 
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In a covariant approach to the Hamiltonian formulation, time must be 
treated in the same fashion as the space coordinates, i.e., time must be taken as 
one of the canonical coordinates having an associated conjugate momentum. The 
foundations of such an extension of the dimensionality of phase space can in fact 

' be constructed even in nonrelativistic mechanics. Following the pattern of Section 
7-9, the progress of the system point along its trajectory in phase space can be 
marked by some parameter 0, and “released,” so to speak, to serveas an additional 
coordinate. If derivatives with respect to 0 are denoted by a superscript prime, the 
Lagrangian in the (q,,...,4,;¢) configuration space is (cf. Eq. 7-159) 


Alq, q',t, t) = rilat, o) (8-57) 


The momentum conjugate to ¢ is then 


ce. ages 
Mae ot" 


If we make explicit use of the connection q = q’/t’, then this relation becomes 
= = -—H. (8—58) 


The momentum conjugate to the time “coordinate” is therefore the negative of 
the ordinary Hamiltonian.* While the framework of this derivation is completely 
nonrelativistic, the result is consistent with the identification of the time 
component of the four-vector momentum with iE/c. As can be seen from the 
definition, Eq. (8-2), if q is multiplied by a constant «œ, then the conjugate 
momentum is divided by g. Hence, the canonical momentum conjugate to ict is 
iH/c. 

Thus, there seems to be a natural route available for constructing a 
relativistically covariant Hamiltonian. But the route turns out to be mined with 
booby traps. It will be recalled that the covariant Lagrangian used to start the 
process, Eq. (7-159) or Eq. (8-57), is homogeneous in first degree in the 
generalized velocities g’, and for such a Lagrangian the recipe described above (cf. 
p. 343) for constructing the Hamiltonian formulation breaks down irreparably. If 
L is of type L,, the corresponding Hamiltonian, call it |H(q, t, p, p,), is identically 
zero! Even before we reach that stage, however, there is a breakdown in step 4 
that calls for inverting the set of Eqs. (8-2) to obtain the generalized velocities as 


* The remaining momenta are unchanged by the shift from t to 0, as can be seen by 
evaluating the corresponding derivative: 


6A ,OL  ,féLl 
= Pi 


=f =f 
0q; ôq; GUES 
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functions of (q;, p;). For L, Lagrangians this inversion cannot be carried out. This 
is most directly seen if L is homogeneous in the first degree through being simply 
linear in the q;’s. In that case p; is independent of all ,s, and there can be no way 
of finding the q,s in terms of p,. When the Lagrangian is of type L, in a more 
general fashion, the proof of the impossibility of inversion is more involved. It will 
be recalled from the general implicit function theorem, that if n variables y; are 
given as functions of n variables x,, 


Ji = Yi(Xy,---,Xq)s 
then the functions can be inverted to find x, as functions of y, only if the 
determinant of the Jacobian matrix M, with elements 


3 ay, 
Mt (8-59) 


does not vanish.* Applied to Eqs. (8—2) we see that they can be inverted only fora 
nonvanishing determinant 


aL 
IW] = | |: 
04,04; 
Now, if L is of type L, we have 
ôL 
G5. =L. 
04; 
Differentiation with respect to å; then leads to the condition 
Ho 0. (8-60) 
Gin, =U = 
04,04; 
or in matrix notation 
àW =0. (8-60) 


Equation (8—60) can be interpreted as saying that one column of the determinant 
can be expressed in terms of the other columns, which means that the determinant 
vanishes. Alternatively Eq. (8—60’) can be read as stating that W has only null 
eigenvalues, which again implies vanishing of the determinant. Of course, the 
vanishing of the Jacobian determinant means that not all the momenta are 
independent. For the general formulation in which phase space is extended to 
include ¢ and p,, Eq. (8-58) written in the form 


Peer Cheer Prd Peery Pnt) 
explicitly says p, is not independent but is given in terms of all the other 
coordinates and momenta. In the relativistic case, say, of a free particle, we have 


* Many books on advanced calculus discuss the implicit function theorem; cf. S. Lang, A 
Second Course in Calculus, 2d. ed., 1968, p. 529. A particularly careful proof is to be found 
in E. Hille, Analysis, Vol. 2, 1966, p. 367. 


360 THE HAMILTON EQUATIONS OF MOTION 


seen that this constraint on the momenta corresponds physically to the fact that the 
four-vector p, has a constant magnitude. 

It must be concluded therefore that for Lagrangians homogeneous in the q,’s 
in first degree the usual Hamiltonian procedure does not work. A number of 
alternate ways of formulating the Hamiltonian in the “homogeneous problem” 
have been devised.* All take into account explicitly the constraint implied by the 
vanishing of the Jacobian determinant, but they are all complicated, and no one 
has been accepted as the standard technique. It appears that if at all possible the 
homogeneous “noninvertible” Lagrangian should be avoided like the plague. 

Fortunately there does not seem to be any compelling reason why the 
covariant Lagrangian has to be homogeneous in the first degree, at least for 
classical relativistic mechanics. It has already been seen that for a single free 
particle the covariant Lagrangian 


1 
A(X, up) = 5M, 


leads to the correct equations of motion. Of course the four-velocity components, 
u,, are still not all independent, but the constraint can be treated as a “weak 
condition” to be imposed only after all the differentiations have been carried 
through.f There is now no difficulty in obtaining a Hamiltonian from this 
Lagrangian, by the same route as in nonrelativistic mechanics; the result is clearly 


_ PaPa 


IH Sme 


(8-61) 


For a single particle in an electromagnetic field, a covariant Lagrangian has been 
found previously: 


A(x ) = mu, + u A (7-165) 


m Uy 
. with the canonical momenta, 


Pa = Mu, +7A,. (7-166) 


* The literature dealing with the “homogeneous problem” more or less from the physicist’s 
viewpoint is by now quite extensive, and only a few references can be cited. Lanczos, The 
Variational Principles of Mechanics, 4th ed., 1970, p. 187 gives about the simplest version of 
all. Dirac, in a number of papers starting in 1933, has developed a distinctive approach that 
is summarized in a brief book, Lectures on Quantum Mechanics, 1964. For still another way 
of looking at the problem, see H. Rund, The Hamilton—Jacobi Theory in the Calculus of 
Variations, 1966 Chapter 3. 

It may be noted that the Legendre transformation process is reversible: given a 
Hamiltonian one can obtain the corresponding Lagrangian (cf. Exercise 1). But the 
difficulties also arise in either direction. If a given Hamiltonian is postulated to be 
homogeneous in first degree in the momenta, then it is not possible to find an equivalent 
Lagrangian. 


TSee Dirac, Lectures on Quantum Mechanics, for this classification of constraints. 


8-4 THE HAMILTONIAN FORMULATION OF RELATIVISTIC MECHANICS 361 


In the corresponding Hamiltonian the term linear in u, disappears as usual, and 
the remaining L, part in terms of the canonical momenta is 


q q 
pealei] 
IH = . 


2m 


(8-62) 


Both Hamiltonians, Eqs. (8—61) and 8-62), are constant, with the same 
value, —mc?/2, but to obtain the equations of motion it is the functional 
dependence on the four-vectors of position and momenta that is important. With 
a system of one particle, the covariant Hamiltonian leads to eight first order 
equations of motion 

dx, lH dp, élH 


dt ap, dt x, ee?) 


We know that these equations cannot be all independent. The space parts of Eqs. 
(8-63) obviously lead to the spatial equations of motion. We should expect 
therefore that the remaining two equations tell us nothing new, exactly as in the 
Lagrangian case. This can be verified by examining the v = 4 equations in some 
particular Lorentz frame. One of them is the constitutive equation for p4: 


or 
i iH 
pa =-(T+ qo) =—, 
Cc È 


a general conclusion that has been noted before. The other can be written as 


1 dp,  1ôH 
1—p2 dt icôt 


or A 
dH zôlH 
dt yep ôt 
Comparison of the form of (8—60) with that of H (8-56) shows that 
aT aH 


öt me at’ 
so that the equation of motion reduces to 
dH ôH 


dt ot’ 


which is the general result already expressed in Eq. (8—35). 
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As with the covariant Lagrangian formulation one has the problem of finding 
suitable covariant potential terms in the Lagrangian to describe forces other than 
electromagnetic. And in multiparticle systems.we are confronted in full measure 
with the critical difficulties of including interactions other than with fields. In 
Hamiltonian language, the “no-interaction” theorem already referred to says that 
only in the absence of direct particle interaction can Lorentz invariant systems be 
described in terms of the usual position coordinates and corresponding canonical 
momenta. The scope of the relativistic Hamiltonian framework is therefore quite 
limited and so for the most part we shall confine ourselves to nonrelativistic 
mechanics, 


8-5 DERIVATION OF HAMILTON’S EQUATIONS FROM A 
VARIATIONAL PRINCIPLE 


Lagrange’s equations have been shown to be the consequence of a variational 
principle, namely, the Hamilton’s principle of Section 2-1. Indeed, the variational 
method has often proved to be the preferable method of deriving Lagrange’s 
equations, for it is applicable to types of systems not usually comprised within the 
scope of mechanics. It would be similarly advantageous if a variational principle 
could be found that leads directly to the Hamilton’s equations of motion. 
Hamilton’s principle, , 


t2 
ôl = af Ldt =0, (8-64) 
ti 


lends itself to this purpose, but as formulated originally it refers to paths in 
configuration space. The first modification therefore is that the integral must be 
evaluated over the trajectory of the system point in phase space, and the varied 
paths must be in the neighborhood of this phase space trajectory. In the spirit of 
the Hamiltonian formulation, both q and p must be treated as independent 
coordinates of phase space, to be varied independently. To this end the integrand 
in the action integral, Eq. (8-64) must be expressed as a function of both q and p, 
and their time derivatives, through Eq. (8-8), Equation (8—64) then appears as 


ôl =ô f ; (pq; — H(q, p,t)) dt = 0. (8-65) 


As a variational principle in phase space, Eq. (8-65) is sometimes referred to as 
the modified Hamilton’s principle. Although it will be used most frequently in 
connection with transformation theory (see Chapter 9) the main interest in it here 
is to show that the principle leads to Hamilton’s canonical equations of motion. 

The modified Hamilton’s principle is exactly of the form of the variational 
problem in a space of 2n dimensions considered in Section 2-3 (cf. Eq. 2-14): 


EA 
òl =f EAE E) (8-66) 
ti 
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for which the 2n Euler-Lagrange equations are 


dlaf\ af 

ef enai ——-=0 =) a, > 8-67 
2] aq, Í ee 
(2 Ff 6, f= Te atk (8-68) 
dt\Op;} ôP; 


The integrand f as given in Eq. (8—65) contains q, only through the p,q; term, and 
q; only in H. Hence Eqs. (8-67) lead to 


b; +>— =0. (8-69) 


On the other hand there is no explicit dependence of the integrand in Eq. (8-65) 
on p;. Equations (8—68) therefore reduce simply to 


aero (8-70) 


Equations (8-69) and (8—70) are exactly Hamilton‘s equations of motion, Eqs. 
(8-12). The Euler-Lagrange equations of the modified Hamilton’s principle are 
thus the desired canonical equations of motion. 

This derivation of Hamilton’s equations from the variational principle is so 
brief as to give the appearance of a sleight-of-hand trick. One wonders whether 


something extra has been sneaked in while we were being misdirected by the 


magician’s patter. Is the modified Hamilton’s principle equivalent to Hamilton’s 
principle, or does it contain some additional physics? The question is largely 
irrelevant; the primary justification for the modified Hamilton’s principle is that 
it leads to the canonical equations of motion in phase space. After all, no further 
argument was given for the validity of Hamilton’s principle than that it 
corresponded to the Lagrangian equations of motion. So long as a Hamiltonian 
can be constructed, the Legendre transformation procedure shows that the 
Lagrangian and Hamiltonian formulations, and therefore their respective 
variational principles, have the same physical content. 

One question that can be raised, however, is whether the derivation puts 
limitations on the variation of the trajectory that are not present in Hamilton’s 
principle. The variational principle leading to the Euler-Lagrange equations is 
formulated, as in Section 2-2, such that the variations of the independent 
variables vanish at the endpoints. In phase space that would require ôq; = 0 and 
op; = 9 at the endpoints, whereas Hamilton’s principle requires only the 
vanishing of ôq; under the same circumstances. A look at the derivation as spelled 
out in Section 2—2 will show, however, that the variation is required to be zero at 
the endpoints only in order to get rid of the integrated terms arising from the 
variations in the time derivatives of the independent variables. While the f 
function in Eq. (8—66) that corresponds to the modified Hamilton’s principle, Eq. 
(8-65), is indeed a function of q,, there is no explicit appearance of p,. Equations 
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(8-68) and therefore (8-70) follow from Eq. (8-65) without stipulating the 
variations of p; at the endpoints. The modified Hamilton’s principle, with the 
integrand L defined in terms of the Hamiltonian by Eq. (8-8), leads to Hamilton’s 
equations under the same variation conditions as those in Hamilton’s principle.* 

Nonetheless, there are advantages to requiring that the varied paths in the 
modified Hamilton’s principle return to the same endpoints in both q and p, for 
we then have a more generalized condition for Hamilton’s equations of motion. 
As with Hamilton’s principle, if there is no variation at the endpoints we can adda 
total time derivative of any arbitrary (twice-differentiable) function F(q, p, t) to 
the integrand without affecting the validity of the variational principle. Suppose, 
for example, we subtract from the integrand of Eq. (8—65) the quantity 


d 
g iP 
The modified Hamilton’s principle would then read 


T2 
ô| (—b a; — H(q p,t))at =0. (8-71) 

ty 
Here the f integrand of Eq. (8—66) is a function of b, and it is easily verified that the 
Euler-Lagrange equations (8-67) and (8-68) with this f again correspond to 
Hamilton’s equations of motion, Eqs. (8—12). Yet the integrand in Eq. (8—71) is 
not the Lagrangian nor can it, in general, be simply related to the Lagrangian by a 
point transformation in configuration space. By restricting the variation of both q 
and p to be zero at the endpoints, the modified Hamilton’s principle provides an 
independent and general way of setting up Hamilton’s equations of motion 
without a prior Lagrangian formulation. If you will, it does away with the 
necessity of a linkage between the Hamiltonian canonical variables and a 
corresponding Lagrangian set of generalized coordinates and velocities. This will 
be very important to us in the next chapter where we examine transformations of 
phase space variables that preserve the Hamiltonian form of the equations of 

motion. 

The requirement of independent variation of q and p, so essential for the 
above derivation, highlights the fundamental difference between the Lagrangian 


* Tt may be objected that q and p cannot be varied independently, because the defining Eqs. 
(8-2) link p with q and å. One could not then have a variation of q (and å) without a 
corresponding variation of p. An attempt is sometimes made to accomodate this objection 
by substituting a new independent variable, say r,, for X, in Eqs. (8-2) so that the q andr 
variables are independent in the modified Hamilton’s principle, with p; a derived function. 
The equations of motion are then obtained subject to the constraints r; = X,, and turn out 
to be Hamilton’s equations of motion! (Cf. D. Ter Haar, Elements of Hamiltonian 
Mechanics, 1961, p. 100.) But this procedure is not necessary, and indeed the entire 
objection is completely at variance with the intent and the spirit of the Hamiltonian 
picture. Once the Hamiltonian formulation has been set up, Eqs. (8—2) form no part of it. 
The momenta have been elevated to the status of independent variables, on an equal basis 
with the coordinates and connected with them and the time only through the medium of the 
equations of motion themselves and not by any a priori defining relationship. 
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and Hamiltonian formulations. Neither the coordinates q; nor the momenta p; 
are to be considered there as the more fundamental set of variables; both are 
equally independent. Only by broadening the field of independent variables from 
n to 2n quantities are we enabled to obtain equations of motion that are of first 
order. In a sense the names “coordinates” and “momenta” are unfortunate, for 
they bring to mind pictures of spatial coordinates and linear, or at most, angular 
momenta. A wider meaning must now be given to the terms. The division into 
coordinates and momenta corresponds to no more than a separation of the 
independent variables describing the motion into two groups having an almost 
symmetrical relationship to each other through Hamilton’s equations. 


8-6 THE PRINCIPLE OF LEAST ACTION 


Another variational principle associated with the Hamiltonian formulation is 
known as the principle of least action. It involves a new type of variation, which we 
shall call the A-variation, requiring detailed explanation. In the 6-variation 
process used in the discussion of Hamilton’s principle in Chapter 2, the varied 
path in configuration space always terminated at endpoints representing the 
system configuration at the same time ¢, and t, as the correct path. To obtain 
Lagrange’s equations of motion we also required that the varied path return to 
the same endpoints in configuration space, that is, 6q,(t,) = 6q,(t2) = 0. The A- 
variation is less constrained; in general the varied path over which an integral is 
evaluated may end at different times than the correct path, and there may be a 
variation in the coordinates at the endpoints. We can however use the same 
parameterization of the varied path as in the 6-variation. In the notation of 
Section (2-3), a family of possible varied paths is defined by functions 


qt, a) = qt, 0) + an;(t), (8-72) 


where g is an infinitesimal parameter that goes to zero for the correct path. Here 
the functions 7; do not necessarily have to vanish at the endpoints, either the 
original or the varied. All that is required is that they be continuous and 
differentiable. Figure 8-2 schematically illustrates the correct and varied path for 
a A-variation in configuration space. 

Let us evaluate the A-variation of the action integral: 


t2 t2 + Ate t2 
af Ldt = f L(a)dt — f L(0)dt, (8-73) 
t t ty 


rtAty 


where L(«) means the integral is evaluated along the varied path and L(0) 
correspondingly refers to the actual path of motion. The variation is clearly 
composed of two parts. One arises from the change in the limits of the integral; to 
first order infinitesimals this part is simply the integrand on the actual path times 
the difference in the limits in time. The second part is caused by the change in the 
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FIGURE 8-2 


Schematic illustration of the A-variation in 
configuration space. 


integrand on the varied path, but now between the same time limits as the original 
integral. One may therefore write the A-variation of the action integral as 


t2 g t2 
af Ldt = L(t) At, — L(t,) At, + f 6 Ldt. (8-74) 
m ti ty 


Here the variation in the second integral can be carried out through a 
parameterization of the varied path, exactly as for Hamilton’s principle except 
that the variation in g; does not vanish at the endpoints. The endpoint terms 
arising in the integration by parts must be retained and the integral term on the 
right appears as 


t2 2) OL diL ðL 
= oq, dt + — ôq; 
i i f (a a aeg n 


By Lagrange’s equations the quantities in the square brackets vanish, and the A- 
variation therefore takes the form 


2 


1 


t2 
af Ldt = (LAt + p;ôq;) 
ti 


ie (8-75) 
1 


In Eq. (8-75), ôq; refers to the variation in q; at the original endpoint times t, and 
ta. We would like to express the A-variation in terms of the change Aq; between q; 
at the endpoints of the actual path and q, at the endpoints of the varied path, 
including the change in endpoint times. It is clear from Fig. (8—2) that these two 
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variations are connected by the relation* 
Aq; = ôq; + 4, At. (8-76) 


Hence Eq. (8-75) can be rewritten as 
2 


t2 
af Ldt = (LAt — p,q; At + p; åq;) 
ty 


1 
or 


t2 
af Ldt = (p; Aq; — H At) (8-77) 


2 
1 


To obtain the principle of least action we restrict our further considerations 
by three important qualifications: 


1. Only systems are considered for which L, and therefore H, are not explicit 
functions of time, and in consequence H is conserved. 


2. The variation is such that H is conserved on the varied path as well as on the 
actual path. 


3. The varied paths are further limited by requiring that Aq; vanish at the 
endpoints (but not Af). 


The nature of the resultant variation may be illustrated by noting that the 
varied path satisfying these conditions might very well describe the same curve in 
configuration space as the actual path. The difference will be the speed with which 
the system point traverses this curve; i.e., the functions q,(t) will be altered in the 
varied path. In order then to preserve the same value of the Hamiltonian at all 
points on the varied path the times of the endpoints must be changed. With these 
three qualifications satisfied, the A-variation of the action integral, Eq. (8-77), 
reduces to 


t2 
af Ldt = — H (At, — At). (8-78) 
ti 
But under the same conditions the action integral itself becomes 


t2 t2 
f Ldt = f p:ġidt — H(t, — ty), 
ti ti 


* Equation (8-76) may be derived formally from the parameter form, Eq. (8-72), of the 
varied path. Thus, at the upper endpoint we have 


Aq;(2) = qi{tz + Atz,«) — gi(tz,0) = 9,(tz + At,,0) — q;(t2,0) + a(t + Ata), 
which to first order in small quantities « and At, is 
Aq:(2) = 4,(2) At, + ôq;(2), 
which is what Eq. (8—76) predicts. 
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the A-variation of which is 
ta t2 
af Ldt = af pidt — H(At, — At,). (8-79) 
Comparison of Eqs. (8-78) and (8-79) finally gives the principle of least action:* 


af "pq, dt = 0. (8-80) 


By way of caution, it may be noted that the modified Hamilton’s principle can 
be written in a form with a superficial resemblance to Eq. (8-80). If the trajectory 
of the system point is described by a parameter 0, as in Sections (7-9) and (8-4), 
the modified Hamilton’s principle appears as 


02 
ô| (pq, — H)t' dé = 0. (8-81) 
8i 
It will be recalled (cf. footnote on p.358) that the momenta p; do not change under 
the shift from ¢ to 0, and that q,t’ = q;. Further, the momentum conjugate to t is 
— H. Hence Eq. (8-81) can be rewritten as 
antl 
ô|} pq;d0 =0, (8-82) 
: 0, i=1 
where t has been denoted by q,,- There should, however, be no confusion 
between Eq. (8-82) and the principle of least action. Equations (8-82) refers to a 
phase space of (2n + 2) dimensions, as is indicated by the explicit summation to 
i =n + 1, whereas Eq. (8-80) is in the usual configuration space. But most 
important, the principle of least action is in terms of a A-variation for constant H, 
while Eq. (8-82) employs the 6-variation, and H in principle could be a function 
of time. Equation (8-82) is nothing more than the modified Hamilton’s principle, 
and the absence of a Hamiltonian merely reflects the phenomenon that the 
Hamiltonian vanishes identically for the “homogeneous problem.” 


* The integral in Eq. (8-80) is usually referred to in the older literature as the action, or 
action integral, and the first edition of this book followed the same practice. In recent years 
it has become more customary to refer to the integral in Hamilton’s principle as the action, 
and we have accepted this usage here. Following the example of Landau and Lifshitz 
(Mechanics, 1960, p. 141) the integral in Eq. (8-80) will be designated as the abbreviated 
action. 

The principle of least action is commonly associated with the name of Maupertuis, and 
some authors call the integral involved the Maupertuis action. However the original 
statement of the principle by Maupertuis first in 1744 was vaguely teleological and could 
hardly pass muster today. The objective statement of the principle we owe to Euler and 
Lagrange. Of course, the name of the theorem should rather be the principle of stationary 
action, but the historical name is too firmly ingrained in the literature to be changed now. 
For the circumstances under which the abbreviated action is indeed a minimum, see E. T. 
Whittaker, A Treatise on Analytical Dynamics, 4th ed., 1936, p. 250. 
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The least action principle itself can be exhibited in a variety of forms. In 
nonrelativistic mechanics, if the defining equations for the generalized 
coordinates do not involve the time explicitly, then the kinetic energy is a 
quadratic function of the q,s (cf. Eq. 1-71): 


1 es 
T =5M alik- (8-83) 


When, in addition, the potential is not velocity dependent the canonical momenta 
are derived from T only, and in consequence 


pid; = 2T. 


The principle of least action for such systems can therefore be written as 
t2 
af Tdt =0. (8-84) 
ti 


If, further, there are no external forces on the system, as, for example, a rigid body 
with no net applied forces, then T is conserved along with the total energy H. The 
least action principle then takes the special form 


A(t, — tı) =0. (8-85) 


Equation (8—85) states that of all paths possible between two points, consistent 
with conservation of energy, the system moves along that particular path for 
which the time of transit is the least (more strictly, an extremum). In this form the 
principle of least action recalls Fermat’s principle in geometrical optics that a 
light ray travels between two points along such a path that the time taken is the 
least. We shall have occasion to return to these considerations in Chapter 10 
when we discuss the connection between the Hamiltonian formulation and 
geometrical optics. 

In Chapter 6 concerning small oscillations we introduced the notion (cf. p. 
250) of a curvilinear configuration space for which the elements of the matrix T 
formed the metric tensor. Such a configuration space has the property that 2T is 
the square of the magnitude of the velocity vector of the system point. We can do 
something entirely similar here whenever T is of the form of Eq. (8-83).* A 
configuration space is therefore constructed for which the M ,, coefficients form 
the metric tensor. In general the space will be curvilinear and nonorthogonal. The 
element of path length in the space is then defined by (cf. Eq. 6—24) 


(dp) = M x 4q;44;, (8-86) 


* The elements of T were independent of the displacements 4; from equilibrium positions. 
Here the elements M, are in general functions of the q's. But the difference in no way 
affects the formulation. 
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so that the kinetic energy has the form 


r-e 
2\dt] ? 


St (8-88) 


Equation (8-88) enables us to change the variable in the abbreviated action 
integral from t to p, and the principle of least action becomes 


t2 p2 
af Tat =0 = Af JSF ap, 
t Pı 


(8-87) 


or equivalently 


or, finally 


P2 
A | JH — V(q) dp =0. (8-89) 
1 
aie (8-89) is often described as Jacobi’s form of the least action principle. It 
: w re ie to the path of the system point in a special curvilinear configuration 
pace characterized by the metric tensor with elements M je: Lhe system point 


traverses the path in this configuration space with a speed given by J2T If there 
are no forces acting on the body, T is constant, and Jacobi’s principle says the 
system point travels along the shortest path length in the configuration s 
Equivalently stated, the motion of the system is then such that the syst oint 
travels along the geodesics of the configuration space. a 
It shouldbe emphasized that the Jacobi form of the principle of least action i 
concerned with the path of the system point rather than with its motion in ane 
Equation (8-89) is a statement about the element of path length dp; the time 
nowhere appears, since H is a constant and V depends on q; bni Indeed it is 
possible to use the Jacobi form of the principle to furnish the differential 
equanons for the path, by a procedure somewhat akin to that leading to 
Lagrange s equations. In the form of Fermat’s principle, the Jacobi version otis 
principle of least action finds many fruitful applications in geometrical optics and 
in electron optics. To go into any detail here would lead us too far afield i 
A host of other similar, variational principles for classical mechanics can b 
derived in bewildering variety. To give one example out of many, the principle of 
least action leads immediately to Hertz’s principle of least curnatine which nae 
that a particle not under the influence of external forces travels along the path R 
least curvature. By Jacobi’s principle such a path must be a geodesic a th 
geometrical property of minimum curvature is one of the well-kno f 
characteristics of a geodesic. It has been pointed out that variational princi lesin 
themselves contain no new physical content, and they rarely simplify the ena 
solution ofa given mechanical problem. Their value lies chiefly as starting point 
for new formulations of the theoretical structure of classical mechanics. For this 
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purpose Hamilton’s principle is especially fruitful, and to a lesser extent, so also is 
the principle of least action. The others have proved to be of little use, except as 
they have led to fruitless teleological speculations, and further discussion of them 


here seems pointless. 


SUGGESTED REFERENCES 


P. H. BADGER, Equilibrium Thermodynamics. Many textbooks on thermodynamics give 
some mention of the application of the Legendre transformation to the thermodynamic 
potentials. This reference has an exceptionally long and explicit treatment in Chapter 10. 


R. COURANT AND D. HILBERT, Methods of Mathematical Physics. As has been mentioned 
the Legendre transformation has formal mathematical applications to the theory of partial 
differential equations. Courant, in Vol. II of this work, provides a readable discussion of 
this aspect and of the geometrical significance of the Legendre transformation (Chapter 1, 
Section 6). 
E. T. WHITTAKER, Analytical Dynamics. The subject of the variational principles 
encountered in classical mechanics can become quite involved and possesses many far- 
flung roots in apparently unrelated fields. For example, there is a close connection between 
Hamilton’s principle and the general theory of second order partial differential equations. 
Some of these topics we will discuss in the following chapters, but many are inappropriate 
for the treatment intended here. Similarly, such questions as whether the extremum in 
Hamilton’s principle is a minimum or maximum cannot be taken up here, nor will it be 
feasible (or desirable) to consider themany subspecies of variational principles. The student 
interested in problems of this nature will find an abundant literature; indeed, there 1s an 
“embarras des richesses.” Only a small fraction of the available references can be 
mentioned in this list, and of them Whittaker is one of the chief sources. Chapter IX and the 
first two sections of Chapter X are the portions pertinent to this chapter. The last four 
sections of Chapter VII are also a rich source of material and examples on oscillations 
about.steady motion although, as often, he makes it seem more complicated than it is. 
C. Lanczos, Variational Principles of Mechanics. Noteworthy in Chapter 6 on the 
canonical equations is the emphasis that the shift to the Hamiltonian formulation doubles 
the dimensionality of the variable domain—from configuration to phase space. The 
principle of least action gets a somewhat different viewpoint from what’s given here, in his 
Chapter 5. 
J. L. SYNGE, Classical Dynamics. This is a respectable-size book (224 pages) tucked away as 
an article in Vol III/1 of the Encyclopedia of Physics. It covers much of the usual topics, 
often from a highly original viewpoint. Section E on general dynamical theory builds the 
formulation about the various kinds of variable spaces used, including phase space 
enlarged by time and energy. Often tough going, but worth the effort. 
L. A. Pars, Treatise on Analytical Dynamics. Hamilton’s equations get a mention only as a 
section in a chapter on “Further applications of Lagrange’s equations.” But the material 
on Routh’s method applied to vibrations about steady motion (in Chapter 9) is 
voluminous and valuable, if somewhat disorganized. 
K.R.Symon, Mechanics. The discussion on small vibrations about steady motion (Section 
12.6) is somewhat hampered by a refusal to mention the Routhian, but the author speaks 


372 THE HAMILTON EQUATIONS OF MOTION 


on the subject with the voice of the expert. His research interests have included the theory 
of accelerators, where stability of small oscillations is an important question. Betatron 
oscillations are discussed as one example. Another unusual example is the stability of the 
so-called Lagrangian points in the three-body problem. 


D. A. WELLS, Lagrangian Dynamics. There is a discussion of Hamilton’s equations but it is 
brief and not too informative. However there is an extensive chapter on oscillations about 
steady motion from the Routhian point of view, replete with figures and examples, mostly 
with an engineering orientation. 


P. A. M. Dirac, Lectures on Quantum Mechanics. A slim book, reprinting some lectures he 
gave, reporting on his concern with the transition from classical to quantum mechanics. 
He outlines his method of dealing with the homogeneous problem, for which he devised a 
hierarchy of weak and strong constraints. Some acquaintance with canonical 


transformations (given in the next chapter) would be helpful in understanding the 
material. 


H. Runb, Hamilton-Jacobi Theory in the Calculus of Variations. Mention was made in the 
previous chapter of the extensive treatment given here of the homogeneous problem, 
although the approach is not one that seems to have been generally accepted. 


D. Ter Haar, Elements of Hamiltonian Mechanics. Reasons have been given above (p. 364) 
for the disagreement with the author's treatment of the modified Hamilton’s principle. 
What is noteworthy, however, is the treatment of variational principles where time is 
varied, as in the principle of least action, and the formal extension of time and energy as 
canonical variables—although the dangers inherent in the homogeneous problem get only 
scant warning. 


P. BRUNET, Etude H istorique sur le Principe de la Moindre Action. Those interested in the 
early history of the principle of least action will find it here in a smooth urbane treatment, 
from the teleological beginnings of Maupertuis to the time of Lagrange when it had been 
transformed into a solid tool for developing mechanics. 


R. L. LINDSAY AND H. MARGENAU, Foundations of Physics. The statements of Hamilton’s 
principle and the principle of least action appear to endow the mechanical system with 
conscious knowledge of the final state toward which the motion is directed. Such an 
appearance is of course illusory; the motion of the system is determined only by the initial 
conditions. But the view has given rise in the past to much philosophical speculation. 
Chapter 3 of this text presents an adequate discussion of this and similar points, and 
furnishes references for further reading for those inclined. 


EXERCISES 


1. a) Reverse the Legendre transformation to derive the properties of L(q,,q;,t) from 
A(q;,p;,.t), treating the ġ; as independent quantities, and show that it leads to the 
Lagrangian equations of motion. 


b) By the same procedure find the equations of motion in terms of the function 


L'(p, pt) = — pq; — H(q, p, t). 


2. Write the problem of central force motion of two mass points in Hamiltonian 
formulation, eliminating the cyclic variables, and reducing the problem to quadratures. 
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3. Formulate the double-pendulum problem illustrated by Fig. 1-4, in terms > ee 
Hamiltonian and Hamilton’s equations of motion. It is suggested you find the 


Hamiltonian both directly from L and by Eq. (8-19). 
4. The Lagrangian for a system can be written as 


Lea + be + exh + fy2st + gh — kx? ty’, 
where a, b, c, f, g, and k are constants. What is the Hamiltonian? What quantities are 
conserved? 
5. A dynamical system has the Lagrangian 
2 
oe + kqi + kaĝiĝa» 
a + bqi 


and k, are constants. Find the equations of motion in the Hamiltonian 


L=ġi + 


where a, b, k,, 
formulation. 
6. A Hamiltonian of one degree of freedom has the form 


2 a ba 2,72 — at kq? 
H =. — bape r ‘(a + be™™) + 7” 


where a, b, «, and k are constants. 

a) Find a Lagrangian corresponding to this Hamiltonian. noe 

b) Find an equivalent Lagrangian that is not explicitly dependent on i ae ‘Gee 

c) What is the Hamiltonian corresponding to this second Lagrangian, an 

relationship between the two Hamiltonians? l 

7. Find the Hamiltonian for the system described in Exercise 13 of Chapter 5 and naa 
Hamilton’sequations ofmotion for the system. Use both the direct and the matrix approac 
in finding the Hamiltonian. l 

8. Repeat the preceding exercise except this time allow the pendulum to ae pe 
dimensions, i.e., a spring-loaded spherical pendulum. Either the direct or the 
approach may be used. 


9. The point of suspension of a simple pendulum of length / and mass m is constrained 
> 2 in the vertical plane. Derive a Hamiltonian governing the 


ola z = ax EE P 
move on a parab ion. Obtain the Hamilton’s equations of 


motion of the pendulum and its point of suspens 
motion. 


m 
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10. Obtain Hamilton’s equations of motion for a plane pendulum of length | with mass 
point m whose radius of suspension rotates uniformly on the circumference of a vertical 


circle of radius a. Describe physically the nature of the canonical momentum and the 
Hamiltonian. 


11. a) The point of suspension of a plane simple pendulum of mass m and length l is 
constrained to move along a horizontal track and is connected to a point on the 
circumference ofa uniform fly wheel of mass M and radius a through a massless connecting 
rod also of length a, as shown in the figure. The fly wheel rotates about a center fixed on the 


track. Find a Hamiltonian for the combined system and the Hamilton’s equations of 
motion. 


b) Suppose the point of suspension were moved along the track according to some 
function of time x = f(t), where x reverses at x = +2a (relative to the center of the fly 
wheel). Again find a Hamiltonian and the Hamilton’s equations of motion. 


12. For the system described in Exercise 20 of Chapter 2 find the Hamiltonian of the 
system first in terms of coordinates in the laboratory system and then in terms of coordinates 
in the rotating systems. What are the conservation properties of the Hamiltonians, and how 
are they related to the energy of the system? 


13. a) A particle of mass m and electric charge e moves in a plane under the influence of a 
central force potential V(r) and a constant uniform magnetic field B, perpendicular to the 
plane, generated by a static vector potential 
A =4B xr. 
Find the Hamiltonian using coordinates in the observer's inertial system.. 
b) Repeat part (a) using coordinates rotating relative to the previous coordinate 
system about an axis perpendicular to the plane with an angular rate: 
eB 


14. A uniform cylinder of radius a and density p is mounted so as to rotate freely around a 
vertical axis. On the outside of the cylinder is a rigidly fixed uniform spiral or helical track 
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along which a mass point m can slide without friction. Suppose-a particle starts at rest at 
the top of the cylinder and slides down under the influence of gravity. Using any set of 
coordinates, arrive at a Hamiltonian for the combined system of particle and cylinder, and 
solve for the motion of the system. 


15. Suppose that in the previous example the cylinder is constrained to rotate uniformly 
with angular frequency œw. Set up the Hamiltonian for the particle in an inertial system of 
coordinates and also in a system fixed in the rotating cylinder. Identify the physical nature 
of the Hamiltonian in each case and indicate whether or not the Hamiltonians are 
conserved. 

16. A particle of mass m can move in one dimension under the influence of two springs 
connected to fixed points a distance a apart (see figure). The springs obey Hooke’s law and 
have zero unstretched lengths and force constants k, and k,, respectively. 


a) Using the position of the particle from one fixed point as the generalized coordinate, 
find the Lagrangian and the corresponding Hamiltonian. Is the energy conserved? Is 
the Hamiltonian conserved? 

b) Introduce a new coordinate Q defined by 


kya 


Q =q — bsinwt, ad eT 


What is the Lagrangian in terms of Q? What is the corresponding Hamiltonian? Is the 
energy conserved? Is the Hamiltonian conserved? 


17. a) The Lagrangian for a system of one degree of freedom can be written as 
m 27 2:2 . . 2 a 
L= PACE sin? wt + ġqwsin2ot + q7w7). 


What is the corresponding Hamiltonian? Is it conserved? 
b) Introduce a new coordinate defined by 


Q = qsinwt 


Find the Lagrangian in terms of the new coordinate and the corresponding Hamiltonian. 
Is H conserved? 


18. Consider a system of particles interacting with each other through potentials 
depending only on the scalar distances between them and acted upon by conservative 
central forces from a fixed point. Obtain the Hamiltonian of the particle with respect to a 
set of axes, with origin at the center of force, which is rotating around some axis in an 
inertial system with angular velocity œ. What is the physical significance of the 
Hamiltonian in this case? Is it a constant of the motion? 


19. It has been previously noted that the total time derivative of a function of q; and t can 
be added to the Lagrangian without changing the equations of motion. What does such an 
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addition do to the canonical momenta and the Hamiltonian? Show that the equations of 
motion in terms of the new Hamiltonian reduce to the original Hamilton’s equations of 
motion. 


20. Assume that the Lagrangian is a polynomial in q of no higher order than quadratic. 
Convert the 2n equations 


_ OL _ OL 
pi o 04; 2 aq; 


into 2n equations for q, and p; in terms of q and p, using the matrix form of the Lagrangian. 
Show that these are the same equations as would be obtained from Hamilton’s equations 
of motion. 


21. A Hamiltonian-like formulation can be set up in which q; and b; are the independent 
variables with a “Hamiltonian” G(@,, p;, t). [Here p; is defined in terms of q,, 9, in the usual 
manner.] Starting from the Lagrangian formulation show in detail how to construct 
G(q;, ba t), and derive the corresponding “Hamilton’s equation of motion.” 


22. Obtain the Hamiltonian of a heavy symmetrical top with one point fixed, and from it 
the Hamilton’s equations of motion. Relate these to the equations of motion discussed in 
Section 5-7 and, in particular, show how the solution may be reduced to quadratures. Also 
use the Routhian procedure to eliminate the cyclic coordinates. 


23. In Exercise 13 of Chapter 1 there is given the velocity-dependent potential assumed in 
Weber’s electrodynamics. What is the Hamiltonian for a single particle moving under the 
influence of such a potential? 


24. Show that if 7; are the eigenvalues of a square matrix, then if the reciprocal matrix 
exists it has the eigenvalues 7; +. 


25. Verify that the matrix J has the properties given in Eqs. (8—32) and (8-33) and that its 
determinant has the value +1. 


26. Show that Hamilton’s principle can be written as 


5 Í "2H (n,t) + nda] de =0. 
i 


27. Verify that both Hamiltonians, Eq. (8-39) and Eq. (8-41), lead to the same motion as 
described by Eq. (8-38). 

28. Treat the nutation of a “fast” top as an example of small oscillations about steady 
motion, here precession at constant 8. Find the frequency of nutation. 


29. A symmetrical top is mounted so that it pivots about its center of mass. The pivot in 
turn is fixed a distance r from the center of a horizontal disc free to rotate about a vertical 
axis. The top is started with an initial rotation about its figure axis, which is initially at an 
angle 9, to the vertical. Analyze the possible nutation of the top as a case of small 
oscillations about steady motion. 


30. Two mass points m, and m, are connected by a string that acts as a Hooke’s-law 
spring with force constant k. One particle is free to move without friction on a smooth 
horizontal plane surface, the other hangs vertically down from the string through a hole in 
the surface. Find the condition for steady motion in which the mass point on the plane 
rotates uniformly at constant distance from the hole. Investigate the small oscillations in 
the radial distance from the hole, and in the vertical height of the second particle. 
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31. Show that the modified Hamilton’s principle, in the form of Eq. (8-71), leads to 
Hamilton’s equations of motion. 


32. If the canonical variables are not all independent, but are connected by auxiliary 
conditions of the form 


Wiis Pi t) = 0, 
show that the canonical equations of motion can be written 


aH aw, ôH ay, 
— $F 7-259, = +A =f 
op; 5, k ap; qi aq; k a Pi 


k i 


where the 4, are the undetermined Lagrange multipliers. The formulation of the 
Hamiltonian equations in wich t is a canonical variable is a case in point, since a relation 
exists between p,,, and the other canonical variables: 

AQ s+ +++ In413Pis-++>Pn) + Pas = 0. 


Show that as a result of these circumstances the 2n + 2 Hamilton’s equations of this 
formulation can be reduced to the 27 ordinary Hamilton’s equations plus Eq. (8-35) and 
the relation 


Note that while these results are reminiscent of the relativistic covariant Hamiltonian 
formulation, they have been arrived at entirely within the framework of nonrelativistic 
mechanics. 


33. A possible covariant Lagrangian for a system of one particle interacting with a field is 
A =$ muzu; + D(x, )in, 


where D,,(x,) is an antisymmetric field tensor and m,, is the antisymmetric angular 
momentum tensor, 


m,, = M(X; ~ X\uy)- 


What are the canonical momenta? What is the corresponding covariant Hamiltonian? 


CHAPTER 9 
Canonical Transformations 


When applied in a straightforward manner the Hamiltonian formulation usually 
does not materially decrease the difficulty of solving any given problem in 
mechanics. One winds up with practically the same differential equations to be 
solved as are provided by the Lagrangian procedure. The advantages of the 
Hamiltonian formulation lie not in its use as a calculational tool, but rather in the 
deeper insight it affords into the formal structure of mechanics. The equal status 
accorded to coordinates and momenta as independent variables encourages a 
greater freedom in selecting the physical quantities to be designated as 
“coordinates” and “momenta.” As a result we are led to newer, more abstract 
ways of presenting the physical content of mechanics. While often of considerable 
help in practical applications to mechanical problems, these more abstract 
formulations are primarily of interest to us today because of their essential role in 
constructing the more modern theories of matter. Thus, one or another of these 
formulations of classical mechanics serves as a point of departure for both 
statistical mechanics and quantum theory. It is to such formulations, arising as 
outgrowths of the Hamiltonian procedure, that this and the next chapter are 
devoted. 
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There is one type of problem for which the solution of the Hamilton’s equations is 
trivial. Consider a situation in which the Hamiltonian is a constant of the motion, 
and where all coordinates q, are cyclic. Under these conditions the conjugate 
momenta p; are all constant: 


Pi = Gs 
and since the Hamiltonian cannot be an explicit function of either the time or the 
cyclic coordinates, it may be written as 


H = A(a,...¢,). 
Consequently, the Hamilton’s equations for g; are simply 
ôH 
A . 25 1— a 9-1 
qi 0G; Oi, ( ) 
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where the w,’s are functions of the gs only and therefore are also constant in time. 
Equations (9—1) have the immediate solutions 


q; = wt + a (9-2) 


where the £s are constants of integration, determined by the initial conditions. 

It would seem that the solution to this type of problem, easy as it is, can only 
be of academic interest, for it rarely occurs in practice that one finds that all the 
generalized coordinates are cyclic. But a given system can be described by more 
than one set of generalized coordinates. Thus, to discuss motion of a particle ina 
plane one may use as generalized coordinates either the Cartesian coordinates 


q =X, Ga =), 


or the plane polar coordinates 


qı =r, q2 7 0. 


Both choices are equally valid, but one or the other set may be more convenient 
for the problem under consideration. It will be noticed that for central forces 
neither x nor y is cyclic, while the second set does contain a cyclic coordinate in 
the angle 0. The number of cyclic coordinates thus depends on the choice of 
generalized coordinates, and for each problem there may be one particular choice 
for which all coordinates are cyclic. If we can find this set the remainder of the jobis 
trivial. Since the obvious generalized coordinates suggested by the problem will 
not normally be cyclic, we must first derive a specific procedure for transforming 
from one set of variables to some other set that may be more suitable. 

The transformations considered in the previous chapters have involved going 


from one set of coordinates q; to a new set Q; by transformation equations of the 
form 


Q; = Q;(4,t). (9-3) 


For example, the equations of an orthogonal transformation, or of the change 
from Cartesian to plane polar coordinates, have the general form of Eqs. (9-3). 
As has been previously noted in Exercise 15 of Chapter 1, such transformations 
are known as point transformations. But in the Hamiltonian formulation the 
momenta are also independent variables on the same level as the generalized 
coordinates. The concept of transformation of coordinates must therefore be 
widened to include the simultaneous transformation of the independent 
coordinates and momenta, qi, pi, to a new set Q; P; with (invertible) equations of 
transformation: 


Q; = 0;(4. P; t), 
P, = B(q, p, £). 


(9-4) 


Thus the new coordinates will be defined not only in terms of the old coordinates 
but also in terms of the old momenta. Equations (9-3) may be said to define a 
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transformation of configuration space; correspondingly Eqs. (9—4) define a 
transformation of phase space. 

In developing Hamiltonian mechanics, only those transformations can be of 
interest for which the new Q, P are canonical coordinates. This requirement will 
be satisfied provided there exists some function K(Q, P, t) such that the equations 
of motion in the new set are in the Hamiltonian form 


aK g_ _aK 
oP, ' 


; ~ 30," (9-5) 


Q= 
The function K plays the role of the Hamiltonian in the new coordinate set.* It is 
important for future considerations that the transformations considered be 
problem-independent. That is to say, (Q, P) must be canonical coordinates not 
only for some specific mechanical systems, but for all systems of the same number 
of degrees of freedom. Equations (9-5) must be the form of the equations of 
motion in the new coordinates and momenta no matter what the particular initial 
form of H. We may indeed be incited to develop a particular transformation from 
(q,p) to (Q,P) to handle, say, a plane harmonic oscillator. But the same 
transformation must then also lead to Hamilton’s equations of motion when 
applied, for example, to the two-dimensional Kepler problem. 
As was seen in Section 8-5, if Q; and P, are to be canonical coordinates, they 
must satisfy a modified Hamilton’s principle that can be put in the form 


5 F (PO, — K(Q, P, t)) at = 0, 0-6) 


(where summation over the repeated index i is implied). At the same time the old 
canonical coordinates, of course, satisfy a similar principle: 


ô f (pid; — H (q, p, t)) dt = 0. (9-7) 


The simultaneous validity of Eqs. (9—6) and (9-7) does not mean, of course, that 
the integrands in both expressions are equal. Since the general form of the 
modified Hamilton’s principle has zero variation at the endpoints, both 
statements will be satisfied if the integrands are connected by a relation of the 
form 


mN . dF 
A(p4; — H) = RQ; — K + ae (9-8) 


* It has been remarked in a jocular vein that if H stands for the Hamiltonian, K must stand 
for the Kamiltonian! Of course K is every bit as much a Hamiltonian as H, but the 
designation is occasionally a convenient’ substitute for the longer term “transformed 
Hamiltonian.” 
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Here F is any function of the phase space coordinates with continuous second 
derivatives, and / is a constant independent of the canonical coordinates and the 
time. The multiplicative constant / is related to a particularly simple type of 
transformation of canonical coordinates known as a scale transformation. 
Suppose we change the size of the units used to measure the coordinates and 
momenta so that in effect we transform them to a set (Q’, P’) defined by 


Qi = H4;, P; = vp;. (9-9) 


Then it is clear Hamilton’s equations in the form of Eqs. (9—S) will be satisfied for 
a transformed Hamiltonian K‘(Q’,P’) = uvH(q,p). The integrands of the 
corresponding modified Hamilton’s principles are, also obviously, related as 


uv(pq; — H) = P.O; — K’, (9-10) 


which is of the form of Eq. (9-8) with 1 = uv. With the aid of a suitable scale 
transformation it will always be possible to confine our attention to 
transformations of canonical coordinates for which 1 = 1. Thus, if we have a 
transformation of canonical coordinates (q, p) > (Q’, P’) for some 2 # 1, then we 
can always find an intermediate set of canonical coordinates (Q, P) related to 
(Q', P’) by a simple scale transformation of the form (9—9) such that pv also has 
the same value 4. The transformation between the two sets of canonical 
coordinates (q, p) and (Q, P) will satisfy Eq. (9-8), but now with A = 1: 


Pid; — H = PO; -K + = (9-11) 
Since the scale transformation is basically trivial, as Landau and Lifshitz have 
characterized it,* the consequential transformations to be examined are those for 
which Eq. (9—11) holds. 

A transformation of canonical coordinates for which 4 # 1 will be called an 
extended canonical transformation. Where A = 1, and Eq. (9—11) holds, we will 
speak simply of a canonical transformation. The conclusion of the previous 
paragraph may then be stated as saying that any extended canon- 
ical transformation can be made up of a canonical transformation followed by a 
scale transformation. Except where otherwise stated all future considerations of 
transformations between canonical coordinates will involve only canonical 
transformations. It is also convenient to give a specific name to canonical 


* See Landau and Lifshitz, Mechanics, 1960, p. 144. The scale transformation as defined 
here is related to, but not identical with, the scale transformation involved in what is 
sometimes called dilatation symmetry. There the scale of time is also transformed and 
attention is focused on a particular class of Hamiltonians with the same functional 
dependence on the new and old canonical coordinates. See Exercise 2. 
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transformations for which the equations of transformation Eqs. (9—4) do not 
contain the time explicitly; they will be called restricted canonical transformation.* 

The last term on the right in Eq. (9-11) contributes to the variation of the 
action integral only at the endpoints and will therefore vanish if F is a function of 
(4, p, t) or (Q, P; t) or any mixture of the phase space coordinates since these have 
zéro variation at the endpoints. Further, through the equations of 
transformation, Eqs. (9—4) and their inverses F can be expressed in terms partly of 
the old set of variables and partly of the new. Indeed, F is useful for specifying the 
exact form of the canonical transformation only when half of the variables (beside 
the time) are from the old set and half are from the new. It then acts, as it were, asa 
bridge between -the two sets of canonical variables and is called the generating 
function of the transformation. To show how the generating function specifies the 
equations of transformation, suppose F were given as a function of the old and 
new generalized coordinates: 


F = F,(q, Q,?). (9-12) 
Equation (9-11) then takes the form 
dF 


. a s ty Cany 
Pid; — H = KQ; — K + de 
` F, êF, ôF A 
— P. — aE naa EE V 


Since the old and the new coordinates, q; and Q,, are separately independent, Eq. 
(9-13) can hold identically only if the coefficients of å; and Q; each vanish: 


OF, 

= -— 9-14 

T (9-14a) 
ôF, 
P = ——, 9-14b 
| = 30, a 
leaving finally 

K=H+ a (9--14c) 


* Most present day authors, but not all, use the term canonical transformation in ways 
equivalent to the definition given here. The rest of the terminology is not standard. No 
uniform practice exists in the literature and the confusion does not appear to be decreasing 
with time. The above terminology is offered as being adequate for physics needs. In much 
of the physics literature the term contact transformation is used as fully synonomous to 
canonical transformation, although it was introduced into mathematics in a different 
sense. Some authors use contact transformation only when there is also a transformation 
of the time coordinate. As we shall see this is equivalent to a restricted canonical 
transformation in an enlarged phase space in which time is one of the canonical 
coordinates, a formulation obviously particularly appropriate to special relativity theory. 
For a description of contact transformations in the sense of the mathematicians see C. 
Carathéodory, Calculus of Variations Part 1, 1965, Chapter 7; and H. Rund, 
Hamiltonian—Jacobi Theory in the Calculus of Variations, 1966, pp. 84-85. 
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Equations (9-14a) are n relations defining the p; as functions of q,, Q;, and t. 
Assuming they can be inverted, they could then be solved for the n Q,’s in terms of 
qj, Pj and t, thus yielding the first half of the transformation equations (9—4). 
Once the relations between the Q;’s and the old canonical variables (q, p) have 
been established, they can be substituted into Eqs. (9—14b) so that they give the 
nP7s as functions of q;, p;, and t, that is, the second half of the transformation 
equations (9-4). To complete the story, Eq. (9-14c) provides the connection 
between the new Hamiltonian, K, and the old one, H. One must be careful to read 
Eq. (9—14c) properly. First q and p in H are expressed as functions of Q and P 
through the inverses of Eqs. (9—4). Then the q; in 0F ,/0t are expressed in terms of 
Q, P in a similar manner and the two functions are added to yield K(Q, P, t). 

The procedure described shows how, starting from a given generating 
function F, , the equations of the canonical transformation can be obtained. One 
can usually reverse the process: given the equations of transformation (9—4), an 
appropriate generating function F, may be derived. Equations (9—4) are first 
inverted to express p; and P, as functions of q, Q, and t. Equations (9-14a, b) then 
constitute a coupled set of partial differential equations that can be integrated, 
in principle, to find F, providing the transformation is indeed canonical. F, is 
always uncertain to within an additive arbitrary function of t alone (which 
doesn’t affect the equations of transformation) and there may at times be other 
ambiguities. 

It sometimes happens that it is not suitable to describe the canonical 
transformation by a generating function of the type F, (q, Q, t). For example, the 
transformation may be such that p; cannot be written as functions of q, Q, and t, 
but rather will be functions of q, P, and t. One would then seek a generating 
function that is a function of the old coordinates q and the new momenta P. 
Clearly, Eq. (9-13) must then be replaced by an equivalent relation involving È 
rather than Ô, . This can be accomplished by writing F in Eq. (9-11) as 


F = F,(q,P,t) — QP.. (9-15) 
Substituting this F in Eq. (9-11) leads to 


d 
FACE P, t). (9-16) 


Again, the total derivative of F, is expanded and the coefficients of g, and P 
collected, leading to the equations 


pq; — H = O;P. K+ 


_ 2P Sy 
Pi 4 eq,’ ( -1 a) 
ôF, 
Q: = JA (9-17b) 
with 
CF, 
K=H+ a (9-17c) 
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. (9-17a) are to be solved for P as functions of qj, P; and t to 
ee 7 a half of the transformation equations (9-4). Bs 
remaining half of the transformation equations is then provided by Eqs. (9-1 l 

The corresponding procedures for the remaining two general types a 
generating functions is by now obvious. A generating function Fa of the o 
momenta p,, the new coordinates Q;, and time t is defined by setting 


F= q:Pi + F;(p, Q, t), (9-18) 


in terms of which Eq. (9—11) becomes 
d 
i — 9-19 
—qpi— H = PQ: — K + fP Qt) (9-19) 


The same process of equating coefficients leads to 
oF, 


es PS (9-20a) 
4i 6p,” i aQ; 
and 
2E (9-20b) 
e 


with the equations of transformation being derived from the 2n Eqs. (9-20a). If 
the generating function is of the form F4(p,P,t), then it is related to F by 


F = qip; — Q;P; + Falp, P, t), (9-21) 
so that Eq. (9—11) takes the form 


d 
i p on 9-22 
—4b,-H = -Qh — K + 7 FP. 0. ( ) 


The equations of transformation are then derived from the relations 


o 2 (9-23a) 
q; = pr Q;= F P, ? 
and again 
pami oe (9-23b) 
z ôt ` 


Tt is tempting to look upon the four general types of generating functions e 
being related to each other through Legendre transformations. For example, t ; : 
transition from F, to F, is equivalent to going from the variables q, Q to q, P wi 
the relation 
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This is just the form required for a Legendre transformation of the basis variables, 
as described in Section 8-1, and in analogy to Eq. (8-5) we would set 


F,(q, P,t) = F,(q, Q, t) + FQ; (9-24) 
which is equivalent to Eq. (9-15) combined with Eq. (9-12). All the other defining 
equations for the generating functions can similarly be looked on, in combination 
with Eq. (9-12)as Legendre transformations from F}, with Eq. (9-21) describinga 
double Legendre transformation. The only drawback to this picture is thatit might 
lead one to believe that for any given canonical transformation onecan always find 
generating functions of all four types by means of these Legendre transformations. 
This is not always possible. There are transformations that are just not suitable 
for description in terms of certain forms of generating functions, as has been 
noted above and as will be illustrated in the next section with specific examples. If 
one tries to apply the Legendre transformation process, one is then led to 
generating functions that are identically zero or are indeterminate. For this 
reason we have preferred to define each type of generating function relative to F A 
which is some unspecified function of 2n independent coordinates and momenta. 

Finally it should be emphasized that a suitable generating function doesn’t 
have to conform to one of the four general types for all the degrees of freedom of 
the system. It is possible, and for some canonical transformations necessary, to 
use a generating function that is a mixture of the four types. To take a simple 
example, it may be desirable for a particular canonical transformation with two 
degrees of freedom to be defined by a generating function of the form 


F'(qi, P2, P1, Q2,t). 
This generating function would be related to F in Eq. (9-11) by the equation 
F = F'(q,,P2,P,,Q2,t) — Q:P, + dopo, 


and the equations of transformation would be obtained from the relations 


y= aq, = aP 
_ OF’ _ OF 
42 ani 6p,’ i a0.’ 
with 
OF’ 
K=H+—~. 
Ot 


Specific illustrations are given in the next section and in the exercises. 
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9-2 EXAMPLES OF CANONICAL TRANSFORMATIONS 


The nature of canonical transformations and the role played by the generating 
function can best be illustrated by some simple yet important examples. Consider, 
first, a generating function of the second type with the particular form 


F, = gP (9-25) 


From Eqs. (9-17), the transformation equations are 


orp. 
ôq; 
ôF, 
Qi = Sp dis 
K =H. 


The new and old coordinates are the same; hence F, merely generates the identity 
transformation. 

A more general type of transformation is described by the generating 
function 


Fy = fidis- -34n t)Pi, (9-26) 


where the f; may be any desired set of independent functions. By Eqs. (9-17b), the 
new coordinates Q; are given by 


_ OF, 
Q: = Gp =. (9-27) 


Thus, with this generating function the new coordinates depend only on the old 
coordinates and the time and do not involve the old momenta. Such a 
transformation is therefore an example of the class of point transformations 
defined by Eqs. (9-3). In order to define a point transformation, the functions f; 
must be independent and invertible, so that the q; can be expressed in terms of the 
Q,. Since the f; are otherwise completely arbitrary, we may conclude that all point 
transformations are canonical. Equation (9—17c) furnishes the new Hamiltonian 
in terms of the old and of the time derivatives of the f; functions. 

It should be noted that F, as given by Eq. (9-26) is not the only generating 
function leading to the point transformation specified by the f;. Clearly, the same 
point transformation is implicit in the more general form 


F, = fillis -+ -> 4n3 t)P; + Eldi- -34mt), (9-28) 


where g(q, t) is any (differentiable) function of the old coordinates and the time. 
Equations (9-27), the transformation equations for the coordinates, remain 
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unaltered for this generating function. But the transformation equations for the 
momenta differ for the two forms. From Eqs. (9—17a) we have 


OF, f: 
j F ôq 


j 


og 
aq; 


J 


(9-29) 


using the form of F, given by Eq. (9-28). These equations may be inverted to give 
P as a function of (q, p) most easily by writing them in matrix notation: 


p=P—+—. (9-29') 


ô ; of . 
Here p, P, and fa are n-element one column (or row) matrices and a" a square 
, . Of; act tea : 
matrix whose ijth element is = It follows then that P is a linear function of p 
given by di 


E dg\| of\~* X 
eA ow 


Thus, the transformation equations for Q are independent of g and depend only 
on the f;(q, t), but the transformation equations for P do depend on the form of g 
and are in general functions of both the old coordinates and momenta. The 
generating function given by Eq. (9—26) is only a special case of Eq. (9-28) for 
which g = 0, with correspondingly specialized transformation equations for P. 

An instructive transformation is provided by the generating function of the 
first kind, F,(q, Q, t), of the form 


F, = qOr- (9-31) 


The corresponding transformation equations, from (9—14a, b) are 


Dez Fa -Q; (9-32a) 
EOE ER > 
Ls = qi- (9-32b) 


In effect the transformation interchanges the momenta and coordinates; the new 
coordinates are the old momenta and the new momenta are essentially the old 
coordinates. This simple example should emphasize the independent status of ` 
generalized coordinates and momenta. They are both needed to describe the 
motion of the system in the Hamiltonian formulation, and the distinction 
between them is practically one of nomenclature. One can shift the names around 
with at most no more than a change in sign. There is no longer present in the 
theory any lingering remnant of the concept of q; as a spatial coordinate and p; as 
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a mass times a velocity. Incidentally, one may see directly from Hamilton’s 
equations, 


BSA oe aa 


that this exchange transformation is canonical. If q; is substituted for p; the 
equations remain in the canonical form only if — p; is substituted for q,. 

It is also easy to see that the exchange transformation cannot be derived from 
a generating function of the type F,(q, P, t). With such a generating function the 
set of partial differential equations (9-17a), 


= OF, (4, P, t) 

iT ôq ? 

is required to give the p; as functions of q, P, and t. But in the exchange 
transformation, p; is not a function of P at all; it depends only on the new 


coordinates Q! Hence F, is just not suitable as a generating function for the 
exchange transformation. 


By a similar argument, it is obvious an F, function cannot be used to generate 
the identity transformation. In that case the equations (9—14a), 
oe oF, (4, Q, t) 
ôq; 
would define p; in terms of q, Q, and t; whereas in the identity transformation p; 


depends only on P, being in fact equal to P.. One cannot circumvent this difficulty 
by defining an F, function through a Legendre transformation (cf. Eq. 9—24): 


F(q- Q, t) = F(q, P, t) — FQ;. 


If F, is substituted from Eq. (9—25) with q written as Q, then this recipe yields the 
result 


i 


i 3 


F, (q, Q, t) = Q;:P;, — RQ; = 0, 


which is useless as a generating function. A similar dead end is obtained in 
attempting to construct an F, function to generate the exchange transformation.* 

A transformation that leaves some of the (q,p) pairs unchanged, and 
interchanges the rest (with a sign change), is obviously a canonical 
transformation. But from the above considerations it cannot be derived from a 
generating function of one of the four “pure” forms discussed previously; the 
generating function must be of a “mixed” form. Thus in a system of two degrees of 
freedom, the transformation 


Qi =q; P, = Pis 


Q2 = Pr, P, = —q 


*One can easily show, however, that an F, function can generate the identity 
transformation, and that the exchange transformation can be derived from an F; function. 
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is generated by the function 


F=q,P, + 4202; 


which is a mixture of the F, and F, types. 

As a final example consider a canonical transformation that can be used to 
solve the problem of the simple harmonic oscillator in one dimension. If the force 
constant is k, the Hamiltonian for this problem in terms of the usual coordinates 
is 


p’ k 2 
H=—+—. 9-33 
: 2m ü 2 ( ) 
Designating the ratio k/m by œ, H can also be written as 
1 2 
H =—(p? + m’*w7q’). (9-34) 
2m 


This form of the Hamiltonian, as the sum of two squares, suggests a 
transformation in which H is cyclic in the new coordinate. If we could find a 
canonical transformation of the form 


p = f(P)cosQ, (9-35a) 
q= i) sin Q, (9-35b) 
mc 


then the Hamiltonian as a function of Q and P would be simply 


J (P) f*(P) 


K=H= a ~——“ (cos? Q + sin? Q) = Om” 


so that Q is cyclic. The problem is to find the form of the as yet unspecified 
function f(P) in such a manner that the transformation be canonical. The ratio of 
the two equations (9—35) gives the relation 

p = moqcotQ, (9-36) 


independent of f (P). Equation (9—36) is of the form of Eq. (9—14a) for the F, type 
of generating function, 


= OF, (q, Q) 
éq ’ 
and the simplest solution for F, corresponding to Eq. (9—36) is clearly 
F = <= cot Q. (9-37) 


Equation (9—14b) then provides the other half of the equations of transformation, 


6F, mog 
6Q-2sin?Q’ 


P= (9-38) 
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Solving for q we have 


2P 
q= /——sinQ, (9-39) 
ma 


and comparison with Eq. (9-35a) shows that the only form for f (P) leading to a 


canonical transformation is 
I (P) = f2moP. (9—40) 


It follows then that the Hamiltonian in the transformed variables is 
H = œP. (9-41) 
Since the Hamiltonian is cyclic in Q, the conjugate momentum P is a constant. It 


is seen from Eq. (9—41) that P is in fact equal to the constant energy divided by w: 


P=. 
@ 


The equation of motion for Q reduces to the simple form 


. OH 
Q = 3P = W, 
with the immediate solution 
O=ot+ 4a, (9-42) 


where « is a constant of integration fixed by the initial conditions. From Eq. 


(9-39) the solution for q is 
_ {2k 
1= mo 


which is the customary solution for a harmonic oscillator.* 

It would seem that the use of contact transformations to solve the harmonic 
oscillator problem is similar to “cracking a peanut with a sledge hammer.” We 
have here, however, a simple example of how the Hamiltonian can be reduced toa 
form cyclic in all coordinates by means of canonical transformations. Discussion 
of general schemes for the solution of mechanical problems by this technique will 
be reserved for the next chapter. For the present we shall continue to examine the 
formal properties of canonical transformations. 


sin (wt + æ), (9-43) 


* It can be argued that F, does not unambiguously specify the canonical transformation, 
because in solving Eq. (9-38) for q we could have taken the negative square root instead of 
the positive root as (implied) in Eq. (9-39). However the two canonical transformations 
thus derived from F, differ only trivially; a shift in « by x corresponds to going from one 
transformation to the other. Nonetheless, it should be kept in mind that the 
transformations derived from a generating function may at times be double-valued or even 
have local singularities. 
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Another method of treating canonical transformations, seemingly unrelated to 
the generator formalism, can be derived in terms of the matrix or symplectic 
formulation of Hamilton’s equations. By way of introduction to this approach let 
us consider a restricted canonical transformation, i.e., one in which time does not 
appear in the equations of transformation: 


Q: = Q:(q, p) 
P, = F(@,p). 


We know that the Hamiltonian function does not change in such a 
transformation. The time derivative of Q;, on the basis of Eqs. (9—44), is to be 
found as 


(9-44) 


a0;. _ 6Q; 0H = aQ; oH 3 (a; AA (9-45) 


aQ; . A 
ôq; k ap; ôq; Op; 9p; Oa; 


On the other hand, the inverse of Eqs. (9—44), 
qj = q,(Q, P), 
Dj = p;(Q, P), 


enable us to consider H(q, p, t) as a function of Q and P and to form the partial 
derivative 


0; = 


(9-46) 


oH _ aH apy , OH a, 


= A 9-47 
@P, dp, OP, ` aq, OP 0-47) 
Comparing Eqs. (9—45) and (9—47) it can be concluded that 
. ôH 
Q= OP” 
that is, the transformation is canonical, only if 
zo) _(ée) | (@0) (4) ay 
ôd; 4p oF; Q,P Op; 4p oF QP 


“ The subscripts on the derivatives are to remind us that on the left-hand side of 
these equations Q; is considered as a function of (q, p) (cf. Eqs. 9—44), while on the 
right-hand side the derivatives are for q; and p; as functions of (Q, P) (cf. Eqs. 
9-46). A similar comparison of F, with the partial of H with respect to Q, leads to 


the conditions 
mkaka Pire es 
09j} a.p 00;} o.r Pilar \8Qi} o.p 


The sets of Eqs. (9—48) together are sometimes known as the “direct conditions” 
for a (restricted) canonical transformation. 
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The algebraic manipulation that leads to Eqs. (9-48) can be performed in a 
compact and elegant form if we make use of the symplectic notation for the 
Hamiltonian formulation introduced above at the end of Section 8-1. If ņ is a 
column matrix with the 2n elements q,, p;, then Hamilton’s equations can be 
written, it will be remembered, as 


y= J, (8-31) 


where J is the antisymmetric matrix defined in Eq. (8-30). Similarly the new set of 
coordinates Q,,P, define a 2n element column matrix ¢, and for a restricted 
canonical transformation the equations of transformation (9—44) take the form 


$= O(n). (9-49) 


Analogously to Eq. (9—45) we can seek the equations of motion for the new 
variables by looking at the time derivative of a typical element of ¢: 


2 a, TEE. 
=h; L] =l am 
Gi en; 1j J n 


In matrix notation this time derivative can be written as 
¿= Mh, (9-50) 


where M is the Jacobian matrix of the transformation with elements 


M, = (9-51) 


7 ôn 


Making use of the equations of motion for n, Eq. (9-50) becomes 


= MJ—. (9-52) 


Now, by the inverse transformation H can be considered as a function of ¢, and 
the derivative with respect to ; evaluated as 


CH ôH 0, 
To Re aD 
Cn, = OC; ON; 


or, in matrix notation* 


= M. (9-53) 


* Readers of Section 7-3 will have recognized that Eq. (9—50) is the statement that q 
transforms contravariantly under the transformation, and Eq. (9-53) says that the partial 
derivative of H with respect to the elements of y transforms covariantly (cf Eqs. 7-48 and 
7-49’). 
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The combination of Eqs. (9-52) and (9—53) leads to the form of the equations of 
motion for any set of variables ¢ transforming, independently of time, from the 
canonical set ņ: 


ôH 
at 
We have the advantage of knowing from the generator formalism that for a 


restricted canonical transformation the old Hamiltonian expressed in terms ofthe 
new variables serves as the new Hamiltonian: 


¿= MJM 


(9-54) 


The transformation, Eq. (9—49), will therefore be canonical if M satisfies the 
condition 


MJM = J. (9-55) 


That Eq. (9-55) is also a necessary condition for a restricted canonical 
transformation is easily shown directly by reversing the order of the steps of the 
proof. Note that for an extended time-independent canonical transformation, 
where K = 2H, the condition of Eq. (9-55) would be replaced by 


MJM = 2J. (9-56) 


Equation (9-55) may be expressed in various forms. Multiplying from the 
right by the matrix inverse to M leads to 


MJ = JM ', (9-57) 


(since the transpose of the inverse is the inverse of the transpose). The elements of 
the matrix equation (9—57) will be found to be identical with Eqs. (9-48a) and 
(9—48b). If Eq. (9-57) is multiplied by J from the left and — J from the right, then 
by virtue of Eq. (8-32) we have 


JM = M~4J, 
or 
MJM = J. (9-58) 


Equation (9-55), or its equivalent version, Eq. (9-58), is spoken of as the 
symplectic condition for a canonical transformation, and the matrix M satisfying 
the condition is said to be a symplectic matrix. (Following the interpretation of 
Eq. (7-43) we can look on Eq. (9-58) also as saying that M is an orthogonal 
matrix in a phase space in which J is the metric tensor, but this is not a 
particularly fruitful approach.) 

For a canonical transformation that contains the time as a parameter, the 
simple derivation given for the symplectic condition no longer holds. Nonetheless, 
the symplectic condition remains a necessary and sufficient condition for a 
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canonical transformation even if it involves the time. It is possible to prove the 
general validity of the symplectic condition for all canonical transformations by 
straightforward, albeit lengthy, procedures resembling those employed for 
restricted canonical transformations.* Instead we shall take a different tack, one 
that takes advantage of the parametric form of the canonical transformations 
involving time. A canonical transformation of the form 


E = f(a, t) (9-59) 


evolves continuously as time increases from some initial value tọ. It is a single- 
parameter instance of the family of continuous transformations first studied 
systematically by the mathematician Sophus Lie and as such plays a distinctive 
role in the transformation theory of classical mechanics. If the transformation 


n> S(t) (9-60a) 
is canonical, then so obviously is the transformation 
n > &(to)- (9-60b) 


It follows then from the definition of canonical transformation that the 
transformation characterized by 


E(to) > S(t) (9-60c) 


is also canonical. Since tọ in Eq. (9-60b) is a fixed constant, this canonical 
transformation satisfies the symplectic condition. If now the transformation of 
Eq. (9—60c) obeys the symplectic condition, it is easy to show (cf. Exercise 13) that 
the general transformation Eq. (9—60a) will also. 

To demonstrate that the symplectic condition does indeed hold for canonical 
transformations of the type of Eq. (9—60c) we introduce the notion of an 
infinitesimal canonical transformation (abbreviated I.C.T.), a concept that will 
prove to be widely useful. As in the case of infinitesimal rotations such a 

~ transformation is one in which the new variables differ from the old only by 
infinitesimals. Only first-order terms in these infinitesimals are to be retained in 
all calculations. The transformation equations can then be written as 


Q; = q; + ôq;, (9-61a) 
P, = p; + Ôp; (9-61b) 

or in matrix form 
C= + ôn. (9-61c) 


(Here ðq; and dp, do not represent virtual displacements but are simply the 
infinitesimal changes in the coordinates and momenta.) An infinitesimal 
canonical transformation thus differs only infinitesimally from the identity 


*For this approach see L. A. Pars, A Treaticeon Analytical Dynamics, 1965, pp. 514-515; 
and G. S. S. Ludford and D. W. Yannitell, Am. J. Phys. 36, 231 (1968). 
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transformation discussed in the previous section. In the generator formalism a 
suitable generating function for an I.C.T. would therefore be 


F, = q,P, + «G(q, P, t), (9-62) 


where e is some infinitesimal parameter of the transformation, and G is any 
(differentiable) function of its 2n+ 1 arguments. By Eq. (9-14a) the 
transformation equations for the momenta are to be found from 


oh ôG 
P; = ôq; eis! | “dq; 
or 
0G 
OD; = P, -p;= S (9-63a) 


Similarly, by Eq. (9—14b) the transformation equations for Q, are determined by 
the relations 


Since the second term is already linear in «e, and P differs from p only by an 
infinitesimal, it is consistent to first order to replace P; in the derivative function 
by p;. We may then consider G as a function of q,p only (and possibly t). 
Following the usual practice we will refer to G(q, p) as the generating function of 
the infinitesimal canonical transformation, although strictly speaking that 
designation belongs only to F. The transformation equation for Q; can therefore 
be written as 


ôq; = «=. (9-63b) 
J op; 
Both transformation equations can be combined into one matrix equation 
ôG 
dy = eJ E (9-63c) 


An obvious example of an infinitesimal canonical transformation would be 
the transformation of Eq. (9—60c) when t differs from tọ by an infinitesimal t: 


Eto) > (ty + at), * (9-64) 


with dt as the infinitesimal parameter «. The continuous evolution of the 
transformation C(y, t) from €(y, tg) means that the transformation C(t9) —> C(t) can 
be built up as a succession of such I.C.T’s in dt steps. It will therefore suffice to 
show that the infinitesimal transformation, Eq. (9-64), satisfies the symplectic 
condition. But we can demonstrate simply from the transformation equations 
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(9-63) that the Jacobian matrix of any I.C.T. is a symplectic matrix. By definition 
the Jacobian matrix for an infinitesimal transformation is 


_% 4, an 
~ én on? 
or by Eq. (9-63c) 
3G 
M=1 + Jd. = 
+e and (9-65) 
The second derivative in Eq. (9—65) is a square, symmetric matrix with elements 
oe &G 
andy a an,0n; 
Because of the antisymmetrical property of J, the transpose of M is 
es #G 
M =1 — «J. -66 
“anon ae 


The symplectic condition involves the value of the matrix product 


Ay “G @G 
mum = f1 + 05 Jhi- ET s}. 


Consistent to first order in this product is 
G a’G 


M = Ae E 
MIM =J + San nan 


= J, 

thus demonstrating that the symplectic condition holds for any infinitesimal 
canonical transformation. By the chain of reasoning we have spun out, it 
_therefore follows that any canonical transformation, involving time as a 
parameter or not, obeys the symplectic condition, Eq. (9-55) or Eq. (9-58). 

The symplectic approach, for the most part, has been developed independently 
of the generating function method, except in the treatment of infinitesimal 
canonical transformations. They are, of course, connected. We shall sketch later, 
for example, a proof that the symplectic condition implies the existence of a 
generating function. But the connectionis largely irrelevant. Both are valid ways of 
looking at canonical transformations and both encompass all of the needed 
properties of the transformations. For example, either the symplectic or the 
generator formalisms can be used to prove that canonical transformations have the 
four properties that characterize a group (cf. Exercise 13): 


1. The identity transformation is canonical. 

2. If a transformation is canonical so is its inverse. 

3. Two successive canonical transformations (the poa operation) define a 
transformation that is also canonical. 

4. The product operation is associative. 


ainei eii 
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We shall therefore be free to use either the generator or the symplectic approach 
at will, depending on which leads to the simplest treatment at the moment. 
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The Poisson bracket of two functions u, v with respect to the canonical variables 
(q, p) is defined as 
du ðv Ou Ov 
= — — 2 9-67 
[s les ôq; Op; Ôp; ôq; ee 
In this bilinear expression we have a typical symplectic structure, as in Hamilton’s 
equations, where q is coupled with p, and p with —q. The Poisson bracket thus 
lends itself readily to being written in matrix form, where it appears as 
[u,v], = le pe z (9-68) 
u,v as 
= an 
The transpose sign is used on the first matrix on the right-hand side to indicate 
explicitly that this matrix must be treated as a single row matrix in the 
multiplication. On most occasions this specific reminder will not be needed and 
the transpose sign may be omitted. 
Suppose we choose the functions u, v out of the set of canonical variables (q, p) 
themselves. Then it follows trivially from the definition, either as Eq. (9-67) or 
(9-68), that these Poisson brackets have the values 


(4; Oi Nes = 0 a [Pjs Pida p> . 
and l (9-69) 


(4; Pila.p i Ôk E [p; i la.p: 


We can summarize the relations of Eqs. (9-69) in one equation by introducing a 
square matrix Poisson bracket, [ņ, q], whose Im element is [1 nm]. Equations 
(9-69) can then be written as 


[n,n], = J. (9-70) 


Now let us take for u,v the members of the transformed variables (Q, P), or 6, 
defined in terms of (q, p) by the transformation equations (9-59). The set ofall the 
Poisson brackets that can be formed out of (Q, P) comprise the matrix Poisson 
bracket defined as 


a E 


[60], = a a 


But we recognize the partial derivatives as defining the square Jacobian matrix of 
the transformation, so that the Poisson bracket relation is equivalent to 


[66], = MJM. (9-71) 
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If the transformation q —> € is canonical, then the symplectic condition holds and 
Eq. (9-71) reduces to 


[6,6], = J, (9-72) 


and conversely, if Eq. (9—72) is valid then the transformation is canonical. 

Poisson brackets of the canonical variables themselves, such as Eqs. (9-70) 
or (9-72), are referred to as the fundamental Poisson brackets. Since we have from 
Eq. (9-70) that 


[6 a = J, (9-73) 


Eq. (9-72) states that the fundamental Poisson brackets of the ¢ variables have 
the same value when evaluated with respect to any canonical coordinate set. In 
other words, the fundamental Poisson brackets are invariant under canonical 
transformation. We have seen from Eq. (9-71) that the invariance is a necessary 
and sufficient condition for the transformation matrix to be symplectic. The 
invariance of the fundamental Poisson brackets is thus in all ways equivalent to 
the symplectic condition for a canonical transformation. 

It does not take many more steps to show that all Poisson brackets are 
invariant under canonical transformation. Consider the Poisson bracket of two 
functions u, v with respect to the 7 set of coordinates, Eq. (9-68). In analogy to Eq. 
(9-53) the partial derivative of v with respect to y can be expressed in terms of 
partial derivatives with respect to ¢ as 


(that is, the partial derivative transforms covariantly). In a similar fashion, 


~ nnd! ~ 
ðu wOu Gu 


ae ae 


on = 
‘Hence the Poisson bracket Eq. (9-68) can be written 
ĝu av 
[u, vja = a on 
ĝu ~ OU 
MJM— 
a ge 


If the transformation is canonical, the symplectic condition in the form of Eq. 
(9-55) holds, and we then have 

ĝu dv 

=J— = [uv] 9-74 
ae” at [u,v], (9-74) 
Thus, the Poisson bracket has the same value when evaluated with respect to any 
canonical set of variables—all Poisson brackets are canonical invariants. In 
writing the symbol for the Poisson bracket we have so far been careful to indicate 


[u, vl, = 
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by the subscript the set of variables in terms of which the brackets are defined. So 
long as we use only canonical variables that practice is now seen to be 
unnecessary, and we shall in general drop the subscript.* 

The hallmark of the canonical transformation is that Hamilton’s equations of 
motion are invariant in form under the transformation. Similarly, the canonical 
invariance of Poisson brackets implies that equations expressed in terms of 
Poisson brackets are invariant in form under canonical transformation. As we 
shall see, we can develop a structure of classical mechanics, paralleling the 
Hamiltonian formulation, expressed solely in terms of Poisson brackets. This 
Poisson bracket formulation, which has the same form in all canonical 
coordinates, is especially useful for carrying out the transition from classical to 
quantum mechanics. There is a simple “correspondence principle” that says that 
the classical Poisson bracket is to be replaced by a suitably defined commutator 
of the corresponding quantum operators. 

The algebraic properties of the Poisson bracket are therefore of considerable 
interest. We have already used the obvious properties 


[u,u] =0 (9-75a) 
(antisymmetry): . [u,v] = — [v, u]. (9-75b) 
Almost equally obvious are the characteristics 
(linearity): [au + bv,w] = a[u,w] + b[v, w], (9-750) 
where a and b are constants, and 
[uv, w] = [u,w]v + uLv, w]. (9-75d) 


One other property is far from obvious, but is very important in defining the 
nature of the Poisson bracket. It is usually given in the form of Jacobi’s identity, 
which states that if u,v, and w are three functions with continuous second 
derivatives, then 


[u, [v, w]] + Lo, lw, uJ] + [w, [u, v]] = 0, (9-75e) 


that is, the sum of the cyclic permutations of the double Poisson bracket of three 
functions is zero. There seems to be no simple way of proving Jacobi’s identity for 
the Poisson bracket without lengthy algebra. However it is possible to mitigate 
the complexity of the manipulations by introducing a special nomenclature. We 
shall put subscripts on u, v, w (or functions of them) to denote partial derivatives 
by the corresponding canonical variable. Thus 


ou _ dv 
w= 


“=; V; . 
On; On,0n i 


* Note that for a scale transformation, or an extended canonical transformation, where the 
symplectic condition takes on the form of Eq. (9-56), then Poisson brackets do not have 
the same values in all coordinate systems. This is one of the reasons scale transformations 
are excluded from the class of canonical transformations that are useful to consider. 
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In this notation the Poisson bracket of u and v can be expressed as 
[u,v] = uJ, ,v 


Here J;,, as usual, is simply the ijth element of J. In the proof the only property of 
J that we shall need is its antisymmetry. Consider now the first double Poisson 
bracket in Eq. (9~75e): 


[u, [v, w]] = uJ jlo, w]; = tJ (UJ Wi) 


Because the elements J,, are constants, the derivative with respect to 7 doesn’t act 
on them, and we have : 


Cu, Lv, WJ] = ud (OF aW + ad): (9-76) 


jti 


The other double Poisson brackets can be obtained from Eq. (9-76) by cyclic 
permutation of u, v, w. There are thus six terms in all, each being a four-fold sum 
over dummy indices i, j, k, and 1. Consider the term in Eq. (9-76) involving a 
second derivative of w: 


Jid ttiP Wij- 


The only other second derivative of w will appear in evaluating the second double 
Poisson bracket in (Eq. 9—75e): 


Lv, [w, uJ] = oF ga (wj jit), 
Here the term in the second derivative in w is 
J iF DW ji 


Since the order of differentiation is immaterial, w,; = and the sum of the two 


terms is given by 


Wi 


(Jig + Ja) tie; = 0, 


‘by virtue of the antisymmetry of J. The remaining four terms are cyclic 
permutations and can similarly be divided in two pairs, one involving second 
derivatives of u and the other of v. By the same reasoning each of these pairs sums 
to zero, and Jacobi’s identity is thus verified. 

Ifthe Poisson bracket ofu, vis looked on as defining a “product” operation of 
the two functions, then Jacobi’s identity is the replacement for the associative law 
of multiplication. It will be remembered that the ordinary multiplication of 
arithmetic is associative, i.e., the order of a sequence of multiplications is 
immaterial: 


a(bc) = (ab)c. 


Jacobi’s identity says that the bracket “product” is not associative and gives the 
effect of changing the sequence of “multiplications.” Together with the properties 
(9-75b) and (9—75c), Jacobi’s identity, Eq. (9-75e), defines a particular type of 
nonassociative algebra, called a Lie algebra, obeyed by the Poisson bracket. The 
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Poisson bracket operation is not the only type of “product” familiar to physicists 
that satisfies the conditions for a Lie algebra. It will be left to the exercises to show 
that that vector product of two vectors, 


[A,B] > A x B, 
and the commutator of two matrices, 
LA, B] > AB — BA, 


satisfy the same Lie algebra conditions as the Poisson bracket. It is this last 
that makes it feasible to replace the classical Poisson bracket by the commutator 
of the quantum mechanical operators. In other words, the “correspondence 
principle” can work only because both the Poisson bracket and commutator are 
representations of a Lie algebra “product.”* 

There are other canonical invariants besides the Poisson bracket. One, 
mainly ofhistorical interest now, is the Lagrange bracket. Suppose u and v are two 
functions out of a set of 2n independent functions of the canonical variables. By 
inversion the canonical variables can then be considered as functions of the set of 
2n functions. On this basis, the Lagrange bracket of u and v with respect to the 
(q, p) variables is defined as 


Gq; Op; Ôp; q; 
vo}, s et et 9-77 
u Map Cu ĝv Ou Cv ( . ) 
or, in matrix notation, 
ĉn ô 
(uoh = ed (9-78) 


Proof of the canonical invariance of the Lagrange bracket parallels that for the 
Poisson bracket. We form first the Lagrange bracket with respect to the ¢ 
variables: 


& oE 


f 9-79 
{Hs Pie = aa au" kor) 
However the derivatives can be expressed in terms of the y set as 
aC; _ Ok on; or oE amn 
ðv ôn; dv’ av av 


*Of course one must not mistake the mathematical acceptability of this version of the 
correspondence principle with its physical necessity. The introduction of the quantum 
commutation relations was a great act of physical discovery by the pioneers of quantum 
mechanics. All we show here is that there is a similarity in the mathematical structure of the 
Poisson bracket formulation of classical mechanics and the commutation relation version 
of quantum mechanics. The formal correspondence is that 


1 
[u, v] + —(uv — vu) 
ih 


where on the left u, v are classical functions and on the right they are quantum operators. 
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Equation (9-79) can then be written as 
OW oe yn ON 
{u, vh = Ju VUM Bo’ 
which by virtue of the symplectic condition for a canonical transformation (9—58) 
becomes 


õn ô 
(uoj = SIS = {ioh (9-80) 


thus verifying the canonical invariance of the Lagrange bracket. 
If for u and v we take two members of the set of canonical variables then we 
obtain the fundamental Lagrange brackets: 


{qaq} =0 = {pop} (die Pd = i (9-81) 
or, in matrix notation, 


{n,n} = J. (9-82) 


The Lagrange and Poisson brackets clearly stand in some kind of inverse 
relationship to each other, but the precise form of this relation is somewhat 
complicated to express. Let u; i = 1,..., 2n, be a set of 2n independent functions 
of the canonical variables, to be represented by a column (or row) matrix u. Then 
{u,u} is the 2n x 2n matrix whose ijth element is {u;,u,}, with a similar 
description for [u, uJ. The reciprocal character of the two brackets manifests 
itself in the relation 


{u,u}(u,u] = —1. (9-83) 


If for u we choose the’ canonical set itself, n, then Eq. (9-83) obviously follows 
from the fundamental bracket formulas, Eqs. (9-70) and (9-82), and the 
properties of J. The proof for arbitrary u is not difficult if written in terms of the 
matrix definitions of the brackets and is reserved for the exercises. While the 
properties of the Lagrange and Poisson brackets parallel each other in many 
aspects it should be noted that the Lagrange brackets do not obey Jacobi’s 
identity. Lagrange brackets therefore do not qualify as a “product” operation ina 
Lie algebra. 

Another important canonical invariant is the magnitude ofa volume element 
in phase space. A canonical transformation y — ¢ transforms the 2n dimensional 
phase space with coordinates y; to another phase space with coordinates ¢;. The 
volume element 


(dn) = dq,dq,...dq,4p; ---4P, 
transforms to a new volume element 


(dt) = dO, dQ,...dQ, dP, ...4P,. 


TD eeaeee EEAS RAR acon 
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As is well known* the size of the two volume elements is related by the absolute 
value of the Jacobian determinant: 


(aC) = || MI] (dn). (9-84) 


But by taking the determinant of both sides of the symplectic condition, Eq. 
(9-55), we have 


[M/?|J| = [J]. (9-85) 


Thus, in a real canonical transformation the Jacobian determinant is + 1, and the 
absolute value is always unity, proving the canonical invariance of the volume 
element in phase space. It follows, also, that the volume of any arbitrary region in 


phase space, 
J, = | fan. (9-86) 
is a canonical invariant. 


The volume integral in Eq. (9-86) is the final member of a sequence of 
canonical invariants known as the integral invariants of Poincaré, comprising 
integrals over subspaces of phase space of different dimensions. The other 
members of the sequence cannot be stated as simply as J, and because they are 
not needed for the further development of the theory they will not be discussed 
here.t 

Finally, the invariance of the fundamental Poisson brackets now enables us 
to outline a proof that the symplectic condition implies the existence of a 
generating function, as mentioned at the conclusion of the previous section. To 
simplify considerations we shall examine only a system with one degree of 
freedom; the general method of the proof can be directly extended to systems with 
many degrees of freedom.t We suppose that the first of the equations of 
transformation, 


Q=Q(4,~p), P=P(q,p), 
is invertable so as to give p as a function q and Q, say 


Substitution in the second equation of transformation gives P as some function of 
q and Q, say 


P = W(q,Q). (9-88) 


* See, for example, W. Kaplan, Advanced Calculus, 2d. ed., 1973, p. 270. 


f There are difficulties with the usual presentation of the lower order integral invariants. 
For an exposition of the problems see H. D. Block, Quarterly Applied Math. 12, 201 (1954). 


t For details of the proof for a general system see C. Carathéodory, Calculus of Variations 
and Partial Differential Equations of the First Order, English translation, Holden-Day, 
1965, Vol. 1, Sect. 97, pp. 87-90. In the literature the connection between the symplectic 
approach and the generator formalism is sometimes referred to as the Caratheodory 
theorem. 
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In such case we would expect the transformation to be generated by a generating 
function of the first kind,* F,, with Eqs. (9-87) and (9-88) appearing as 


oF, (4, Q) oF, 
= P= ———(q,Q). 9-89 
aq 30 (4,9) (9-89) 
If Eq. (9-89) holds, then it must be true that 
ap ow 
== ->. 9-90 
a0 aq ( ) 


Conversely, if we can show that Eq. (9-90) is valid, then there must exist a 
function F, such that p and P are given by Eqs. (9-89). 

To demonstrate the validity of Eq. (9-90) we try to look on all quantities as 
functions of q and Q. Thus, we of course have the identity 


ô 
but if Eq. (9-87) be substituted in the first transformation equation, 
Q = Qla, (4, 2)), (9-91) 
the partial derivative can also be written 
l eee ee 
6Q dp 6Q’ 
so that we have the relation 
60 ð 
= 5 =1. (9-92) 
In the same spirit we evaluate the Poisson bracket 


The derivatives of P are derivatives of yy considered as a function of q and Q(q, p). 
Hence the Poisson bracket can be written 

60 ôy Q Qjp êy ze 

ôq 60 ôp ĉôp\ôq GQ ôq’ 


LQ, P] = 


or, consolidating terms, as 


00 ô 00 ê ĉQ ð 
rori- 4 (22.20 2 20) Q ay 


ôQ\ôq @p ap aq Op ĉq’ 
*Of course, if the Q transformation equation is not invertable, as in the identity 


transformation, then we would invert the P equation and be led to a generating function of 
the second kind. 
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and therefore 


_  ĉQ ow 
z= a (9-93) 
Combining Eqs. (9-92) and (9-93) we have 
6066 _ _aQ ay 


ôp 0O— ap aq’ 

Since the partial derivative of Q with respect to p is the same on both sides of the 
equation, i.e., the other variable being held constant is q in both cases, and since 
the derivative doesn’t vanish (else the Q equation could not be inverted), it follows 
that Eq. (9-90) must be true. Thus, from the value of the fundamental Poisson 
bracket [O, P], which we have seen is equivalent to the symplectic condition, we 
are led to the existence ofa generating function. The two approaches to canonical 
transformations, though arrived at independently, are fully equivalent. 


9-5 EQUATIONS OF MOTION, INFINITESIMAL CANONICAL 
TRANSFORMATIONS, AND CONSERVATION THEOREMS 
IN THE POISSON BRACKET FORMULATION 


Almost the entire framework of Hamiltonian mechanics can be restated in terms 
of Poisson brackets. As a result of the canonical invariance of the Poisson 
brackets, the relations so obtained will also be invariant in form under a 
canonical transformation. Suppose for example we look for the total time 
derivative of some function of the canonical variables and time, u(q, p, t), by use of 
Hamilton’s equations of motion: 


du ou, x Ou , is ðu Ou 0H Gu ðH f Ou 
dt 8q;"' Op" T Ot Gq; Op, Ôp: Aq, Ot” 
or 
du ou 
a fu, H] + ar (9-94) 


In terms of the symplectic notation, the derivation of Eq. (9-94) would run 


du Gu, a Ou ĉu 3H m Ou 

dt on ot on On ot’ 
from whence Eq. (9-94) follows, by virtue of (9-68). Equation (9-94) may be 
looked on as the generalized equation of motion for an arbitrary function u in the 


Poisson bracket formulation. It contains Hamilton’s equations as a special case 
when for u we substitute one of the canonical variables 


qi = Lq; A, B; = [Pi H], (9-95a) 


406 CANONICAL TRANSFORMATIONS 


or, in symplectic notation, 
ù = [n, H]. (9-95b) 


That Eq. (9-95) is identical with Hamilton’s equations: of motion may be seen 
directly from the observation that by the definition of the Poisson bracket, Eq. 
(9-68), we have 
oH 
= J 9-96) 
so that Eq. (9—95b) is simply another way of writing Eq. (8-31). Another familiar 
property may be obtained from Eq. (9-94) by taking u as H itself. Equation 
(9-94) then says that 
dH _ ôH 
dt at’ 
as was obtained previously in Eq. (8-35). It should be noted that the generalized 
equation of motion is canonically invariant; it is valid in whatever set of canonical 
variables q, p is used to express the function u or to evaluate the Poisson bracket. 
However, the Hamiltonian used must be appropriate to the particular set of 
canonical variables. On transforming to another set of variables by a time- 
dependent canonical transformation one must also change to the transformed 
Hamiltonian K. 
Ifuis a constant of the motion, then Eq. (9—94) says it must have the property 


ou 
= —, 9-97 
[H, u] a (9-97) 


All functions that obey Eq. (9-97) are constants of the motion, and conversely the 
Poisson bracket of H with any constant of the motion must be equal to the 
„explicit time derivative of the constant function. We thus have a general test for 
seeking and identifying the constants of the system. For those constants of the 
motion not involving the time explicitly, the test of Eq. (9-97) reduces to 
requiring that their Poisson brackets with the Hamiltonian vanish.* 

If two constants of the motion are known, the Jacobi identity provides a 
possible way for obtaining further constants. Suppose u and v are two constants 
of the motion not explicitly functions of time. Then if w in Eq. (9—75c) is taken to 
be H, the Jacobi identity says 


LH, [u,v] = 0; 


that is, the Poisson bracket of u and v is also a constant in time. Even when the 
conserved quantities depend on time explicitly, it can be shown with a bit more 


* In view of the “correspondence principle” between the classical Poisson bracket and the 
quantum commutator, it is seen that this statement corresponds to the well-known 
quantum theorem that conserved quantities commute with the Hamiltonian. 
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algebra (cf. Exercise 28) that the Poisson bracket of any two constants of the motion 
is also a constant of the motion (Poisson’s theorem). Repeated application of the 
Jacobi identity in this manner can in principle lead to a complete sequence of 
constants of the motion. Quite often, however,the process is disappointing. The 
Poisson bracket of u and v frequently turns out to be a trivial function of u and v 
themselves, or even identically zero. Still, the possibility of generating new 
independent constants of motion by Poisson’s theorem should be kept in mind. 

The Poisson bracket notation can also be used to reformulate the basic 
equations of an infinitesimal canonical transformation. As discussed above 
(p. 394) such a transformation is a special case of a transformation that is a 
continuous function of a parameter, starting from the identity transformation at 
some initial value of the parameter (which may, for convenience, be set equal to 
zero). If the parameter is small enough to be treated as a first order infinitesimal, 
then the transformed canonical variables differ only infinitesimally from the 
initial coordinates: 


čt =q + ôq (9-98) 
with the change being given in terms of the generator G through Eq. (9—63c): 
ð 
Sn = JEM 
ôn 
Now, by the definition (9—68) of the Poisson bracket it follows that 
[n u] = i (9-99) 


(cf. Eq. 9-96), a relation that remains valid when the Poisson bracket is evaluated 
in terms of any other canonical variables. If u is taken to be G, it is seen that the 
equations of transformation for an infinitesimal canonical transformation can be 
written as 


on = eln, G]. (9-100) 


Consider now an infinitesimal canonical transformation in which the 
continuous parameter is t (as was done in proving the symplectic condition) so 
that e = dt, and let the generating function G be the Hamiltonian. Then the 
equations of transformation for this I.C.T. become, by Eq. (9-100), 


on = dt[y, H] = ġ dt = dq. (9-101) 


These equations state that the transformation changes the coordinates and 
momenta at the time ż to the values they have at the time t + dt. Thus the motion 
of the system in a time interval dt can be described by an infinitesimal contact 
transformation generated by the Hamiltonian. Correspondingly, the system 
motion in a finite time interval from tf, to t is represented by a succession of 
infinitesimal contact transformations, which, as we have seen, is equivalent to a 
single finite canonical transformation. Thus, the values of q and p at any time tcan 
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be obtained from their initial values by a canonical transformation that is a 
continuous function of time. According to this view the motion of a mechanical 
system corresponds to the continuous evolution or unfolding of a canonical 
transformation. In a very literal sense, the Hamiltonian is the generator of the 
system motion with time. 

Conversely, there must exist a canonical transformation from the values of 
the coordinates and momenta at any time ¢ to their constant initial values. 
Obtaining such a transformation is obviously equivalent to solving the problem 
of the system motion. At the beginning of the chapter it was pointed out that a 
mechanical problem could be reduced to finding the canonical transformation for 
which all momenta are constants of the motion. The present considerations 
indicate the possibility of an alternative solution by means of the canonical 
transformation for which both the momenta and coordinates are constants of the 
motion. These two suggestions will be elaborated in the next chapter in order to 
show how formal solutions may be obtained for any mechanical problem. 

Implicit to this discussion has been an altered way of looking at a canonical 
transformation and the effect it produces. The notion of a canonical 
transformation was introduced as a change of the coordinates used to 
characterize phase space. In effect we switched from one phase space y with 
coordinates (q, p) to another, ¢, with coordinates (Q, P). If the state of the system 
at a given time was described by a point A in one system, it could also be described 
equally well by the transformed point A’ (cf. Fig. 9-1). Any function of the system 
variables would have the same value for a given system configuration whether it 
was described by the (q, p) set or by the (Q, P) set. In other words, the function 
would have the same value at A’ as at A. In analogy to the corresponding 
description of orthogonal transformations we may call this the passive view of a 
canonical transformation. 


FIGURE 9-1 
Illustration of the passive view of a canonical transformation. 


In contrast, we have spoken of the canonical transformation generated by the 
Hamiltonian as relating the coordinates of one point in phase space to those of 
another point in the same phase space. From this viewpoint the canonical 
transformation accomplishes, in the mathematician’s language, a mapping of the 
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points of phase space onto themselves. In effect we have an active interpretation of 
the canonical transformation as “moving” the system point from one position 
with coordinates (q, p), to another point, (Q, P), in phase-space (cf. Fig. 9-2). Of 
course, the canonical transformation in itself cannot move or change the system 
configuration. What it does is express one configuration of the system in terms of 
another. With some classes of canonical transformation the active viewpoint is 
not helpful. For example, the point transformation from Cartesian coordinates to 
spherical polar coordinates is a canonical transformation, but an “active” 
interpretation of it would border on the ludicrous. 


FIGURE 9-2 


Illustration of the active view of a canonical 
transformation. 


The active viewpoint is particularly useful for transformations depending 
continuously on a single parameter. On the active interpretation the effect of the 
transformation is to “move” the system point continuously on a curve in phase 
space as the parameter changes continuously. When the generator of the 
associated 1.C.T. is the Hamiltonian, the curve on which the system point moves 
is the trajectory of the system in phase space. 

If we consider the canonical transformation from the passive viewpoint, the 
phrase “change of a function u under canonical transformation” is meaningless. 
The function u doesn’t change value whether it’s evaluated at A or A’. It is true u 
will in general have a different functional dependence on (Q, P) than it has on 
(q, p) but its value will be the same at corresponding points; u(A’) = u(A). We can 
however give a meaning to the phrase if the canonical transformation is 
interpreted “actively.” It can mean, for example, the change in the value of the 
function as the system point is moved from A to B. At point B in the same phase 
space u will have the same functional dependence on (Q, P) that it has on (q, p) at 
point A, but now the value of the function will in general be different. We shall use 
the symbol ð here to denote such a change in the value of a function under 
infinitesimal canonical transformation: 


ou = u(B) — u(A), (9-102) 


where, of course, A and B will be infinitesimally close. Using the matrix notation 


for the canonical variables the change in the function value under an I.C.T. would 
be defined as 


du = u(y + dy) — u(y). 
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Expanding in a Taylor series and retaining terms in first order infinitesimals we 
have, by virtue of Eq. (9—63c), 


ĝu ĝu J ôG 


MS aes a= 


Recalling the definition of the Poisson bracket, Eq. (9-68), we see the change can 
be written as 


du = e[u, G]. (9-103) 


An immediate application of Eq. (9-103) is to take for u one of the phase space 
coordinates themselves (or the matrix of the coordinates). We then have, by Eq. 
(9-100), 


ôn = e[n, G] = ôn. 


Of course this result is obvious from the definition of the point B in relation to A; 
the “change” in the coordinates from A to B is just the infinitesimal difference 
between the old and new coordinate. 

These considerations must be generalized somewhat in talking about the 
“change in the Hamiltonian.” It must be remembered that the designation 
“Hamiltonian” does not mean a specific function, the same in all coordinate 
systems. Rather it refers to that function which in the given phase space defines 
the canonical equations of motion. Where the canonical transformation depends 
on the time the very meaning of “Hamiltonian” is also transformed. Thus H(A) 
goes over not into H(A’) but into K(A’), and H(A) will not necessarily have the 
same value as K(A’). In such case we shall mean by @H in effect the difference in 
the value of the Hamiltonian under the two interpretations: 


dH = H(B) — K(A’). (9-104) 


Where the function itself does not change under the canonical transformation the 
“two forms for the change, Eqs. (9-102) and (9-104), are identical since 
u(A’) = u(A). In general, K is related to H by the equation 
K=H + 2 
~ at’ 
where for an I.C.T. the generating function is given by Eq. (9-62) in terms of G. 
Since only G in that equation can be an explicit function of time, the value of the 
new Hamiltonian is given by 


f 0G 0G 
K(4') = H(A) + eG = H(A) + eG, 
and the change in the Hamiltonian is 
0G 
oH = H(B) — H(A) — e (9-105) 


ot 
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Following along the path that led from Eq. (9-103) we see that CH is given by 
OG 
ôH = <[H,G]— a. (9-106) 
From the generalized equation of motion, Eq. (9-106), with G as u, it follows 
finally that the change in H is 


ôH = —«—. (9-107) ~ 


If G is a constant of the motion, Eq. (9-107) says that it generates an 
infinitesimal canonical transformation that does not change the value of the 
Hamiltonian. Equivalently, the constants of the motion are the generating 
functions of those infinitesimal canonical transformations that leave the 
Hamiltonian invariant. Implied in this conclusion is a connection between the 
symmetry properties of the system and conserved quantities, a connection that is 
simplest to see for constants of the motion not explicitly depending on time. The 
change in the Hamiltonian under the transformation is then simply the change in 
the value of the Hamiltonian as the system is moved from configuration A to 
configuration B. If the system is symmetrical under the operation that produces 
this change of configuration, then the Hamiltonian will obviously remain 
unaffected under the corresponding transformation. Thus, to take a simple 
example, if the system is symmetrical about a given direction, then the 
Hamiltonian will not change in value if the system as a whole is rotated about that 
direction. It follows then that the quantity that generates (through an I.C.T.) such 
a rotation of the system must be conserved. The rotational symmetry of the 
system implies a particular constant of the motion. This is not the first instance of 
a connection between constants of the motion and symmetry characteristics. We 
encountered it previously (Sections 2—6, 8—2) in connection with the conservation 
of generalized momenta. Here, however, the theorem is more elegant, and more 
complete, for it embraces all independent constants of the motion and not merely 
the conserved generalized momenta. 

The momentum conservation theorems appear now as a special case of the 
general statement. Ifa coordinate q; is cyclic, the Hamiltonian is independent of q; 
and will certainly be invariant under an infinitesimal transformation that 
involves a displacement of q; alone. Consider, now, a transformation generated by 
the generalized momentum conjugate to q;: 


G(q, p) = pi. (9-108) 
By Eqs. (9-63a and b) the resultant infinitesimal canonical transformation is 
ôq; = 0;;, 
k j (9-109) 
op; = 0, 


that is, exactly the required infinitesimal displacement of q; and only q;. We 
readily recognize this as the familiar momentum theorem: ifa coordinate is cyclic 
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its conjugate momentum is a constant of the motion. The observation that a 
displacement of one coordinate alone is generated by the conjugate momentum 
may be put in a slightly expanded form. If the generating function of an I.C.T. is 
given by 

G = (Sq), = Jit, (9-110) 
then the equations of transformation is obtained from Eq. (9-63c) appear as 

0G 
On, = Say = Spd ô, = ES psd is 


Ir” rs 


By virtue of the orthogonality of J these reduce finally to 
On, = Ox), (9-111) 


that is, a displacement of any canonical variable y, alone is generated in terms of 
the conjugate variable in the form given by Eq. (9-110). Of course, if 1, is g;, G 
from Eq. (9-110) is just p,, and if 4, is p;, Gis then —q;. 
Asaspecificillustration of these concepts let us consider again the infinitesimal 
contact transformation of the dynamical variables that produces a rotation of the 
system as a whole by an angle d0. The physical significance of the corresponding 
generating function cannot depend upon the choice of initial canonical 
coordinates,* and it is convenient to use for this purpose the Cartesian coordinates 
of all particles in the system. Nor will there be any loss in generality ifthe axes are so 
oriented that the infinitesimal rotation is along the z axis. For an infinitesimal 
counter-clockwise rotation of each particle, the change in the position vectors is to 
be found from the infinitesimal rotation matrix of Eq. (4—105’) (p. 134). With a 
rotation only about the z axis the changes in the particle coordinates are 


ôx; = —y,d0, dy, = x, dð, z,= 0. (9-112a) 

The effect of the transformation on the components of the Cartesian vectors 

formed by the momenta conjugate to the particle coordinates is similarly given by 

OD. = —Piy d0, Opi, = Pix 40, Op;. = 0. 9-112b) 

Comparing these transformation equations with Eqs. (9—63a and b) it is seen that 
the corresponding generating function is 

G = XPiy — YiPix» (9-113) 


with d@ as the infinitesimal parameter e. For a direct check note that 
0G ôG 
. = dd— = —y, „= —d0— = —p,, dd, 
ôx; = dO 50, y, 40, ODix oe Piy 
0G 
AN a? =x,d0, bp = — dO = pied, 


Me 
ty Yi 


* This can most easily be seen from the canonically invariant Eq. 9~100. The change in 
the canonical variable 7, remains the same no matter in what set of canonical variables G is 
expressed. 
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agreeing with Eqs. (9-112). The generating function (9-113) in addition has the 
physical significance of being the z component of the total canonical angular 
momentum: 


G = L. = (r; x pi). (9-114) 


Since the z axis was arbitrarily chosen, one can state that the generating function 
corresponding to an infinitesimal rotation about an axis denoted by the unit 
vector n is 


G=L-n. (9-115) 


It should be noted that the canonical angular momentum as defined here may 
differ from the mechanical angular momentum. If the forces on the system are 
derivable from velocity-dependent potentials, then the canonical momentum 
vectors p; are not necessarily the same as the linear momentum vectors, and L in 
Eqs. (9-114) and (9-115) may not be the same as the mechanical angular 
momentum. The result obtained here is therefore a generalization of the 
conclusion given in Section 2—6 that the momentum conjugate to a rotation 
coordinate is the corresponding component of the total angular momentum. The 
proof presented there was restricted to systems with velocity-independent 
potentials. By virtue of Eqs. (9-108) and (9-109) we can now conclude that the 
momentum conjugate to a generalized coordinate that measures the rotation of 
the system as a whole about an axis n is the component of the total canonical 
angular momentum along the same axis. Just as the Hamiltonian is the generator 
ofa displacement of the system in time so the angular momentum is the generator 
of the spatial rotations of the system. 

It has already been noted that on the “active” interpretation a canonical 
transformation depending on a parameter “moves” the system point along a 
continuous trajectory in phase space. The finite transformation, we have said, 
could be looked on as the sum of an infinite succession of infinitesimal canonical 
transformations, each corresponding to an infinitesimal displacement along the 
curve. Formally, it should therefore be possible to obtain the finite 
transformation by integrating the expression for the infinitesimal displacements. 
We can do this by noting that each point on the trajectory in phase space 
corresponds to a particular value of the parameter, which we shall call «, starting 
from the initial system configuration denoted by « = 0. If u is some function of the 
system configuration, then u will be a continuous function of « along the 
trajectory, u(c), with initial value uy = u(0). (For simplicity we shall consider u as 
not depending explicitly on time.) Equation (9-103) for the infinitesimal change 
of u on the trajectory can be written as 


du = daļu, G], 
or as a differential equation in the variable a: 
du 


FF = [u, G]. (9-116) 
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We can get u(a), and therefore the effect of the finite canonical transformation, by 
integrating this differential equation. A formal solution may be obtained by 
expanding u(a) in a Taylor series about the initial conditions: 


du a? d*u a du 
Wa) = My tO) OT dat |,” 3) da h 
By Eq. (9-116) we have 
du 
ae = 3 G 2 
dalo [u, Glo 


the zero subscript meaning that the value of the Poisson bracket is to be taken at 
the initial point, « = 0. Repeated application of Eq. (9-116), taking [u, G] itself as 
a function of the system configuration, gives 


d? 
<7 = [Eu G],G), 


and the process can be repeated to give the third derivative of u and so on. The 
Taylor series for u(x) thus leads to the formal series solution 


2 3 
ufa) = uo + a[u, G]o + “rlu G], Glo + F LLL G], G], Glo + +7. 0-17) 


If for u we take any of the canonical variables ¢;, with uy being then the starting set 
of variables y,, then Eq. (9-115) is a prescription for finding the transformation 
equations of the finite canonical transformation generated by G. 
It is not difficult to find specific examples showing that this procedure 
_actually works. Suppose for G we take L,, so that the final canonical 
transformation should correspond to a finite rotation about the z axis. The 
natural parameter to use for a is the rotation angle. For u let us take the x- 
coordinate of the ith particle in the system. Either by direct evaluation of the 
Poisson brackets or by inference from Eqs. (9—112a), it is easy to see that 


[X,LJ=-Y% (YL1=X%p (9-118) 


where capital letters have been used to denote the coordinates after some rotation 
0, that is, the final coordinate. The initial coordinates, i.e., before rotation, are as 
usual represented by lower case letters. It follows then that 


[Xa L]o = —Yis 
ELX; Om a ea = —LY, Llo = —Xi, 
[OLX;, Lal, L-J Llo = — LX: Lalo = Yo 
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and so on. The series representation for X, thus becomes 


62 g3 g+ 
X;,= x; y a HETET 

62 gt 8? 
=m ort | nfo nt 


The two series will be recognized as the expansion for the cosine and sine 
respectively. Hence the equation for the finite transformation of X; is 


X; = x;cos@ — y,sin 0, 


which is exactly what we would expect for the finite rotation of a vector 
counterclockwise about the z axis. 
For another example, consider the situation when G = H and the parameter 
is the time. Equation (9-116) then reduces to the equation of motion for u: 
du 


dt = [u, H], 


with the formal solution 
2 p 
u(t) = uo + t[u, H]o + zr lle H], H]o + 3, LEL H],H],H]o +77. (9-119) 


Here the subscript zero refers to the initial conditions at t = 0. Let us apply this 
prescription to the simple problem of one-dimensional motion with a constant 
acceleration a, for which the Hamiltonian is 
p’ 
H = — — max, 
2m 


with u as the position coordinate x. The Poisson brackets needed in Eq. (9-119) 
are easy to evaluate directly or from the fundamental brackets: 
[x H] == 


m 4 
[[x, H], H] ="[p,H] =a 


Because this last Poisson bracket is a constant, all higher order brackets vanish 
identically and the series terminates, with the complete solution being given by 


2 

Pot at 

KEX A 
ot m = 2 


Remembering that p/m = vo, this will be recognized as the familiar elementary 
solution to the problem. 
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It may be felt that what we have done here is a tour de force, a mere virtuoso 
performance. There is force to the objection. One would not propose the formal 
series solution, Eq. (9-119), as the preferred method for solving realistic problems 
in mechanics. It is surely one of the most recondite procedures one could conceive 
of for solving the easiest of freshman physics problems! Nonetheless, the 
technique provides insights into the structure of classical mechanics as based on 
canonical transformation theory. The series expansion shows directly that 
infinitesimal canonical transformations can generate finite canonical transfor- 
mations, depending on a parameter, and thus lead to solutions to the equations of 
motion. Of particular interest for the relation between classical and quantum 
mechanics-is the observation that the series in Eqs. (9-117) or (9-119) bear a 
family resemblance to the series for an exponential. The nest of Poisson brackets 
in the nth term can be considered as the nth repeated application (from the right!) 
of the operator [ , G], or the nth power of the operator. Equation (9-119), for 
example, could symbolically be written as 


u(t) = el (9-120) 


The exponential here means no more than its series representations and the 
symbol H is used to indicate the operator’ [ ,H]. What we have here is very 
reminiscent of the Heisenberg picture in quantum mechanics* where the u(t) 
become time-varying operators, whose time dependence is given in terms of 
exp [iHt/h] in such a manner as to lead to the same equation of motion, Eq. 
(9-94). (The additional factor i/f arises out of the correspondence between the 
classical Poisson bracket and the quantum commutator.) The Poisson bracket 
formulation of mechanics is thus the classical analog of the Heisenberg picture of 
quantum mechanics. 


9-6 THE ANGULAR MOMENTUM POISSON BRACKET RELATIONS 


The identification of the canonical angular momentum as the generator ofa rigid 
` rotation of the system leads to a number of interesting and important Poisson 
bracket relations. Equation (9-103) for the change of a function u under an 
infinitesimal canonical transformation (on the “active” view) is also valid if u is 
taken as the component ofa vector along a fixed axis in ordinary space. Thus, if F 
is a vector function of the system configuration, then 


aF = [F, G]. 


It is important to note that the direction along which the component is taken 
must be fixed, i.e., not affected by the canonical transformation. If the direction 
itself is determined in terms of the system variables, then the transformation 
changes not only the value of the function but the nature of the function, just as 
with the Hamiltonian. With this understanding the change in a vector F under a 


* See, for example, Schiff, Quantum Mechanics, 3d ed., 1968, pp. 170-171, or Merzbacher, 
Quantum Mechanics, 1961, pp. 343-349. 
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rotation of the system about a fixed axis n, generated by L-n, can be written in 
vector notation 


aF = d0[F,L-n]. (9-121) 


To put it in other words, Eq. (9-121) implies that the unit vectors i, j, k that form 
the basis set for F are not themselves rotated by L-n. 

The words describing what is meant by Eq. (9-121) must be chosen carefully 
for another reason. What is spoken of is the rotation of the system under the 
L.C.T., not necessarily the rotation of the vector F. The generator L-n induces a 
spatial rotation of the system variables, not for example of some external vector 
such as a magnetic field or the vector of the acceleration of gravity. Under what 
conditions then does L- n generate a spatial rotation of F? The answer is clear— 
when F is a function only of the system variables (q, p) and does not involve any 
external quantities or vectors not affected by the I.C.T. Only under these 
conditions does a spatial rotation imply a corresponding rotation of F. We will 
designate such vectors as system vectors. The change in a vector under 
infinitesimal rotation about an axis n has been given several times before (cf. Eq. 
2-50 and Eq. 4—111’, p. 173): 


dF =ndé x F. 


For a system vector F, the change induced under an L.C.T. generated by L-ncan 
therefore be written as 


oF = dO[F,L-n] = ndé x F. (9-122) 


Equation (9-122) implies an important Poisson bracket identity obeyed by all 
system vectors: 


[F, L:n] =n x F. (9-123) 


Note that in Eq. (9-123) there is no longer any reference to a canonical 
transformation or even to a spatial rotation. It is simply a statement about the 
value of certain Poisson brackets for a specific class of vectors and, as such, can be 
verified by direct evaluation in any given case. Suppose, for example, we had a 
system of an unconstrained particle and used the Cartesian coordinates as the 
canonical space coordinates. Then the Cartesian vector p is certainly a suitable 
system vector. If n is taken as a unit vector in the z direction, then by direct 
evaluation we have 


[Px XP, — YP.) = — Py» 
[P XP; — YPx] = Py, 
[p-; XP, — YPx] = 0. 


The right-hand sides of these identities is clearly the same as the components of 
k x p, as predicted by Eq. (9-123). On the other hand, suppose that in the same 
problem we tried to use for F the vector A = 4 (r x B) where B = Bi is a fixed 
vector along the x axis. The vector A will be recognized as the vector potential 
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corresponding to a uniform magnetic field B in the x direction. As A depends on a 
vector external to the system we would expect it not to fit the characteristics of a 
system vector and Eq. (9-123) should not hold for it. Indeed, we see that the 
Poisson brackets involved are here 


[0, xp, — yp] = 0, 
[52B, xp, — yp] = 0, 
[ —4yB, xp, — YP] = —3Bx, 
whereas the vector k x A has instead the components (—3Bz, 0, 0). 
The relation Eq. (9-123) may be expressed in various notations. Thus, in 
dyadic notation it appears as 
[F,L] = —1 x F, (9-124) 
where 1 is the unit dyadic ii + jj + kk. Equation (9-124) readily reduces to Eq. 
(9-123) by taking the dot product of both sides with n from the right. More useful 
is a form using the Levi-Civita density to express the cross product (cf. Eq. 
4-113’, p. 172). The ith component of Eq. (9-123) for arbitrary n then can be 
written 
LF, Ln] = eijk 


which implies the simple result 
LE, Li] = <jF,- (9-125) 


- An alternative statement of Eq. (9-125) is to note that if /, m, n are three indices in 
cyclic order, then 

LR, Lm] = F,, I, m, n in cyclic order. (9-125’) 

Another consequence of Eq. (9— 123) relates to the dot product of two system 

vectors: F-G. Being a scalar such a dot product should be invariant under 

rotation, and indeed the Poisson bracket of the dot product with L-n is easily 
shown to vanish: 


[F-G,L-n] = F-(G,L-n] + G-[F,L-n] 
=F-nxG+GnxF 
=FnxG+F-Gxn 
=0. 126) 


The magnitude of any system vector therefore has a vanishing Poisson bracket 
with any component of L. 

Perhaps the most frequent application of these results arises from taking F to 
be the vector L itself. We then have 


[L, L-n] = nx L, (9-127) 
LL; L] =s Eons (9- 128) 
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and 
[L?,L-n] = 0. (9-129) 


A number of interesting consequences follow from Eqs. (9-127) through (9-129). 
If L, and L, are constants of the motion, Poisson’s theorem then states that 
[L,,L,] = Lis also a constant of the motion. Thus, ifany two components of the 
angular momentum are constant, the total angular momentum vector is 
conserved. As a further instance, let us assume that in addition to L, and L, being 
conserved there is a Cartesian vector of canonical momentum p with p. a constant 
of the motion. Not only then is L. conserved but we have two further constants of 
the motion: 

[p.,L,] = Py 
and 

[p., Ly] = = Px 


that is, both L and p are conserved. We have here an instance in which Poisson’s 
theorem does yield new constants of the motion. Note, however, that if p,, p,, and 
L. were the given constants of the motion, then their Poisson brackets are 


[Px Py] = 0, 
Dx L-] = Py, 
[p,, L.] = Px 


Here no new constants can be obtained from Poisson’s theorem. 

It will be remembered from the fundamental Poisson brackets, Eqs. (9—69), 
that the Poisson bracket of any two canonical momenta must always be zero. But, 
from Eq. (9-128), L; does not have a vanishing Poisson bracket with any of the 
other components of L. Thus, while we have described L as the total canonical 
angular momentum by virtue of its definition as r; x p; (summed over all 
particles), no two components of L can simultaneously be canonical variables. 
However, Eq. (9-129) shows that any one of the components of L, and its 
magnitude L, can be chosen to be canonical variables at the same time.* 


* It has been remarked previously that the correspondence between quantum and classical 
mechanics is such that the quantum mechanical commutator goes over essentially into the 
classical Poisson bracket as + 0. Much of the formal structure of quantum mechanics 
appears as a close transcript of the Poisson bracket formulation of classical mechanics. All 
the results of this section therefore have close quantum analogs. For example, the fact that 
two components of L cannot be simultaneous canonical momenta appears as the well- 
known statement that L; and L, cannot have simultaneous eigenvalues. But L? and any L; 
can be quantized together. Indeed, most of these relations are known far better in their 
quantum form than as classical theorems. Thus one of the earliest references to the classical 
Poisson brackets for angular momentum appears to be the 1930 treatise by Born and 
Jordan on Elementare Quanterimechanik. Again, while the general change of a vector 
function under rotation, Eq. (9-123), has long been familiar in quantum mechanics (cf. 
Condon and Shortley, The Theory of Atomic Spectra, p. 59), until very recently about the 
only reference to its classical version was in the famous thesis of H. B. G. Casimir, Rotation of 
a Rigid Body in Quantum Mechanics, 1931, p. 30. 
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9-7 SYMMETRY GROUPS OF MECHANICAL SYSTEMS* 


It has already been pointed out that canonical transformations form a group. 
Canonical transformations that are analytic functions of continuous parameters 
form separate groups belonging to the class known as Lie groups. Thus the 
canonical transformations corresponding to spatial rotations of the system form 
a group with three parameters, e.g., the Euler angles of rotation. Rotations about 
a particular axis form a subgroup (actually the rotation group in two dimensions) 
with only one parameter. The group of finite transformations has the same 
properties as the group of the associated infinitesimal canonical transformations, 
and it is customary to work primarily with the L.C.T.’s as they are easier to handle. 
The Lie groups of J.C.T.’s whose generators are the constants of the motion of the 
system are known as the symmetry groups of the system for, as we have seen, such 
transformations leave the Hamiltonian invariant. Finding the symmetry groups 
of a system goes a long way to solving the problem of its classical motion and is 
even closer to a solution of the quantum-mechanical problem. 

A system with spherical symmetry is invariant under rotation about any axis. 
One would expect therefore that one of its symmetry groups should be the 
rotation group in three dimensions R(3) = SO(3). The vector L is conserved in 
such a system in accord with our identification of the components of L as the 
generators of spatial rotations. The character of a Lie group is determined by the 
bracket’ (whether Poisson, commutators, etc.) relationships among the 
generators of the transformation making up the group. In general, if G; are the 
generators of the individual one-parameter transformations, then in a Lie group 
the bracket relations are linear, of the formt 


[Gi G] = Cin, (9-130) 


where the quantities C,,, are called the structure constants of the Lie group (or of 

the associated Lie algebra involving the bracket “product”). For the group of 
` transformations generated by L,, Eq. (9-128) shows that the structure constants 
are C,,, = €e and it is this relationship that stamps the group as being the 
rotation group in three dimensions. Thus, the matrix generators M, of 
infinitesimal rotations, Eqs. (4-117), have been seen to obey the commutation 
relations, Eq. (4-118), 


[M;,Mj] = eij My, (4-118) 


that is, with the same structure constants as for L;. The quantities L; and M; are 
different physically; the brackets in Eqs. (9-125) and (4-118) refer to different 
operations (although they share the same significant algebraic properties). But 
the identity of the structure constants for L; and M, show that they have the same 
group structure, that of SO(3). 


*This section may be omitted on first reading. 
7 See, for example, L. P. Eisenhart, Continuous Groups of Transformations, pp. 25-28. 


9-7 SYMMETRY GROUPS OF MECHANICAL SYSTEMS 421 


For the bound Kepler problem we have seen (Section 3-9) that there exists in 
addition to L another conserved vector quantity, A, the Laplace vector defined as 


k 
A=px L-Z, (3-82) 


The Poisson bracket relations of the components of A with themselves and with 
the components of L can be obtained in a straightforward manner. Since A clearly 
qualifies as a system vector, we immediately have the bracket relations 


[An L] = sier (9-131) 


The Poisson brackets of the components of A among themselves cannot be 
obtained by any such simple strategem, but after a fair amount of tedious 
manipulation it is found that* 


[41,42] = G = hs. (9-132) 


The quantity on the right in the parentheses will be recognized as 2mH, which has 
the conserved value 2mE. If we therefore introduce a new constant vector D 
defined as 


A A 


J —2mE </miE| 


(note that E is negative for bound motion!), then the components of D satisfy the 
Poisson bracket relation 


(9-133) 


[D,,D,] = L. 


By cyclically permuting the indices the complete set of Poisson brackets follows 
immediately. Thus, the components of L and D together form a symmetry group 
for the bound Kepler problem, with structure constants to be obtained from the 
identities. 


[LL] = EijeLko (9-128) 

[D;,L;] = €: Dyes (9-134) 
and 

[D;, D;] = € jpg (9-135) 


An examination of the fundamental matrices for rotation will show that the 
symmetry group for the bound Kepler problem is to be identified with the group 
of four-dimensional real rotations. Usually designated as SO(4) or R(4), such a 
transformation preserves the value of the quadratic form x,x,, where all the x, 


*Some reduction in the length of the derivation is obtained by identifying px Lasa 
system vector C, and first evaluating the Poisson brackets [C,,(p x L),] and [C,.r/r] 
making use of the fundamental Poisson brackets and Eqs. (9-125) to the utmost. 
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are real. An orthogonal transformation in four dimensions has ten conditions on 
the sixteen elements of the matrix, so only six are independent. By looking on the 
infinitesimal transformation as being made up of a sequence of rotations in the 
various planes, one can easily obtain the corresponding six generators. Three of 
them are rotations in the three distinct x,-x; planes and so correspond to the M; 
generators of Eqs. (4-117), except that there are added zeros in the fourth row 
and column. The remaining three generate infinitesimal rotations in the x;-x4 
planes. Thus the generator matrix for an infinitesimal rotation in the x,-x4 
plane would be 


0 0 0 St 
O° 0 0 0 
= 9-136 
MoO. oo nt OAs) 
1 0 0 0 


with N, and N, given in corresponding fashion. Direct matrix multiplication 
shows that these six matrices satisfy the commutator (or Lie bracket) relations 

[M;, M] a Ei Mys 

[N;, M,] = éjxNi,, 

[N;, Nj] = eijk Mg- 
Since these are the same as the Poisson bracket relations, Eqs. (9-128), (9-134), 
and (9-135), the identification of the symmetry group of the bound Kepler 
problem with R(4) is thus proven. 
Note that for the Kepler problem with positive energy (i.e., scattering) A is 


still a constant of the motion,* but the appropriate reduced real vector, instead of 
D, is C defined as 
C= = (9-137) 


= Tonk” 
and the Poisson bracket relations for L and C are now 
[Li Lj] = ibys 
[Ci Lj] = <jcCy (9-138) 
[Ci Ci] = —epLy- 


Comparison with Eqs. (7-70) shows that these structure constants are the same 
as for the restricted Lorentz group, which must therefore be the symmetry group 
for the positive energy Kepler problem—in nonrelativistic mechanics. One must, 
of course, be careful not to read any kinship of physical ideas into this 


* The arguments of Section 3-9 are independent of the sign of either E or the force constant 
k. 


ati ak hts 
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happenstance. The Kepler problem does not contain in it the seed of the basic 
conceptions of special relativity; it is purely a problem of nonrelativistic 
Newtonian mechanics. That the symmetry group may involve a space of higher 
dimension than ordinary space is connected with the fact that the symmetry we 
seek here is one in the six-dimensional phase space. The symmetry group consists 
of the canonical transformations in this space that leave the Hamiltonian 
unchanged. It should not be surprising, therefore, that the group can be 
interpreted in terms of transformations of spaces of more than three dimensions. 

The two-dimensional isotropic harmonic oscillator is another mechanical 
system for which a symmetry group is easily identified. In Cartesian coordinates, 
the Hamiltonian for this system may be written as 


l ng 2,22 1 3 2.242 
H = zp (Px + mw x ) + 575 + mw y"). (9-139) 


As it doesn’t depend on time explicitly the Hamiltonian is constant and is equal to 
the total energy of the system. The z axis is an axis of symmetry for the system, and 
hence the angular momentum along that axis (which is in fact the total angular 
momentum) is also a constant of motion: 


L = xp, — yp. (9-140) 


Further constants of the motion exist for this problem that can be written as 
components of a symmetrical two-dimensional tensor A defined as 
1 

Ay = eP + m?w?x;x;). (9-141) 
Of the three distinct elements of the tensor the diagonal terms may be identified as 
the energies associated with the separate one-dimensional motions along the x 
and y axes, respectively. Physically, as there is no coupling between the two 
motions, the two energies must separately be constant. A little more formally, it is 
obvious from the way in which H has been written in Eq. (9-139) that A,, and 
A, each have a vanishing Poisson bracket with H. The off-diagonal element of A, 


Ay. =A = eP, + m’w’xy), (9-142) 
\ 
is a little more difficult to recognize. That it is a constant of motion may easily be 
seen by evaluating the Poisson bracket with H. In relation to the separate x and y 
motions, A,, and A,, are related to the amplitudes of the oscillations, whereas 
A,, is determined by the phase difference between the two vibrations. Thus, the 
solutions for the motion can be written as 


DAS 2 
x= ma? sin (wt + 6,), 
2Az, . 
=| S t+0 
y mw? in (œ + 2) 


424 CANONICAL TRANSFORMATIONS 


and it then follows from Eq. (9-142) that 


Aya = xf A1142 08 (82 — 9;). (9-143) 


The trace of the A tensor is the total energy of the harmonic oscillator. Out of 
the elements of the matrix we can form two other distinct constants of the motion, 
which it is convenient to write in the form 


Ay, + Aa, = 


= = + m’a*xy), (9-144) 
Si 2a 2m (PsP; y) 
eee AA oh a — p? + mow?’ (y? — x?)). (9-145) 
2 2 4mo * 


To these we may add a third constant of the motion: 
= 4(xp, — YPx). (9-146) 


The quantities S, plus the total energy H form four algebraic constants of the 
motion not involving time explicitly. It is clear not all of them can be independent, 
because in a system of two degrees of freedom there can at most be only three such 
constants. We know that the orbit for the isotropic harmonic oscillator is an 
ellipse and three constants of the motion are needed to describe the parameters of 
the orbit in the plane—say, the semimajor axis, the eccentricity, and the 
orientation of the ellipse. The fourth constant of motion must relate to the 
passage of the particle through a specific point at a given time and would 
therefore be explicitly time-dependent. Hence there must exist a single relation 
connecting S, and H. By direct evaluation it is easy to show that* 
H? 


Si + S3 + S4 to? (9-147) 


By straight forward manipulation of the Poisson brackets one can verify that 
the S, quantities satisfy the relations 


LS; S] = EiS (9-148) 


These are the same relations as for the three-dimensional angular momentum 
vector, or for the generators of rotation in a three-dimensional space. The group 
of transformations generated by S; may therefore be identified with R(3) or SO(3). 
Actually, there is some ambiguity in the identification. We have seen above (cf. p. 


* An equivalent form of the condition Eq. (9-147) is that the determinant of A is L?@*/4. It 
will be recalled that similarly in the case of the Kepler problem, the components of the new 
vector constant of motion A were not all independent of the other constants of the motion. 
There exist indeed two relations linking A, L, and H, Eqs. (3-83) and (3-87). 


i vin 


Panase 


prenosen fei 


9-7 SYMMETRY GROUPS OF MECHANICAL SYSTEMS 425 


151) that there is a homomorphism between R{3) and the unitary unimodular 
group SU(2). It turns out* that SU(2) is here more appropriate. To glimpse at the 
circumstances justifying this choice, it may be noted that Eq. (9-147) suggests 
there is a three-dimensional space each point of which corresponds to a particular 
set of orbital parameters. For a given system energy, Eq. (9-147) says the orbit 
“points” in this space lie on a sphere. The constants S, generate three-dimensional 
rotations on this sphere, i.e., they change one orbit into another orbit having the 
same energy. It may be shown that S, generates a transformation that changes 
the eccentricity of the orbit and that for any given final eccentricity one can find 
two transformations leading to it. It is this double-valued quality of the 
transformation that indicates SU(2) rather than R(3) is the correct symmetry 
group for the two-dimensional harmonic oscillator. For higher dimensions the 
structure constants of the rotation groups and the SU(1) groups are no longer 
identical and a clear cut separation between the two can be made. For the three- 
dimensional isotropic harmonic oscillator there is again a tensor constant of the 
motion defined by Eq. (9-141), except that the indices now run from 1 to 3. The 
distinct components of this tensor, together with the components of L now satisfy 
Poisson bracket relations with the rather complicated structure constants that 
belong to SU(3). Indeed it is possible to show? that for the n-dimensional 
isotropic harmonic oscillator the symmetry group is SU(n). 

It has previously been pointed out (cf. p. 104) that there exists a connection 
between the existence of additional algebraic constants of the motion—and 
therefore of higher symmetry groups—and degeneracy in the motions of the 
system. In the case of the Kepler and isotropic harmonic oscillator the additional 
constants of the motion are related to parameters of the orbit. Unless the orbit is 
closed, i.e., the motion is confined to a single curve, one can hardly talk of such 
orbital parameters. Only when the various components of the motion have 
commensurate periods, i.e. are degenerate, will the orbit be closed. The classic 
example is the two-dimensional anisotropic oscillator. When the frequencies in 
the x and y directions are integral multiples of each other, the particle traverses a 
closed Lissajous figure. But if the frequencies are incommensurate the motion of 
the particle is space-filling or ergodic, eventually coming as close as desired to any 
specific point in the rectangle defined by the energies of motion in the two 
directions. The exact nature of this connection between symmetry properties and 
degeneracy is still a subject for investigation. Attempts at finding complicated 
(and perhaps complex) symmetry groups for nondegenerate systems, applicable 
to all problems of the same number of degrees of freedom, have not yet proved 
fruitful. We shall have occasion in the next chapter to consider further the relation 
between symmetry and degeneracy. 


*See H. V. McIntosh, Am. Jour. Phys. 27, 620 (1959) for a fuller discussion. 


{This was proved for the quantum-mechanical case by G. A. Baker, Jr., Phys. Rev. 103, 1119 
(1956), by arguments that can also be phrased in the language of classical mechanics. 
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9-8 LIOUVILLE’S THEOREM 


As a final application of the Poisson bracket formalism we shall briefly discuss a 
fundamental theorem of statistical mechanics known as Liouville’s theorem. 
While the exact motion of any system is completely determined in classical 
mechanics by the initial conditions, it is often impracticable to calculate an exact 
solution for complex systems. It would be obviously hopeless, for example, to 
calculate completely the motion of some 107? molecules in a volume of gas. In 
addition, the initial conditions are often only incompletely known. We may be 
able to state that at tọ a given mass of gas has a certain energy, but we cannot 
determine the initial coordinates and velocities of each molecule. Statistical 
mechanics therefore makes no attempt to obtain a complete solution for systems 
containing many particles. Its aim, instead, is to make predictions about certain 
average properties by examining the motion of a large number of identical 
systems. The values of the desired quantities are then computed by forming 
averages over all the systems in this ensemble. All the members of the ensemble are 
as like the actual system as our imperfect knowledge permits, but they may have 
any of the initial conditions that are consistent with this incomplete information. 
Since each system is represented by a single point in phase space the ensemble of 
systems corresponds to a swarm of points in phase space. Liouville’s theorem 
states that the density of systems in the neighborhood of some given system in 
phase space remains constant in time. 

The density, D, as defined above can vary with time through two separate 
mechanisms. Since it is the density in the neighborhood of a given system point, 
there will be an implicit dependence as the coordinates of the system (q;, p;) vary 
with time, and the system point wanders through phase space. There may also be 
an explicit dependence on time. The density may still vary with time even when 
evaluated at a fixed point in phase space. By Eq. (9—94) the total time derivative of 
D, due to both types of variation with time, can be written as 


dD ôD 

ra i ae (9-149) 
where the Poisson bracket arises from the implicit dependence, and the last term 
from the explicit dependence. 

The ensemble of system points moving through phase space behaves much 
like a fluid in a multidimensional space, and there are numerous similarities 
between our discussion of the ensemble and the well-known notions of fluid 
dynamics. In Eq. (9-149) the total derivative is a derivative of the density as we 
follow the motion of a particular bit of the ensemble “fluid” in time. It is 
sometimes referred to as the material or hydrodynamic derivative. On the other 
hand, the partial derivative is at fixed (q, p); it is as if we station ourselves at a 
particular spot in phase space and measure the time variation of the density as the 
ensemble of system points flows by us. These two derivatives correspond to two 
viewpoints frequently used in considering fluid flow. The partial derivative at a 
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fixed point in phase space is in line with the Eulerian viewpoint that looks on the 
coordinates solely as identifying a point in space. The total derivative fits in with 
the Lagrangian picture in which individual particles are followed in time; the 
coordinates in effect rather identify a particle than a point in space. Basically, 
our consideration of phase space has been more like the Lagrangian viewpoint; 
the collection of quanitites (q,p) identifies a system and its changing 
configuration with time. 

Consider an infinitesimal volume in phase space surrounding a given system 
point, with the boundary of the volume formed by some surface of neighboring 
system points at the time t = 0. In the course of time the system points defining 
the volume move about in phase space and the volume contained by them will 
take on different shapes as time progresses. The dotted curve in Fig. 9-3 
schematically indicates the evolution of the infinitesimal volume with time. It is 
clear that the number of systems within the volume remains constant, for asystem 
initially inside can never get out. If some system point were to cross the border, it 
would occupy at some time the same position in phase space as one of the system 
points defining the boundary surface. Since the subsequent motion of a system is 
uniquely determined by its location in phase space at a particular time, the two 
systems would travel together from there on. Hence the system can never leave the 
volume. By the same token, a system initially outside can never enter the volume. 


a“ 
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FIGURE 9-3 
Motion of a volume in phase space. 


It has been shown that on the active picture of a canonical transformation the 
motion of a system point in time is simply the evolution of a canonical 
transformation generated by the Hamiltonian. The canonical variables (q, p) at 
time t,, as shown in Fig. 9—3, are related to the variables at time t, by a particular 
canonical transformation. The change in the infinitesimal volume element about 
the system point over the time interval is given by the same canonical 
transformation. Now, Poincaré’s integral invariant, Eq. (9-87), says that a 
volume element in phase space is invariant under a canonical transformation. 
Therefore the size of the volume element about the system point cannot vary with 
time. 
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Thus, both the number of systems in the infinitesimal region, dN, and the 
volume, dV, are constants, and consequently the density 


dN 

w= ay 
must also be constant in time, that is, 
dD 

—=0, 
dt 


which proves Liouville’s theorem. An alternative statement of the theorem 
follows from Eq. (9-149) as 
OP ts [D, H]. (9-150) 
ot 
When the ensemble of systems is in statistical equilibrium, the number of 
systems in a given state must be constant in time, which is to say that the density of 
system points at a given spot in phase space does not change with time. The 
variation of D with time at a fixed point corresponds to the partial derivative with 
respect to t, which therefore must vanish in statistical equilibrium. By Eq. (9-150) it 
follows that the equilibrium condition can be expressed as 


[DH] = 0. 


We can ensure equilibrium, therefore, by choosing the density D to be a function 
of those constants of the motion of the system not involving time explicitly, for 
then the Poisson bracket with H must vanish. Thus, for conservative systems D 
can be any function of the energy, and the equilibrium condition is automatically 
satisfied. The characteristics of the ensemble will be determined by the choice of 
function for D. As an example, one well-known ensemble, the microcanonical 
ensemble, occurs if D is constant for systems having a given energy, zero 
otherwise. 

These considerations have been presented here to illustrate the usefulness of 
the Poisson bracket formulation in classical statistical mechanics. Further 
discussion of these points would carry us far outside our field. 


SUGGESTED REFERENCES 


C. CARATHÉODORY, Calculus of Variations and Partial Differential Equations. Canonical or 
contact transformations were first introduced by mathematicians in the theory of partial 
differential equations. Many of the properties of the transformations that physicists use 
were first developed for these purposes. The most thorough exposition of these 
mathematical origins from which the physics applications came is in Carathéodory’s 
masterful treatise. Fortunately it is mow available in English translation. The pertinent 
references are in Chapters 4-7 of Vol. 1 on partial differential equations. They contain, 
among many other topics, a fuller proof of what is referred to above (p. 403) as 


= 
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“Carathéodory’s Theorem.” One keeps coming back to Carathéodory time after time, to 
see how “it’s done properly.” 


H. RUND, Hamilton—Jacobi Theory in the Calculus of Variations. This reference provides a 
somewhat different mathematical picture (in Chapter 2, Sections 12-14) with the physical 
applications kept clearly in mind. For much of the discussion, time is considered one of the 
canonical variables. 


M. Born, The Mechanics of the Atom. The subject of the canonical transformations of 
classical mechanics played an important role in the first formulations of both the older 
Bohr quantum theory and the newer quantum mechanics. Hence many treatises ostensibly 
devoted to one or the other of these forms of quantum mechanics often contain detailed 
expositions of the needed branches of classical mechanics. Outstanding among them is this 
1924 volume of Born, written before the days of wave mechanics. The first chapter 
succinctly discusses canonical transformations and gives many interesting physical 
illustrations. There is no mention of Poisson brackets for they became of special interest to 
the modern physicist only with the advent of Heisenberg’s and Dirac’s formulation of 
quantum mechanics, 


R. C. Torman, The Principles of Statistical Mechanics. A veritable encyclopedia of 
theoretical physics, Chapter II of this bulky volume gives a brief but clear discussion of 
canonical transformations and similar topics in classical mechanics. The properties of 
Poisson brackets are included in the treatment. Section 19, Chapter III, is concerned with 
Liouville’s theorem. 


C. Lanczos, The Variational Principles of Mechanics. Canonical transformations entered 
into mechanics first through perturbation theory in classical mechanics, -indeed long 
before it was realized quite what they were. (References on these applications will be given 
below in Chapter 11 on perturbation theory.) By now any text on mechanics above the 
intermediate level devotes considerable attention to the subjects of Poisson bracket 
formulations and canonical transformations. Only a few references can be cited explicitly. 
Lanczos has a different viewpoint from others; he talks a good deal and writes relatively 
few equations. The subject is tied into its mathematical origins, but the use is physical. 


L. Pars, A Treatise on Analytical Dynamics. Canonical transformations are made use of in 
this text a number of times before they are explicitly named and discussed (as contact 
transformations) in Chapter 24. Both the symplectic and the generator approaches are 
included. Particularly noteworthy is a proof in effect of Carathéodory’s theorem that 
explicitly leads to the generating function. 

J. L. SYNGE, Classical Dynamics. For the most part Synge works in a phase space that 
includes t and its conjugate momentum H, but otherwise the approach has considerable 
similarities with that adopted here. The symplectic method is given in matrix form, 
although the notation is quite different. A method is given for going from the symplectic to 
the generating function approach but the path is not clear or always convincing. 


C. W. KILMISTER, Hamiltonian Dynamics. For those equipped with a modern mathematical 
background in tensor analysis and differential geometry, this little book presents an 
elegant and compact discussion with heavy emphasis on the symplectic approach. The 
author presents a “universal generator” in ņ and ¢ from whence the four types may be 
derived. 


E. J. SALETAN AND A. H. Cromer, Theoretical Mechanics. Considerable space is given to 
canonical transformations mostly from the symplectic viewpoint, but including the 
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transition to the generating function approach. Canonical is used in the sense of what is 
here called extended canonical transformation. In addition there is added the highly 
unorthodox, if not downright dangerous, notion of a canonoid transformation—one that 
is canonical only for certain types of Hamiltonians. (Most applications of canonical 
transformations depend on the property that they be canonical for all Hamiltonians.) 
Canonical transformations depending on a continuous parameter are discussed explicitly. 


E. C. G. SUDARSHAN AND N. MUKUNDA, Classical Dynamics. This is a treatment of 
mechanics permeated with a group-theoretical approach. It might be termed classical 
mechanics as viewed by theoretical-particle physicists. Much of the book is concerned 
indeed with canonical transformations and the implications of the symmetries of the 
system and the transformations. 


H. V. MCINTOSH, Symmetry and Degeneracy, in Group Theory and its Applications, vol. II, 
E. M. Loebl, ed. Reference is made again to this enthusiastic survey of the connections 
between symmetries of the system and the constants of the motion. While canonical 
transformations per se are rarely mentioned, the notion that the generators of symmetry 
operations provide the constants of motion appears quite frequently, and many examples 
are provided. 


EXERCISES 


1. One of the attempts at combining the two sets of Hamilton’s equations into one tries 
to take q and pas forming a complex quantity. Show directly from Hamilton’s equations of 
motion that for a system of one degree of freedom the transformation 


Q=q+ip, P= Q* 
is not canonical if the Hamiltonian is left unaltered. Can you find another set of 
coordinates Q’, P’ that are related to Q, P by a change of scale only, and that are canonical? 
2. a) For a one-dimensional system with the Hamiltonian 


p oil 


H=> 


wY 
Q 
ts 


show that there is a constant of the motion 


=P1_ pr 
2 


D 


b) As a generalization of part (a), for motion in a plane with the Hamiltonian 
H = |p — ar", 


where p is the vector of the momenta conjugate to the Cartesian coordinates, show that 
there is a constant of the motion 


c) The transformation Q = 2q,p = 4P is obviously canonical. However, the same 
transformation with t time dilatation, Q = jg, p = 2P, ť = 2°t, is not. Show that, however, 


a 
ig 
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the equations of motion for q and p for the Hamiltonian in part (a) are invariant under the 
transformation. The constant of the motion D is said to be associated with this invariance. 


3. In Section 8—4 some of the problems of treating time as one of the canonical variables 
are discussed. If we are able to sidestep these difficulties, show that the equations of 
transformation in which t is considered a canonical variable reduce to Eqs. (9-14) ifin fact 
the transformation does not affect the time scale. 


4. Show directly that the transformation 


; P=qcotp 


Eins 
Q = log | sin p 
q 
is canonical. 
5. Show directly that for a system of one degree of freedom the transformation 
ag 2 p? 
= arc tan —, P=— |l +55 
? p | ag? 
is canonical, where « is an arbitrary constant of suitable dimensions. 
6. The transformation equations between two sets of coordinates are 
Q = log (1 + qŻ cosp), 
P = 2(1 + q*cosp)q*sin p. 


a) Show directly from these transformation equations that Q,P are canonical 
variables if q and p are. 


b) Show that the function that generates this transformation is 
F, = — (e? — 1} tanp. 
7. a) If each of the four types of generating functions exist for a given canonical 


transformation, use the Legendre transformation to derive relations between them. 


b) Find a generating function of the F, type for the identity transformation and of the 
F, type for the exchange transformation. 

c) For an orthogonal point transformation of q in a system of n degrees of freedom, 
show that the new momenta are likewise given by the orthogonal transformation of an n- 


dimensional vector whose components are the old momenta plus a gradient in 
configuration space. 


8. Prove directly that the transformation 


is canonical and find a generating function. 


9. For the point transformation in a system of two degrees of freedom, 


Q =g, Q2 =q; +42, 


find the most general transformation equations for P, and P, consistent with the overall 


transformation being canonical. Show that with a particular choice for P, and P, the 
Hamiltonian 


2 
Py — Pa) 
aa + pr + (ah + 4)? 
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can be transformed to one in which both Q, and Q, are ignorable. By this means solve the 
problem and obtain expressions for q,, 42, p, and p, as functions of time and their initial 
values. 


10. Show that the transformation for a system of one degree of freedom, 
Q = qcosa — psin g, 
P = qsina + pcosg, 


satisfies the symplectic condition for any value of the parameter «. Find a generating 
function for the transformation. What is the physical significance of the transformation for 
a = 0? For a = 2/2? Does your generating function work for both of these cases? 


11. Determine whether the transformation 


Py ~ P2 


Q,= 4%; P=——— +1, 

1 192 A i= a, 
a2P2 — WP 

Q.=4%,+ 4; P, = 2 et t (q2 +4) 
42-1 


is canonical. 


12. Show that the direct conditions for a canonical condition are given immediately by the 
symplectic condition expressed in the form 


JM=M"N. j 


13. The set of restricted canonical transformations has the group-property as defined by 
the conditions as set forth in Exercise 9 of Chapter 7. Verify this statement once using the 
invariance of Hamilton’s principle under canonical transformation, c.f. Eq. (9-11), and 
again using the symplectic condition. 


14. By any method you choose show that the following transformation is canonical: 


Le Lo 
x =< (/2P, sinQ, + Py), Px =5(V2P, cos Q, — Q2), 


1 - a . 
y =F (/2P, cosQ,+Q.), p=- A ./2P, sin Q; — P3). 


where « is some fixed parameter. 
Apply this transformation to the problem ofa particle of charge q moving in a plane that is 
perpendicular to a constant magnetic field B. Express the Hamiltonian for this problem in 
the (Q;, R.) coordinates letting the parameter « take the form 
qB 

a 


2 
f 


From this Hamiltonian obtain the motion of the particle as a function of time. 


15. Find under what conditions 
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where « and f are constants, represents a canonical transformation for a system of one 
degree of freedom, and obtain a suitable generating function. Apply the transformation to 
the solution of the linear harmonic oscillator. 


16. Prove that the transformation 
Q =q}; Q2 = qz SEC pr, 


cos pa — 2q- ; 
P, = P1 COS Pa — “42 P, = sin P2 — 24, 
2q, COS pa 


is canonical, by any method you choose. Find a suitable generating function that will lead 
to this transformation. 


17. a) Show that the transformation 


p — iaq 
2ia 


Q=p+iaq, P= 


is canonical and find a generating function 
b) Use the transformation to solve the linear harmonic oscillator problem. 


18. a) The Hamiltonian for a system has the form 
1/1 fu, 
H -35 + pat); 
2\q 


Find the equation of motion for q. 
b) Find a canonical transformation that reduces H to the form of a harmonic 


oscillator. Show that the solution for the transformed variables is such that the equation of 


motion found in part (a) is satisfied. 


19. A system of n particles moves in a plane under the influence of interaction forces 
derived from potential terms depending only upon the scalar distances between particles. 


a) Using plane polar coordinates for each particle (relative to a common origin), 
identify the form of the Hamiltonian for the system. 

b) Find a generating function for the canonical transformation that corresponds to a 
transformation to coordinates rotating in the plane counterclockwise with a 
uniform angular rate w (the same for all particles). What are the transformation 
equations for the momenta? 

c) What is the new Hamiltonian? What physical significance can you give to the dif- 
ference between the old and the new Hamiltonian? 


20. a) In the problem of small oscillations about steady motion, show that at the point of 
steady motion all the Hamiltonian variables ņ are constant. If the values for steady motion 
are no So that q = ny + &, show that to lowest nonvanishing approximation the effective 
Hamiltonian for small oscillation can be put as 


H(i, 6) = 3688, 


where § is a square matrix with components functions of 4 only. 
b) Assuming all frequencies of small oscillation are distinct, let M be a square 
2n x 2n matrix formed by the components of a possible set of eigenvectors (for both 
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positive and negative frequencies). Only the directions of the eigenvectors are fixed, not 
their magnitudes. Show that it is possible to apply conditions to the eigenvectors (in effect 
fixing their magnitudes) that make M the Jacobian matrix of a canonical transformation. 

c) Show that the canonical transformation so found transforms the effective 
Hamiltonian to the form 

H= 1020 ;q ;P;» 

where w, is the magnitude of the normal frequencies. What are the equations of motion in 
this set of canonical coordinates? 

d) Finally, show that 

2 


I j 2 
F, = 4;P; tzo ya 


leads to a canonical transformation that decomposes H into the Hamiltonians for a set of 
uncoupled linear harmonic oscillators that oscillate in the normal modes. 


21. a) Using the fundamental Poisson brackets find the values of « and £$ for which the 
equations 


Q=q'coshp, p=qsinBp 
represent a canonical transformation. 
b) For what values of « and B do these equations represent an extended canonical 
transformation? Find a generating function of the F, form for the transformation. 


c) On the basis of part (b), can the transformation equations be modified so that they 
describe a canonical transformation for all values of £3 


22. For the symmetric rigid body obtain formulas for evaluating the Poisson brackets 
CASO SO, p 

where 0, @, and w are the Euler angles, and f is any arbitrary function of the Euler angles. 

23. A charged particle moves in space with a constant magnetic field B such that 


A =3(B x r) 
a) Ifv; are the Cartesian components of the velocity of the particle, evaluate the Poisson 
brackets 
[vno], ie f=1,2,3. 
b) If p; is the canonical momentum conjugate to x;, also evaluate the Poisson brackets 
[xav] [pae], 
[x;, Pj], [pi B;]- 


24. The semimajor axis a of the elliptical Kepler orbit and the eccentricity e are functions 
of first integrals of the motion and therefore of the canonical variables. Similarly, the mean 
anomaly 


¢=oa(t—- T) = y — esin y 


is a function ofr, 8, and the conjugate momenta. Here Tis the time of periapsis passage and 
is a constant of motion. Evaluate the Poisson brackets that can be formed of a, e, $, w, and 
T. There are in fact only nine nonvanishing distinct Poisson brackets out of these 
quantities. 
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25. Show that the Jacobi identity is satisfied if the Poisson bracket sign stands for the 
commutator of two square matrices: 


[A, B] = AB — BA. 
Show also that for the same representation of the Poisson bracket that 


[A, BC] = [A, B]C + B[A,C]. 


26. Prove Eq. (9-83) using the symplectic matrix notation for the Lagrange and Poisson 
brackets. 


27. Verify the analog of the Jacobi identity for Lagrange brackets, 


a l a 1 a 1 
C{u,v}  ôfu,w}  ôfw,u} 
— 4. + = 


cw Cu ĉu 


where u, v, and w are three functions in terms of which the (q, p) set can be specified. 
28. a) Prove that the Poisson bracket of two constants of the motion is itself a constant of 
the motion even when the constants depend on time explicitly. 
b) Show that if the Hamiltonian and a quantity F are constants of the motion, then the 
nth partial derivative of F with respect to t must also be a constant of the motion. 
c) As an illustration of this result, consider the uniform motion of a free particle of 
mass m. The Hamiltonian is certainly conserved, and there exists a constant of the motion 
t 
F=x— ads 
m 
Show by direct computation that the partial derivative of F with t, which is a constant of 
the motion, agrees with [H, F]. 
29. Show by the use of Poisson brackets that for a one-dimensional harmonic oscillator 
there is a constant of the motion u defined as 


u(q, p,t) = In (p + im oq) — iat, w= j>. 


What is the physical significance of this constant of the motion? 


30. A system of two degrees of freedom is described by the Hamiltonian 


H =q,Pı — 92P2 — agi + bq. 
Show that 
Pı — aq, 


F = 
! 42 


and Fy = 4442 


are constants of the motion. Are there any other independent algebraic constants of the 
motion? Can any be constructed from Jacobi’s identity? 


31. Set up the magnetic monopole described in Exercise 23 (Chapter 3) in Hamiltonian 
formulation (you may want to use spherical polar coordinates). By means of the Poisson 
bracket formulation show that the quantity D defined in that exercise is conserved. 
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32. Obtain the motion in time of a linear harmonic oscillator by means of the formal 
solution for the Poisson bracket version of the equation of motion as derived from Eq. 
(9-116). Assume that at time t = 0 the initial values are xp and py. 
33. A particle moves in one dimension under a potential 
mk 

ere 
Find x as a function of time, by using the symbolic solution of the Poisson bracket form for 
the equation of motion for the quantity y = x°. Initial conditions are that at t = 0, x = Xo, 
and v= 0. 


34. a) Verify that Eq. (9-123) can be written in dyadic form as 
[F,L] = -1 x F= —F x1. 


b) Show that if n is a unit vector normal to the orbital plane of central force motion, 
then if F is any vector of position and momentum only, it follows that 


F x (1 — nn) 
[Fa] = -nn 
where L is the magnitude of the orbital angular momentum. 


35. a) Fora single particle show directly, i.e., by direct evaluation of the Poisson Brackets, 
that if u is a scalar function only of r°, p°, and r-p, then 


[u, L] = 0. j 
b) Similarly show directly that if F is a vector function, 
F = ur + vp + w(r x p), 
where u, v, and w are scalar functions of the same type as in part (a), then 


[F;,L;] = ij Fe 


36. a) Using the theorem concerning Poisson brackets of vector functions and 
_ components of the angular momentum, show that if F and G are two vector functions of 
the coordinates and momenta only, then 
[F-L,G-L] = L: (G x F) + LL,[F, G,]. 
b) Let L be the total angular momentum of a rigid body with one point fixed and let 
L, be its component along a set of Cartesian axes fixed in the rigid body. By means of part 
(a) find a general expression for 


[LoL] v= 1,2,3. 


(Hint: Choose for F and G unit vectors along the p and v axes.) 
c) From the Poisson bracket equations of motion for L, derive Euler’s equations of 
motion for a rigid body. 


37. Set up the problem of the spherical pendulum in the Hamiltonian formulation, using 
spherical polar coordinates for the q;. Evaluate directly in terms of these canonical 
variables the following Poisson brackets: 


[LoL] [LL] Bee 


Ż 
i 
g 
a 
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showing that they have the values predicted by Eq. (9-128). Why is it that pọ and p, can be 
used as canonical momenta, although they are perpendicular components of the angular 
momentum? 


38. On page 419 above it is shown that ifany two components of the angular momentum 
are conserved, then the total angular momentum is conserved. If two of the components 
are identically zero, the third must be conserved. From this it would appear to follow that 
in any motion confined to a plane, so that the components of the angular momentum in the 
plane are zero, the total angular momentum is constant. There appear to be a number of 
obvious contradictions to this prediction; e.g., the angular momentum of an oscillating 
spring in a watch, or the angular momentum ofa plane disk rolling down an inclined plane 
in the vertical plane. Discuss the force of these objections and whether the statement of the 
theorem requires any restrictions. 
39. a) Show from the Poisson bracket condition for conserved quantities that the 
Laplace—Runge—Lenz vector A, 
mkr 
À = px L— FE 

is a constant of the motion for the Kepler problem. 

b) Verify the Poisson bracket relations for the components of A as given by Eq. 
(9-131). 
40. a) Verify that the components ofthe two dimensional matrix A, defined by Eq. (9-141) 
are constants of the motion for the two dimensional isotropic harmonic oscillator problem. 

b) Verify that the quantities S;, i = 1,2,3, defined by Eqs. (9-144), (9-145), (9-146), 
have the properties stated in Eqs. (9-147) and (9-148). 


CHAPTER 10 
Hamilton-Jacobi Theory 


It has already been mentioned that canonical transformations may be used to 
provide a general procedure for solving mechanical problems. Two methods have 
been suggested. If the Hamiltonian is conserved then a solution could be obtained 
by transforming to new canonical coordinates that are all cyclic, since the 
integration of the new equations of motion becomes trivial. An alternative 
technique is to seek a canonical transformation from the coordinates and 
momenta, (q, p), at the time t, to a new set of constant quantities, which may be the 
2n initial values, (qq, Po), at t = 0. With such a transformation, the equations of 
transformation relating the old and new canonical variables are then exactly the 
desired solution of the mechanical problem: 


4 = 4(đūo; Po; £), 
P = P(o: Post) 


for they give the coordinates and momenta as a function of their initial values and 
the time. This last procedure is the more general one, especially as it is applicable, 
in principle at least, even when the Hamiltonian involves the time. We shall 
therefore begin our discussion by considering how such a transformation may be 
found. 


10-1 THE HAMILTON-JACOBI EQUATION 
FOR HAMILTON’S PRINCIPAL FUNCTION 


We can automatically ensure that the new variables are constant in time by 
requiring that the transformed Hamiltonian, K, shall be identically zero, for then 
the equations of motion are 


OK : 
be EN 
JP Q; = 90, 
(10-1) 
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JS Pag 
60; 


438 


ii 


eb — 


i 


enn ta okies RAIN 


10-1 HAMILTON'S PRINCIPLE FUNCTION 439 


As we have seen, K must be related to the old Hamiltonian and to the generating 
function by the equation 
OF 
K=H+—, 
ôt 


and hence will be zero if F satisfies the equation 


A(q, p, t) + ae 0. (10-2) 
ot 

It is convenient to take F as a function of the old coordinates q,, the new constant 

momenta P, and the time; in the notation of the previous chapter we would 

designate the generating function as F,(q, P,t). To write the Hamiltonian in Eq. 

(10-2) as a function of the same variables, use may be made of the equations of 

transformation (cf. Eq. 9—17a), 


OF, 
Pi = a; 
so that Eq. (10-2) becomes 
OF, OF, | OF, 


Pre ri ery =0. (10-3) 
Equation (10-3), known as the Hamilton-Jacobi equation, constitutes a partial 
differential equation in (n + 1) variables, q,,...,q,,3 t, for the desired generating 
function. It is customary to denote the solution of Eq. (10-3) by S and to call it 
Hamilton’s principal function. 

Of course, the integration of Eq. (10-3) only provides the dependence on the 
old coordinates and time; it would not appear to tell how the new momenta are 
contained in S. Indeed the new momenta have not yet been specified except that we 
know they must be constants. However, the nature of the solution indicates how 
the new P?s are to be selected. 

Mathematically Eq. (10-3) has the form of a first-order partial differential 
equation in n + 1 variables. Suppose that there exists a solution to Eq. (10-3) of 
the form 


Al Gy ,---54n3 


F, = S = S(91,---54ni #15 -+3413 É) (10-4) 


where the quantities «,,...,0,., are n + 1 independent constants of integration. 
Such solutions are known as complete solutions of the first-order partial 
differential equation.* One of the constants of integration, however, is in fact 


_ * Equation (10-4) is not the only type of solution possible for Eq. (10-3). The most general 


form of the solution involves one or more arbitrary functions rather than arbitrary 
constants. See, for example, R. Courant and D. Hilbert: Methods of Mathematical Physics, 
Vol. II, 1962, pp. 24-28, and V. I. Smirnov: A Course of Higher Mathematics, Vol. IV, 1964, 
Section 111. Nor is there necessarily a unique solution of the form (10-4). There may be 
several complete solutions for the given equation. But all that is important for the 
subsequent argument is that there exist a complete solution. 
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irrelevant to the solution, for it will be noted that S itself does not appear in Eq. 
(10-3); only its partial derivatives with respect to q or t are involved. Hence, if S is 
some solution of the differential equation, then S + g, where g is any constant, 
must also be a solution. One of the n + 1 constants of integration in Eq. (10-4) 
must therefore appear only as an additive constant tacked on to S. But by the 
same token an additive constant has no importance in a generating function, 
since only partial derivatives of the generating function occur in the 
transformation equations. Hence for our purposes a complete solution to Eq. 
(10-3) can be written in the form 


S = S(Gy5---5 4nd Arrei Ait) (10-5) 


where none of the n independent constants is solely additive. In this mathematical 

garb S tallies exactly with the desired form for an F, type of generating function, 

for Eq. (10-5) presents S as a function of n coordinates, the time t, and n 

independent quantities «;. We are therefore at liberty to take the n constants of 

integration to be the new (constant) momenta: 
P, = qi. 


i = % (10-6) 
Such a choice does not contradict the original assertion that the new momenta 
are connected with the initial values of q and p at the time tọ. The n 
transformation equations (9-17a) can now be written as 


_ 9S(q,%, t) 
Pi = ôq; 2 


(10-7) 


where q, « stand for the complete set of quantities. At the time tą these constitute n 
equations relating the n ’s with the initial q and p values, thus enabling one to 
evaluate the constants of integration in terms of the specific initial conditions of 
the problem. The other half of the equations of transformation, which provide the 
new constant coordinates, appear as 


_ 6S(q, æ, t) 
O ĝe 


(10-8) 


The constant f’s can be similarly obtained from the initial conditions, simply by 
calculating the value of the right side of Eq. (10—8) at t = tọ with the known initial 
values of q;. Equations (10-8) can then be “turned inside out” to furnish q; in 
terms of g, B, and t: 


q; = 4 Bt), (10-9) 


A 


10-1 HAMILTON’S PRINCIPAL FUNCTION 44i 


which solves the problem of giving the coordinates as functions of time and the 
initial conditions.* After the differentiation in Eqs. (10-7) has been performed, 
Eqs. (10-9) may be substituted for the q’s, thus giving the momenta p, as functions 
of the g, B, and t: 


pi = pi% B, t). (10-10) 


Equations (10-9) and (10-10) thus constitute the desired complete solution of 
Hamilton’s equations of motion. 

Hamilton’s principal function is thus the generator of a canonical 
transformation to constant coordinates and momenta; when solving the 
Hamilton-Jacobi equation we are at the same time obtaining a solution to the 
mechanical problem. Mathematically speaking, we have established an 
equivalence between the 27 canonical equations of motion, which are first-order 
differential equations, to the first-order partial differential Hamilton-Jacobi 
equation. This correspondence is not restricted to equations governed by the 
Hamiltonian; indeed the general theory of first-order partial differential 
equations is largely concerned with the properties of the equivalent set of first- 
order ordinary differential equations. Essentially, the connection can be traced to 
the fact that both the partial differential equation and its canonical equations 
stem from a common variational principle, in this case Hamilton’s modified 
principle. 

To a certain extent the choice of the «,’s as the new momenta is arbitrary. One 
could just as well choose any n quantities, y,, which are independent functions of 
the g; constants of integration: 


Vi = Vil%y,--- Zp) (10-11) 


By means of these defining relations Hamilton’s principal function can be written 
as a function of q,, y; and t, and the rest of the derivation then goes through 
unchanged. It often proves convenient to take some particular set of y,s as the 
new momenta, rather than the constants of integration that appear naturally in 
integrating the Hamilton—Jacobi equation. 


* As a mathematical point it may be questioned whether the process of “turning inside out” 
is feasible for Eqs (10-7) and (10-8), i.e., whether they can be solved for a, and q; 
respectively. The question hinges on whether the equations in each set are independent, for 
otherwise they are obviously not sufficient to determine the n independent quantities «, or 
q; as the case may be. To simplify the notation, let S, symbolize members of the set of 
partial derivatives of S with respect to a, so that Eq. (10-8) is represented by B = S,. That 
the derivatives S, in (10-8) form independent functions of the q’s follows directly from the 
nature of a complete solution to the Hamilton—Jacobi equation; indeed this is what we 
mean by saying the n constants of integration are independent. Consequently the 
Jacobian of S, with respect to g; cannot vanish. Since the order of differentiation is 
immaterial, this is equivalent to saying that the Jacobian of Sg with respect to a; cannot 
vanish, which proves the independence of Eqs. (10-7). 
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Further insight into the physical significance of S is furnished by an 
examination of its total time derivative, which can be computed from the formula 


dS oS. a os 
dt og at’ 
since the P’s are constant in time. By Eqs. (10-7) and (10-3) this relation can also 
be written 
dS 
Se ae. 10-12 
dt DiGi ( ) 
so that Hamilton’s principal function differs at most from the indefinite time 
integral of the Lagrangian only by a constant: 


S= fz dt + constant. (10-13) 


Now, Hamilton’s principle is a statement about the definite integral of L, and 
from it we obtained the solution of the problem via the Lagrange equations. Here 
the same action integral, in an indefinite form, furnishes another way of solving 
the problem. In actual calculations the result expressed by Eq. (10-15) is of no 
help, because one cannot integrate the Lagrangian with respect to time until q; 
and p; are known as functions of time, i.e., until the problem is solved.* 


10-2 THE HARMONIC OSCILLATOR PROBLEM AS AN 
EXAMPLE OF THE HAMILTON-JACOBI METHOD 


To illustrate the Hamilton-Jacobi technique for solving the motion of 
mechanical systems we shall work out in detail the simple problem of a one- 
dimensional harmonic oscillator. The Hamiltonian is 


1 vee 2 
H =—(p? + m’ow’q’) = E, (10-14) 
2m 


where 


ee (10-15) 


* Historically the recognition by Hamilton that the time integral of L is a special solution 
of a partial differential equation came before it was seen how the Hamilton—Jacobi 
equation can furnish the solution to a mechanical problem. It was Jacobi who realized that 
the converse was true, that by the techniques of canonical transformations any complete 
solution of the Hamiltonian—Jacobi equation could be used to describe the motion of the 
system. 
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k being the force constant. One obtains the Hamilton-Jacobi equation for S by 
setting p equal to 0S/dq and substituting in the Hamiltonian; the requirement 
that the new Hamiltonian vanishes becomes 


i [ {as\? PREES os 
sal (Fe + moq +S = (0. (10-16) 


Since the explicit dependence of S on t is involved only in the last term, a solution 
for Eq. (10-16) can be found in the form 


S(q, a, t) ad W(q, a) — gt, (10-17) 


where g is a constant of integration (to be designated later as the transformed 
momentum). With this choice of solution the time can be eliminated from Eq. 
(10-16). 


: OW. ange = 10-18 
2m| \ dq era E oe) 
The integration constant « is thus to be identified with the total energy E. This can 


also be recognized directly from Eq. (10-17) and the relation (cf. Eq. (10-3)) 


os 
—+H=0 
T i 


which then reduces to 
H =g. 


Equation (10-18) can be integrated immediately to 


2,2 
We Sima de j1 = oe 
Qo 
mo?q? 
S= /2ma | dq |l1— 7% — at. (10-19) 


While the integration involved in Eq. (10-19) is not particularly difficult there is 
no reason to carry it out at this stage, for what is desired is not S but its partial 
derivatives. The solution for q arises out of the transformation equation (10-8): 


os |m dq 
B E ĝa ~ 2a Í mq? ~ b 
5 era 
20 


which can be integrated without trouble as 


so that 


i : 
t+p= zae sinq (10-20) 


fe a 
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Equation (10-20) can be immediately “turned inside out” to furnish q as a 
function of t and the two constants of integration « and £: 


2a. 
= |— si t i 10-21 
q= |Zzsinot + p) (10-21) 


which is the familiar solution for a harmonic oscillator. Formally, the solution for 
the momentum comes from the transformation equation (10-7), which, using Eq. 
(10-18), can be written 


ô ow m 
p= s an J2ma — mo*q?. 
In conjunction with the solution for q, Eq. (10-21), this becomes 


p =./2ma(1 — sin? w(t + B)), 


p = ./2macosaw(t + 8B). (10-22) 


or 


Of course, this result checks with the simple identification of p as må. 

To complete the story, the constants « and 8 must be connected with the 
initial conditions qg and pọ at time t = 0. By squaring Eqs. (10-21) and Se it 
is clearly seen that g is given in terms of q and pọ by the equation 


2mo = po + mw’ qg. (10-23) 
The same result follows immediately, of course, from the previous identification 
of « as the conserved total energy E. Finally, the phase constant £ is related to qo 
and py by 
Jo 


(0 


tan œf = mw (10-24) 


Thus, Hamiltons principal function is the generator of a canonical 
transformation to a new coordinate that measures the phase angle of the 
oscillation and to a new canonical momentum identified as the total energy. 

If the solution for q is substituted into Eq. (10-19), Hamilton’s principal 
function can be written as 


S = 2g feos? w(t + p) dt — at = 2g | (c0s* a(t + B) —4)dt. 
Now, the Lagrangian is 
1 
L=—-(p? — m202¢2 
om? mw” q) 
= a(cos* w(t + B) — sin? w(t + B)) 
= 2ci(cos* w(t + f) — 4), 


sigan 
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so that S is the time integral of the Lagrangian, in agreement with the general 
relation (10-13). Note that the identity could not be proved until after the 
solution to the problem had been obtained. 


10-3 THE HAMILTON-JACOBI EQUATION FOR 
HAMILTON’S CHARACTERISTIC FUNCTION 


It was possible to integrate the Hamilton-Jacobi equation for the simple 
harmonic oscillator primarily because S could be separated into two parts, one 
involving q only and the other only time. Such a separation of variables is always 
possible whenever the old Hamiltonian does not involve time explicitly. 

If H is not an explicit function of t, then the Hamilton—Jacobi equation for S 
becomes 


The first term involves only the dependence on t, whereas the second is concerned 
only with the dependence of S on the q;. The time variable can therefore be 
separated by assuming a solution for S of the form 


S(q;5%.t) = W(q;,%;) — ot. (10-25) 


Upon substituting this trial solution, the differential equation reduces to the 
expression 
H Au 10-26 
a H = 5 ( ) 
which no longer involves the time. One of the constants of integration appearing 
in S, namely «,, is thus equal to the constant value of H. (Normally H will be the 
energy, but it should be remembered that this need not always be the case, cf. 
Section 8-2.) 

The time-independent function W appears here merely as a part of the 
generating function S when H is constant. It can also be shown that W separately 
generates its own contact transformation with properties quite different from that 
generated by S. Consider a canonical transformation in which the new momenta 
are all constants of the motion ¢;, and where «, in particular is the constant of 
motion H. Ifthe generating function for this transformation be denoted by W(q, P), 
then the equations of transformation are 


_ ôW _ ow ow 
~ aq,’ iO @P ao," 


t i 


(10-27) 


While these equations resemble Eqs. (10-9) and (10-8) for Hamilton’s principal 
function S, the condition now determining W is that H shall be equal to the new 
momentum g]: 


H (qi Pi) = %4. 
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Using Eqs. (10-27) this requirement becomes a partial differential equation for 


W: 
ow 
A ao = js 


which is seen to be identical with Eq. (10-26). Since W does not involve the time, 
the new and old Hamiltonians are equal, and it follows that K = g.. 

The function W, known as Hamilton’s characteristic function, thus generates a 
canonical transformation in which all the new coordinates are cyclic. It was noted 
in the previous chapter that when H is a constant of the motion, a transformation 
of this nature in effect solves the mechanical problem involved, for the integration 
of the new equations of motion is then trivial. The canonical equations for P,, in 
fact, merely repeat the statement that the momenta conjugate to the cyclic 
coordinates are all constant: 


A ôK 
È = -30,7 


Because the new Hamiltonian depends on only one of the moment œ; the 
equations of motion for Q; are 


0, B=0;, (10-28a) 


L 


OK 
= = =s 1, 
Q; aes 1 i 
=0 i 1, 
with the immediate solutions 
ow 
Q,=t+f,=—, 
tei By da, 
(10-—28b) 
Ow 
= =— i 1, 
Q; B; 0a; I a 


The only coordinate that is not simply a constant of the motion is Q,, which is 
equal to the time plus a constant. We have here another instance of the conjugate 
relationship between the time as a coordinate and the Hamiltonian as its 
conjugate momentum. 

The dependence of W on the old coordinates q; is determined by the partial 
differential equation (10-26), which, like Eq. (10-3), is also referred to as the 
Hamilton—Jacobi equation. There will now be n constants of integration in a 
complete solution, but again one of them must be merely an additive constant. 
Then — 1 remaining independent constants, ¢,,...,0,, together with «, may then 
be taken as the new constant momenta. When evaluated at tą the first half of Eqs. 
(10-27) serve to relate the n constants o; with the initial values of q; and p,. Finally, 
Eqs. (10—28b) can be solved for the q; as a function of «;, 8, and the time t, thus 
completing the solution of the problem. It will be noted that (n — 1) of the Eqs. 


Seer kien 


10-3 HAMILTON’S CHARACTERISTIC FUNCTION 447 


(10-28b) do not involve the time at all. One of the qs can be chosen as an 
independent variable, and the remaining coordinates can then be expressed in 
terms of it by solving only these time-independent equations. We are thus led 
directly to the orbit equations of the motion. In central force motion, for example, 
this technique would furnish r as a function of 0, without the need for separately 
finding r and @ as functions of time. 

It is not necessary always to take g, and the constants of integration in Was 
the new constant momenta. Occasionally it is desirable rather to use some 
particular set of n independent functions of the ,’s as the transformed momenta. 
Designating these constants by y; the characteristic function W can then be 
expressed in terms of q; and y; as the independent variables. The Hamiltonian will 
in general depend upon more than one of the y,’s and the equations of motion for 
Ò; become 

. OK 


=— = y, 
mt ay; (Ed 


where the vs are functions of y,. In this case all the new coordinates are linear 
functions of the time: 


Q; = vit + B;. 
The characteristic function W possesses a physical significance similar to that 


for S. As W does not involve time explicitly, its total time derivative is 


dw ow, a his 
a aq, qi = Didi. 


(10-29) 


and hence 


W = [pa dt = | eda. (10-13’) 
The above integrals will be recognized as defining the abbreviated action, as used 
in Section 8—6. Again, this information is of little practical help; the form of W 
cannot be found a priori without obtaining a complete integral of the 
Hamilton-Jacobi equation. The procedures involved in solving a mechanical 
problem by either Hamilton’s principal or characteristic function may now be 
summarized in the following tabular form: 
The two methods of solution are applicable when the Hamiltonian 

is any general function of q, p, t: is conserved: 


H(q, p, t). 


We seek canonical transformations to new variables such that 


H(q, p) = constant. 


all the coordinates and momenta 
Q;, P, are constants of the motion. 


all the momenta F, are constants. 


| 
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To meet these requirements it is sufficient to demand that the new Hamiltonian 
shall vanish identically: 


K=0. K = H(P) = %. 


shall be cyclic in all the coordinates: 


Under these conditions the new equations of motion become 


OK OK 
Q; = OP, = 0, i OP. = Nip 
OK OK 
| nore y= = 0, 
: Q Q 


with the immediate solutions 


Q: = B;, | QO; = vit + B; 
F z Yis F, s= Yi 
which satisfy the stipulated requirements. \ 


The generating function producing the desired transformation is Hamilton’s 
Principal Function: | Characteristic Function: 


S(q, P,t), W(q, P), 


satisfying the Hamilton—Jacobi partial differential equation: 


os fâ] ow 
alas ee 25, | nfa] —a, =0. 
q ôq 


A complete solution to the equation contains 


n nontrivial constants of integra- 
tion 045... , On 


n — 1 nontrivial constants of integra- 
tion which together with «, form a set 
of n independent constants ,,..., 


a 
The new constant momenta, P = y; can be chosen as any n independent 


functions of the n constants of integration: 


P = yis- Oah | P, = yi1- -3 4n), 


so that the complete solutions to the Hamilton-Jacobi equation may be 
considered as functions of the new momenta: 


S = S(q;, Yi t). | W = Wq; Y:)- 


PEA ASTEEELIN 
sre os P onsen ae Ha NUD Maen 
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In particular, the ys may be chosen to be the «,’s themselves. One half of the 
transformation equations, 


os ow 
Pi = = 


=i; Pi =g 


are fulfilled automatically, since they have been used in constructing the 
Hamilton-Jacobi equation. The other half, 


ô 
Q; = x = v(t + Bi 
can be solved for q; in terms of t and the 2n constants f,, y;. The solution to the 
problem is then completed by evaluating these 27 constants in terms of the initial 
values, (q;9, Pio), of the coordinates and momenta. 

When the Hamiltonian does not involve time explicitly, both methods are 
suitable, and the generating functions are then related to each other according to 
the formula 

S(q, P, t) = W(q, P) — œt. 


10-4 SEPARATION OF VARIABLES IN THE 
HAMILTON-JACOBI EQUATION 


It might appear from the preceding section that little practical advantage has 
been gained through the introduction of the Hamilton-Jacobi procedure. 
Instead of solving the 2n ordinary differential equations that make up the 
canonical equations of motion, one now must solve the partial differential 
Hamilton-Jacobi equation, and partial differential equations are notoriously 
complicated to solve. Under certain conditions, however, it is possible to separate 
the variables in the Hamilton—Jacobi equation, and the solution can then always 
be reduced to quadratures. In practice the Hamilton—Jacobi technique becomes a 
useful computational tool only when such a separation can be effected. 

A coordinate q; is said to be separable in the Hamilton-Jacobi equation 
when (say) Hamilton’s principal function can be split into two additive parts, one 
of which depends only on the coordinate q, and the other is entirely independent 
of q,. Thus, if q, is taken as a separable coordinate, then the Hamiltonian must be 
such that one can write 


NY (PN: Ce: Oe 9 = S1 (q1 0e n3t) sO (/ PN ROL” SCSI 
(10-30) 
and the Hamilton-Jacobi equation can be split into two equations—one 
separately for S, and the other for S’. Similarly the Hamilton-Jacobi equation is 
described as completely separable (or simply, separable) ifall the coordinates in the 
problem are separable. A solution for Hamilton’s principal function of the form 


S = Ù Sige cet) (10-31) 


450 HAMILTON-JACOBI THEORY 


will then split the Hamilton—Jacobi equation into n equations of the type 


mfa; So at = a; (10-32) 
t 

(no summation!). The constants œ; are referred to now as the separation 
constants. Each of the Eqs. (10-32) involves only one of the coordinates q; and the 
corresponding partial derivative of S; with respect to q,. They are therefore a set of 
ordinary differential equations of a particularly simple form. Since the equations 
are only of first order, it is always possible to reduce them to quadratures; one has 
only to solve for the partial derivative of S; with respect to q; and then integrate 
over qi- 

The transition from Hamilton’s principal function S to the characteristic 
function for conservative mechanical systems can be treated as an instance where 
t is a separable variable in the Hamilton—Jacobi equation. In such case one seeks 
a solution for S of a form corresponding to that prescribed by Eq. (10-30): 


Sq, GC, t) = Sol, t) + W(q, a). (10-32) 


Since, under the assumption, H is not an explicit function of time, the 
Hamilton—Jacobi equation with this trial solution becomes 


aw\ aS, 
ala ya + is 0. (10-33) 


The first term in Eq. (10-33) is independent of t and can depend only on the qs, 
while the second term can be a function at most of t. Hence the equation can hold 
only if the two terms are both constant, with equal and opposite values 


So _ ao, (10-34a) 
ôt 
aw 
Hae = 0. (10-34b) 
ôq 


The first equation is solved by Sọ = — gt, as in Eqs. (10—17) and (10-25), while 
the second is the Hamilton-Jacobi equation for W. The constant value of the 
Hamiltonian, «,, thus appears in this procedure in the guise of the separation 
constant. 

It is possible to find examples in which the Hamilton-Jacobi equation can be 
solved without separating the time variable (e.g., Exercise 8). Nonetheless, almost 
all useful applications of the Hamilton—Jacobi method involve Hamiltonians not 
explicitly dependent on the time, for which therefore t is a separable variable. The 
subsequent discussion on separability will therefore be restricted to such systems 
where H is a constant of the motion, and Hamilton’s characteristic function W 
will be used exclusively. 


piaia ; 
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We can easily show that any cyclic or ignorable coordinate is separable. 
Suppose that the cyclic coordinate is q,; the conjugate momentum p, is a 
constant, say y. The Hamilton—Jacobi equation for W is then 


H ow ow s en 
23+- 4ni Vi gre a] = A. = 
a ôq, O4n ! 
If we try a separated solution of the form 
W = W, (41:8) + W'(q23-- -34n &)s (10-36) 


then it is obvious that Eq. (10-35) involves only the separate function W’, while 

W, is the solution of the equation 

_ ôW, 
ôq, ` 


(10-37) 


The constant y is thus the separation constant, and the obvious solution for W, 
(to within a trivial additive constant) is 


W,=741, 
and W is given by 
W= W' + yq,- (10-38) 


There is an obvious resemblance between Eq. (10-38) and the form S assumes 
when H isnot an explicit function of time, Eq. (10-25). Indeed both equations can 
be considered as arising under similar circumstances. We have seen that t may be 
considered in some sense as a generalized coordinate with — H as its canonical 
momentum, cf. Eq. (8—58). If H is conserved, then t may be treated as a cyclic 
coordinate and Eq. (10-34a) then directly corresponds to Eq. (10-37) leading to 
similar solutions. 

Ifall but one of the coordinates are cyclic, then by repeated application of the 
procedure used above the Hamilton-Jacobi equation can be completely 
separated. To exhibit the separation specifically it is convenient this time to 
designate q, as the noncyclic coordinate so that all conjugate momenta p; i > 1, 
are constants «,,...,%,. Following the same steps as for a single cyclic 
coordinate, the separated form for W then appears as 


W= Wig) = Milana + 2 od (10-39) 


(cf. Eq. (10-38)). Here W, is the solution of the reduced Hamilton-Jacobi 
equation: 


= Oy. (10-40) 
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Since this is an ordinary first-order differential equation in the independent 
variable q,, it can be immediately reduced to quadratures, and the complete 
solution for W can be obtained.* 

In general, a coordinate q; can be separated if q; and the conjugate 
momentum p, can be segregated in the Hamiltonian into some function {(q;, p;) 
that does not contain any of the other variables. If we then seek a trial solution of 
the form 


W= Wi(qj.%) F W'(q;,%), 


where q; represents the set of all q’s except q,, then the Hamilton—Jacobi equation 


appears as 
ow’ ôW, 
—o „——]] = 0. 10-41 
nfa ôq; sa, 7a | Oy ( ) 
In principle, at least, Eq. (10-41) can be inverted so as to solve for f: i 
ow, ow’ 
| =g|q; a's 10-42 
slar | e(a aa: a (10-42) 


The argument used previously in connection with Eq. (10-33) holds here in 
slightly varied guise: f is not a function of any of the q’s except q,; g on the other 
hand is independent of g,. Hence Eq. (10-42) can hold only if both sides are equal 
to the same constant, independent of all q’s: 


| (10-43) 


and the separation of the variable has been accomplished. 

It must be emphasized that the separability of the Hamilton—Jacobi equation 
depends not only on the physical problem involved but also on the choice of the 
system of generalized coordinates employed. Thus, the one-body central force 
problem is separable in polar coordinates, but not in Cartesian coordinates. For 


* The form of (10-39) may also be arrived at by the following considerations. It must be 
remembered that W is to be the generating function for a transformation to new 
coordinates that are all cyclic. Butifq,,...,q, are already cyclic, no further transformation 
is needed for them. As far as they are concerned, W can be the identity transformation. 
Since the g/s are the new momenta, the summation in (10-39) can be written as 


Y q;P;> 


which will be recognized as the generator of the identity transformation (cf. Eq. (9—25)) for 
the coordinates q,,....4,,- 


Arles 
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some problems it is not at all possible to completely separate the 
Hamilton-Jacobi equation, the famous three-body problem being one 
illustration. On the other hand, in many of the basic problems of mechanics and 
atomic physics separation is possible in more than one set of coordinates. In 
general it is feasible to solve the Hamilton-Jacobi equation in closed form only 
when the variables are completely separable. Considerable ingenuity has 
therefore been devoted to finding the separable systems of coordinates 
appropriate to each problem. 

No simple criterion can be given to indicate what coordinate systems lead to 
separable Hamilton—Jacobi equations for any particular problem. In the case of 
orthogonal coordinate systems the so-called Staeckel conditions have proved 
useful. They provide necessary and sufficient conditions for separability under 
certain circumstances. A proof of the sufficiency of the conditions will be found in 
Appendix D (which also lists further references to the literature on the subject). 
The Staeckel conditions themselves will be stated here, along with an illustration 
of their application. 

The following restrictions are placed on the type of situation concerned: 


1. The Hamiltonian is conserved. 
2. The Lagrangian is no more than a quadratic function of the generalized 
velocities, so that the Hamiltonian takes the form (cf. Eq. (8—19)): 


H = 3(p — a)T"'(p — a) + V(q). (10-44) 


3. The set of generalized coordinates q; forms an orthogonal system of 
coordinates, so that the matrix T is diagonal. It follows that the inverse matrix 
TŻ is also diagonal with nonvanishing elements: 


(no summation). (10-45) 


Bec 
mhay 


ii 


For problems and coordinates satisfying this description, the Staeckel conditions 
state that the Hamilton-Jacobi equation will be completely separable if 

a. the vector a has elements a; that are functions only of the corresponding 
coordinate, that is, a, = a;(q;); 

b. the potential function V(q) can be written as a sum of the form 


Va. 
V(q)= ma : (10-46) 


ii 


c. there exists an n x n matrix @ with elements ¢,, = ¢,;(q;) such that 


(7i); 


1 
== (no summation). (10-47) 
Ty 
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If the Staeckel conditions are satisfied, then Hamilton’s characteristic 
function is completely separable: 


W(q) = > W (qi), 


with the W, satisfying equations of the form 


2 


wW 2 , 
E = a| = —2V,(q;) + 2;;);; (10-48) 


where y; are constants of integration (and there is summation only over the 
index j). 

While these conditions appear mysterious and complicated, their application 
usually is fairly straightforward. As an illustration of some of the ideas developed 
here about separability, the Hamilton-Jacobi equation for a particle moving in a 
central force will be discussed in polar coordinates. The problem will then be 
generalized to arbitrary potential laws, to furnish an application of the Staeckel 
conditions. 

Let us first consider the central force problem in terms of the polar 
coordinates (r, y) in the plane of the orbit. The motion then involves only two 
degrees of freedom and the Hamiltonian has the form 


1 


2 
2m 


Dp; + z + V(r), (10-49) 


and is cyclic in y. Consequently Hamilton’s characteristic function appears as 
W= W,(r) + aw, > (10-50) 


where æ, is the constant angular momentum py conjugate to w. The 
Hamilton—Jacobi equation then becomes 


g 


2 2 
ap | + — + 2mV(r) = 2ma,, (10-51) 


where «, is the constant identified physically as the total energy of the system. 
Solving Eq. (10-51) for the partial derivative of W, we obtain 


mi = /2m(a, — V) — y 


so that W is 


W= {a ame, ~—V)- 4 +a. (10-52) 
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With this form for the characteristic function the transformation equations 
(10-28b) appear as 


ow mdr 
t+ B,= = ; (10-53a) 
GA aż 
2m(a, — V) — Æ 
r2 
and 
ow ty dr 
E Cy sgy (10-53b) 
Ooty, 2 ay 
r [2m(a, — V) — -5 


r 


Equation (10-53a) furnishes r as a function of t and agrees with the 
corresponding solution, Eq. (3—18), found in Chapter 3, with œ, and œ, written 
explicitly as E and l, respectively. It has been remarked previously that the 
remaining transformation equations for Q;, here only Eq. (10-53b), should 
provide the orbit equation. If the variable of integration in Eq. (10—-53b) is 
changed to u = 1/r, the equation reduces to 


du 
w= Bp, - aoe 
—(4, -V)-w 


oy, 
which agrees with Eq. (3—37) previously found for the orbit, identifying y as 0 and 
By as Oo. 

As a further example of separation of variables, we shall examine the same 
central force problem, but in spherical polar coordinates, that is, ignoring our a 
priori knowledge that the orbit lies in a plane. The appropriate Hamiltonian has 
been shown to be (cf. Eq. (8—21)): 


+ V(r). (10-54) 
If the variables in the corresponding Hamilton—Jacobi equation are separable, 
then Hamilton’s characteristic function must have the form 
W = Wir) + WA(8) + WCG). (10-55) 
The coordinate ¢ is cyclic in the Hamiltonian and hence 
W, = a4 (10-56) 


where g is a constant of integration. In terms of this form for W, the 
Hamilton—Jacobi equation reduces to 


2 2 2 


or 171 \ 60 in? @ 
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where we have explicitly identified the constant Hamiltonian with the total 
energy E. Note that all dependence on 9, and on @ alone, has been segregated into 
the expression within the square brackets. The Hamilton—Jacobi equation then 
conforms to the appearance of Eq. (10-41), and following the argument given 
there we see that the quantity in the square brackets must be a constant: 


aw, \? n 
06 
Finally the dependence of Won r is given by the remains of the Hamilton—J acobi, 
equation: 


Fi 
ua 
$ 2 
- = Of. 10-58 
sin?9 ° ( ) 


p (10-59) 


2 g2 
= | + e = 2m(E — V(r)). 


The variables in the Hamilton-Jacobi equation are thus completely separated. 
Equations (10-58) and (10-59) may be easily reduced to quadratures providing 
at least a formal solution for W,(0) and W,(r), respectively. 

Note that the constants of integration «,, %», «, all have directly recognizable 
physical meanings. The quantity œ, is, of course, the constant value of the angular 
momentum about the polar axis: 


ow, 
Xs = Py = FE (10-60) 
To identify « Eq. (10-58) can be rewritten as 
p2 
A t =o 10-58’ 
Po + sin? 0 Xg» ( ) 
so that the Hamiltonian, Eq. (10-54) appears as 
= AG + s + V(r) (10-54’) 
2m r 


Comparison with Eq. (10-49) for the Hamiltonian as expressed in terms of polar 
coordinates in the plane of the orbit shows that «, is the same as p,, the magnitude 
of the total angular momentum: 


Oy = py =l. (10-61) 


Lastly, «, is of course the total energy E. Indeed the three differential equations for 
the component parts of W can be looked on as statements of conservation 
theorems. Equation (10-60) says the z component of the angular momentum 
vector, L, is conserved, while Eq. (10-58) states the conservation of the 
magnitude, /, of the angular momentum. And Eq. (10-59) is a form of the energy 
conservation theorem. 

In this simple example some of the power and elegance of the 
Hamilton-Jacobi method begins to be apparent. A few short steps suffice to 


ij 
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obtain the dependence of r on t and the orbit equation, Eqs. (10—53a and b), 
results derived earlier only with considerable labor. The conserved quantities 
of the central force problem also appear automatically. Separation of variables 
for the purely central force problem can also be performed in other coordinate 
systems, e.g., parabolic coordinates, and the conserved quantities appear there in 
forms appropriate to the particular coordinates. 

Finally, we can employ the Staeckel conditions to find the most general form 
of a scalar potential V for a single particle for which the Hamilton—Jacobi 
equation is separable in spherical polar coordinates. The matrix of the Staeckel 
conditions depends only on the coordinate system and not on the potential. Since 
the Hamilton—Jacobi equation is separable in spherical polar coordinates for at 
least one potential, i.e., the central force potential, it follows that the matrix o does 
exist. The specific form of ¢ is not needed to answer our question.* Further, since 
a by hypothesis is zero, all we need do is apply Eq. (10-46) to find the most 
general separable form of V. From the kinetic energy (see. p.345), the diagonal 
elements of T are 


2 ag 2 ata 2 
T, =m, Too = mu”, Tyg = mr sin” 0. 


By Eq. (10-40) it follows that the desired potential must have the form 


via) = vr) + PO 4 Ye) 


ere 10-62 
r? r? sin? 0 (osa) 


It is easy to verify directly that with this potential the Hamilton-Jacobi equation 
is still completely separable in spherical polar coordinates. 


10-5 ACTION-ANGLE VARIABLES IN SYSTEMS OF 
ONE DEGREE OF FREEDOM 


Of especial importance in many branches of physics are systems in which the 
motion is periodic. Very often we are interested not so much in the details of the 
orbit as in the frequencies of the motion. A very elegant and powerful method of 
handling such systems is provided by a variation of the Hamilton-Jacobi 
procedure. In this technique the integration constants «, appearing directly in the 
solution of the Hamilton-Jacobi equation are not themselves chosen to be the 
new momenta. Instead we use suitably defined constants J;, which form a set of n 
independent functions of the «,’s, and which are known as the action variables. 

For simplicity we shall first consider in this section systems of one degree of 
freedom. It is assumed the system is conservative so that the Hamiltonian can be 
written as 


H(q, p) = a. 


*For the actual form of @ appropriate to spherical polar coordinates, see Appendix D. 
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(a) Libration (b) Rotation 


FIGURE 10-1 
Orbit of the system point in phase space for periodic motion of one-dimensional systems. 


Solving for the momentum, we have that 


p = P(4,%), (10-63) 


which can be looked on as the equation ofthe orbit traced out by the system point 
in the two-dimensional phase space when the Hamiltonian has the constant value 
œ. What is meant by the term “periodic motion” is determined by the 
characteristics of the phase space orbit. Two types of periodic motion may be 
distinguished : 

1. In the first type the orbit is closed, as shown in Fig. 10—1(a), and the system 
point retraces its steps periodically. Both q and p are then periodic functions of 
the time with the same frequency. Periodic motion of this nature will be found 
when the initial position lies between two zeros of the kinetic energy. It is often 
designated by the astronomical name libration, although to a physicist it is more 
likely to call to mind the common oscillatory systems, such as the one- 
dimensional harmonic oscillator. 

2. In the second type of periodic motion the orbit in phase space is such that p 
is some periodic function of q, with period qo, as illustrated in Fig. 10—1(b). 
Equivalently, this kind of motion implies that when q is increased by qo, the 
configuration of the system remains essentially unchanged. The most familiar 
example is that of a rigid body constrained to rotate about a given axis, with q as 
the angle of rotation. Increasing q by 27 then produces no essential change in the 
state of the system. Indeed, the position coordinate in this type of periodicity is 
invariably an angle of rotation, and the motion will be referred to simply as 
rotation,* in contrast to libration. The values of q are no longer bounded but can 
increase indefinitely. 


* Also sometimes designated as circulation, or revolution. 


ix 


: 
E 
È 
za 
S] 
3E 


ihi 


10-5 ACTION-ANGLE VARIABLES IN SYSTEMS OF ONE DEGREE OF FREEDOM 459 


It may serve to clarify these ideas to note that both types of periodicity may 
occur in the same physical system. The classic example is the simple pendulum 
where q is the angle of deflection 6. If the length of the pendulum is / and the 
potential energy is taken as zero at the point of suspension, then the constant 
energy of the system is given by i 

pa 


E= = — mgl cos 8. (10-64) 
2ml* 


Solving Eq. (10-64) for p,, the equation of the path of the system point in phase 
space is 


Po = £./2ml?(E + mgl cos 8). 


If E is less than mgl, then physical motion of the system can only occur for |6| less 
than a bound, 0’, defined by the equation 


E 


cos f’ = ——. 
mgl 


Under these conditions the pendulum oscillates between — 6’ and + 6’, which is a 
periodic motion of the libration type. The system point then traverses some such 
path in phase space as the curve 1 of Fig. 10-2. However, if E > mgl, all values of 0 
correspond to physical motion and 0 can increase without limit to produce a 
periodic motion of the rotation type. What happens physically in this case is that 
the pendulum has so much energy that it can swing through the vertical position 
0 = z and therefore continues rotating. Curve 3 in Fig. 10-2 corresponds to the 
rotation motion of the pendulum. The limiting case when E = mgl is illustrated 
by curves 2 and 2’ in Fig. 10-2. At this energy the pendulum arrives at 8 = z, the 
vertical position, with zero kinetic energy, that is, pọ = 0. It is then in unstable 
equilibrium and could in principle remain there indefinitely. However, if there is 
the slightest perturbation it could continue its motion either along curve 2 or 


FIGURE 10-2 
Phase space orbits for the simple 
pendulum. 
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switch to curve 2’—it could fall down either way. The point 9 = x, pọ = 0 is a 
saddle point of the Hamiltonian function H = E(p,, 0) and there are two paths of 
constant E in phase space that intersect at the saddle point. We have here an 
instance (fortunately rare) of what has come to be called a bifurcation, a 
phenomenon of increasing interest in mathematics. 


For either type of periodic motion we can introduce a new variable J. 


designed to replace «, as the transformed (constant) momentum. The so-called 
action variable J is defined as 


J= da, (10-65) 


where the integration is to be carried over a complete period of libration or of 
rotation, as the case may be. (The designation as action variable stems from the 
resemblance of Eq. (10-65) to the abbreviated action of Section 8—6. Note that J 
always has the dimensions of an angular momentum.) From Eq. (10-63) it 
follows that J is always some function of «, alone: 


a, =H = H(J). (10-66) 
Hence Hamilton’s characteristic function can be written as 
W = W(q,J). (10-67) 


The generalized coordinate conjugate to J, known as the angle variable* w, is 
defined by the transformation equation: 


ae 10-68 
y= r a 
y ar ( ) 
Correspondingly, the equation of motion for w is 

_ _ HI) _ 

v= apo v(J), (10-69) 


where v is a constant function of J only. Equation (10-69) has the immediate 
solution 


w= vt + B, (10-70) 


so that w is a linear function of time, exactly as in Eq. (10-29). 

So far the action-angle variables appear as no more than a particular set of 
the general class of transformed coordinates to which the Hamilton-Jacobi 
equation leads. Equation (10—68) could be solved for q as a function of w and J, 
which, in combination with Eq. (10-70), would give the desired solution for q as 


*The name “action-angle variables” was first used by K. Schwarzschild in an epoch- 
making paper (Sitzungber. der Kgl. Akad. d. Wiss. 1916, p. 548), which unfortunately 
marked the end of a brilliant career, cut short tragically in World War I. 
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a function of time. But when employed in this fashion the variables have no 
significant advantage over any other set of coordinates generated by W. Their 
particular merit rises rather from the physical interpretation that can be given to 
v. Consider the change in w as q goes through a complete cycle of libration or 
rotation, as given by 


ð 
Aw = dq. (10-71) 
ôq 
By (Eq. (10-68) this can also be written 
aw 
Aw = dq. 10-72 
w FEN q ( ) 
Because J is a constant, the derivative with respect to J can be taken outside the 
integral sign: 
d { ow d 
p= dq = —Ọ pdq = 1, 10-73 
Aw ios q S$ pa (10-73) 


where use has been made of the definition for J, Eq. (10-65). 

Equation (10-73) states that w changes by unity as q goes through a complete 
period. But from Eq. (10-70) it follows that ift is the period for a complete cycle of 
q, then 


Aw = | = yt. 
Hence the constant v can be identified as the reciprocal of the period, 


v= ss (10-74) 
T 

and is therefore the frequency associated with the periodic motion of q. The use of 
action-angle variables thus provides a powerful technique for obtaining the 
frequency of periodic motion without finding a complete solution to the motion of 
the system. Ifit is known a priori that a system of one degree of freedom is periodic 
according to the definitions given above, then the frequency can be found once H 
is determined as a function of J. The derivative of H with respect to J, by Eq. 
(10—69), then directly gives the frequency v of the motion. The designation of w as 
an angle variable becomes obvious from the identification of v in Eq. (10-70) as a 
frequency. It also has been remarked that J has the dimensions of an angular 
momentum, and of course the coordinate conjugate to an angular momentum is 
an angle.* 


*For some applications the action variable is defined in the literature of celestial 
mechanics as (2z)~! times the value given in Eq. (10-65) By Eq. (10-73) the 
corresponding angle variable is 2x times our definition and in place of v we have œw, the 
angular frequency. However, we shall stick throughout to the familiar definitions used in 
physics, as given above. 
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As an illustration of the application of action-angle variables to find 
frequencies, let us consider again the familiar linear harmonic oscillator problem. 
From Eqs. (10-18) and the defining equation (10-65), the constant action 
variable J is given by 


J -$ pdq => 2ma — m?w"q? dq 


where « is the constant total energy and w is such that œ° = k/m. The substitution 
2a, 
q= /—ssin@ 
VV ma? 


2n 
J= 2 Í cos? 0 dO, (10-75) 
w Jo 


reduces the integral to 


where the limits are such as to correspond to a complete cycle in q. Because the 
average of cos? 0 over a complete cycle is 1/2, Eq. (10-75) reduces simply to 


or, solving for a, 
« = H = —. (10-76) 


The frequency of oscillation is therefore 


ôH Ww 1 Jk 
ar” On -if WR 


which is the customary formula for the frequency of a linear harmonic oscillator. 
Although it is entirely unnecessary for obtaining the frequencies, it is nevertheless 
instructive (and useful for future applications) to write the solutions, Eqs. (10-21) 
and (10-22), in terms of J and w. It will be recognized first that the combination 
w(t + f) is by Eqs. (10-77) and (10-70) the same as 2xw, with the constant of 
integration suitably redefined. Hence the solutions for q, Eq. (10-21), and p, Eq. 


(10-22), take on the form 
dS oe 
q= sin 2xw, (10-78) 
mma 


ng cos 2rw. (10-79) 
y x 


Note that Eqs. (10-78) and (10-79) can also be looked on as the transformation 
equations from the (w, J) set of canonical variables to the (q, p) canonical set. 
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10-6 ACTION-ANGLE VARIABLES FOR COMPLETELY 
SEPARABLE SYSTEMS* 


Action-angle variables can also be introduced for certain types of motion of 
systems with many degrees of freedom, providing there exists one or more sets of 
coordinates in which the Hamilton—Jacobi equation is completely separable. As 
before, only conservative systems will be considered, so that Hamilton’s 
characteristic function will be used. Complete separability means that the 
equations of canonical transformation have the form 


OW, (933 Aiseee Oy) 
i aq; 2 


t 


(10-80) 


which provides each p; as a function of the q; and the n integration constants a,;: 
Pi = Pilli; %15- -+s n) (10-81) 


Equation (10-81) is the counterpart of Eq. (10-63), which applied to systems of 
one degree of freedom. It will be recognized that Eq. (10-81) here represents the 
orbit equation of the projection of the system point on the (q,, p;) plane in phase 
space. We can define action-angle variables for the system when the orbit 
equations for all of the (q;, p;) pairs describe either closed orbits (libration, as in 
Fig. 10-1a) or periodic functions of q; (rotation, as in Fig. 10—1b). 

It should be emphasized that this characterization of the motion does not 
mean that each q; and p; will necessarily be periodic functions of the time, i.e., that 
they repeat their values at fixed time intervals. Even when each of the separated 
(q;, p;) sets are indeed periodic in this sense, the overall system motion need not be 
periodic. Thus, in a three-dimensional harmonic oscillator the frequencies of 
motion along the three Cartesian axes may all be different. In such an example it 
is clear the complete motion of the particle may not be periodic. If the separate 
frequencies are not rational fractions of each other, the particle will not traverse a 
closed curve in space but will describe an open “Lissajous figure.” Such motion 
will be described as multiply-periodic. It is the advantage of the action-angle 
variables that they lead to an evaluation of all the frequencies involved in 
multiply-periodic motion without requiring a complete solution of the motion. 

In analogy to Eq. (10-65) the action variables J; are defined in terms of line 
integrals over complete periods of the orbit in the (q,, p;) plane: 


J; -d pi 4q;. (10-82) 
If one of the separation coordinates is cyclic, its conjugate momentum is 


constant. The corresponding orbit in the q;, p; plane of phase space is then a 
horizontal straight line, which would not appear to be in the nature of a periodic 


* Unless otherwise stated, the summation convention will not be used in this section. 
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motion. Actually the motion can be considered as a limiting case of the rotation 
type of periodicity, in which q; may be assigned any arbitrary period. Since the 
coordinate in a rotation periodicity is invariably an angle, such a cyclic q; always 
has a natural period of 2x. Accordingly, the integral in the definition of the action 
variable corresponding to a cyclic angle coordinate is to be evaluated from 0 to 
2n, and hence 


J; = 2np; (10-83) * 


for all cyclic variables. 
By Eq. (10-80) J; can also be written as 


Te dq;. (10-84) 


ôq; : 


$ 


Since q; is here merely a variable ofintegration, each action variable J, is a function 
only of the n constants of integration appearing in the solution of the 
Hamilton—Jacobi equation. Further, it follows from the independence of the 
separate variable pairs (q,, p;) that the J;'s form n independent functions of the aps 
and hence are suitable for use as a set ofnew constant momenta. Expressing the«,’s 
as functions of the action variables, the characteristic function Wcan be written in 
the form 


WEG sanii Jn) = È WaS iIa) 
J 


while the Hamiltonian appears as a function of the J;s only: 
H =œ, = H(J,,...,J,). (10-85) 


As in the system of one degree of freedom, we can define conjugate angle variables 
w; by the equations of transformation that here appear as 


ae. u oW;(q;; Jisa) 


; 10-86 
= oy > 3J, ( ) 
The ws satisfy equations of motion given by 
OAT rJ 
w= Mepal = v (J, J,). (10-87) 


Because the v;s are constants, functions of the action variables only, the angle 
variables are all linear functions of time 


w; = vt + B;. (10-88) 


Note that in general the separate ws increase in time at different rates. 

The constants v, can be identified with the frequencies of the multiply- 
periodic motion, but the argument to demonstrate the relation is more subtle 
than for periodic systems of one degree of freedom. The transformation equations 
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to the (w,J) set of variables implies that each q, (and p,) is a function of the 
constants J; and the variables w,. What we want to find is what sort of 
mathematical function the q’s are of the w’s. To do this we examine the change ina 
particular w; when each of the variables q, is taken through an integral number, 
m,, Of cycles of libration or rotation. In carrying out this purely mathematical 
procedure we are clearly not following the motion of the system in time. It is as if 
the flow of time were suspended and each of the q’s were moved, manually as it 
were, independently through a number of cycles of their motion. In effect we are 
dealing with the virtual displacements of Chapter 1, and accordingly the 
infinitesimal change in w; as the q,'s are changed infinitesimally will be denoted by 
ôw; and is given by 


ôw; ow 
isa 


i “tj 


where use has been made of Eq. (10-86). The derivative with respect to q; vanishes 
except for the W, constituent of W, so that by Eq. (10-80) ôw; reduces to 


a 
ôw; = By Padi J) da; (10-89) 
ij 


Equation (10-89) represents dw; as the sum of independent contributions each 
involving only the g; motion. The total change in w, as a result of the specified 
maneuver is therefore 


0 
Aw; = zgd ACE J) dqj. 


j i 
mj 


The differential operator with respect to J; can be kept outside the integral signs 
because throughout the cyclic motion of q; all the J’s are of course constant. 
Below each integral sign the symbol m; indicates the integration is over m, cycles 
of q;. But each of the integrals is, by the definition of the action variables, exactly 
m,J;. Since the J’s are independent it follows that 


Aw; = m;. (10-90) 


Further, it will be noted that if any q; does not go through a complete number of 
cycles, then in the integration over q; there will be a remainder of an integral over a 
fraction ofa cycle and A w; will not have an integral value. If the sets of w’s and m’s 
are treated as vectors w and m, respectively, Eq. (10-90) can be written as 


Aw = m. (10-90) 


Suppose, first, that the separable motions are all of the libration type so that 
each q;, as well as p,, returns to its initial value on completion of a complete cycle. 
The result described by Eq. (10—-90’) could now be expressed something as 
follows: ņ (the vector of q’s and p’s) is such a function of w that a change Ay = 0 
corresponds to a change Aw = m, a vector of integer values. Since the number of 
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cycles in the chosen motions of q, are arbitrary, m can be taken as zero except for 
m; = 1, and all the components of ņ remain unchanged or return to their original 
value. Hence in the most general case the components of ņ must be periodic 
functions of each w; with period unity; i.e., the q’s and p’s are multiply-periodic 
functions of the w’s with unit periods. Such a multiply-periodic function can 
always be represented by a multiple Fourier expansion, which for q,,, say, would 
appear as 


4k = by Dy sche, > a) j g? Uiw + jowat jaw3t--- Finn) (libration) 


(10-91) 


where the j’s are n integer indices running from — co to + oo. By treating the set of 
7s also as a vector in the same n-dimensional space with w, the expansion can be 
written more compactly as 


a= rae’, (libration). (10-91') 
j 


If we similarly write Eq. (10-88) as a vector equation, 
. w=vt +B, (10-88’) 


then the time dependence of q, appears in the form 


qalt) = Ya ei), (libration). (10-92) 
j 


Note that in general q,(t) is not a periodic function of t. Unless the various v,’s are 
commensurate, i.e., rational multiples of each other, q, will not repeat its values at: 
regular intervals of time.* Finally it should be remembered that the coefficients 
a can be found by the standard procedure for Fourier coefficients, that is, they 
are given by the multiple integral over the unit cell in w space: 


1 1 
aft) = Í lk q,(w)e” 7™4* (dw). (10-93) 
0 0 


Here (dw) stands for the volume element in the n-dimensional space of the w;’s. 

When the motion is in the nature ofa rotation, then in a complete cycle of the 
separated variable pair (q,, p,) the coordinate q, does not return to its original 
value, but instead increases by the value of its period qop- Such a rotation 
coordinate is therefore not itself even multiply-periodic. However during the cycle 
we have seen that w, increases by unity. Hence the function q, — w,4o, does return 
to its initial value and, like the librational coordinates, is a multiply-periodic 


* As a function of t, q, is described as a quasi-periodic function. 
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function ofall the w’s with unit periods. We can therefore expand the function in a 
multiple Fourier series analogous to Eq. (10-91): 


k — Widon = Ya ei, (rotation) (10-93) 
f 
or 


dk = Jox(Vet + Bk) + a eiD, (rotation). (10-94) 
j 


Thus, it is always possible to derive a multiply-periodic function from a rotation 
coordinate, which can then be handled exactly like a libration coordinate. To 
simplify the further discussion we will therefore confine ourselves primarily to the 
libration type of motion. 

The separable momentum coordinates, p,, are by the nature of the assumed 
motion also multiply-periodic functions of the w’s and can be expanded in a 
multiple Fourier series similar to Eq. (10-91). It follows then that any function of 
the several variable pairs (q,, p) will also be multiply-periodic functions of the w’s 
and can be written in the form 


fap) =} b eiT = Vb, PM rTP, (10-95) 
j j 


For example, where the Cartesian coordinates of particles in the system are not 
themselves the separation coordinates, they can still be written as functions of 
time in the fashion of Eq. (10—95). 

While Eqs. (10-91) and (10-92) represent the most general type of motion 
consistent with the assumed nature of the problem, not all systems will exhibit 
this full generality. In particular, for most problems simple enough to be used as 
illustrations of the application of action-angle variables, each separation 
coordinate q, will be a function only ofits corresponding w,. When this happens qy 
is then a periodic function of w, (and therefore of time) and the multiple Fourier 
series reduces to a single Fourier series: 


q; = 5 a) e2tiiwn = > av} e2 Tiit + Br) (10-96) 
J J 

In the language of Chapter 6, in such problems the q,’s are in effect the normal 
coordinates of the system. However, even when the motion in the q’s can be so 
simplified, it frequently happens that functions of all the q’s, such as Cartesian 
coordinates, remain multiply-periodic functions of the ws and must be 
represented as in Eq. (10—95). If the various frequencies v, are incommensurate, 
then such functions are not periodic functions of time. The motion of a two- 
dimensional anisotropic harmonic oscillator provides a convenient and familiar 
example of these considerations. Suppose that in a particular set of Cartesian 
coordinates the Hamiltonian is given by 


1 2 
H = L(x + 4n?m?y2x?) + (p? + 4n?m?vyy*)]. 
1 
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These Cartesian coordinates are therefore suitable separation variables, and each 
will exhibit simple harmonic motion with frequencies v, and v,, respectively. Thus 
the solutions for x and y are particularly simple forms of the single Fourier 
expansions of Eq. (10-96). Suppose now that the coordinates are rotated 45° 
about the z axis; the components of the motion along the new x’, y’ axes will be 


, 


(10-97) 


i l 
x’ = —~[x, cos 2n(v,t + B,) + Yo cos 2n(v,t + ,)], 
2 


oF 
J -5 


If v,/v, is a rational number, these two expressions will be simply periodic, 
corresponding to a closed Lissajous figure. But if v, and v, are incommensurable, 
the Lissajous figure never exactly retraces its steps and Eqs. (10-97) provide 
simple examples of multiply-periodic series expansions of the form (10-95). 

Even when q, is a multiply-periodic function of all the w’s, one intuitively feels 
there must be a special relationship between q, and its corresponding w, (and 
therefore v,). After all, the argument culminating in Eq. (10-90) says that when q, 
alone goes through its complete cycle, w, is singled out as increasing by unity, 
while the other w’s return to their initial value. It was only in 1961 that J. Vinti 
succeeded in expressing this intuitive feeling in a precise and rigorous statement.* 
Suppose that the time interval Tcontains m complete cycles of q, plus a fraction of 
a cycle. In general the times required for each successive cycle will be different, 
since q, will not be a periodic function of t. Then Vinti showed, on the basis of a 
theorem in number theory, that as T increases indefinitely, 


[yo Cos 2x(v,t + B,) — Xo cos 2x(v,t + B,)]. 


(10-98) 


The mean frequency of the motion of q, is therefore always given by v,, even when 
the entire motion is more complicated than a simple periodic function with 
frequency v,. 

Barring commensurability of all the frequencies, a multiply-periodic function 
can always be formed from the generating function W. The defining-equation for 
Ją Eq. (10-84), in effect states that when q; goes through a complete cycle, i.e., 
when w; changes by unity, the characteristic function increases by J,. It follows 
that the function 


W=W- wy (10-99) 
k 

remains unchanged when each w, is increased by unity, all the other angle 

variables remaining constant. Equation (10—99) therefore represents a multiply- 

periodic function that can be expanded in terms of the w; (or of the frequencies v;), 


* J. Vinti, J. Res. Nat. Bur. Standards, 65B, 131 (1961). See also R. Garfinkel in Space 
Mathematics, Part 1, p. 57, 1966. 
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by a series of the form of Eq. (10—95). Since the transform4tion equations for the 
angle variables are 


BOA 


it will be recognized that Eq. (10—99) defines a Legendre transformation from the 
q, J basis to the q, w basis. Indeed, comparison with Eq. (9—15) in combination 
with Eq. (9—12) shows that if W (q, J) is a generating function of the form F, (q, P), 
then W'(q,w) is the corresponding generating function of the type F, (4, Q), 
transforming in both cases from the (q, p) variables to the (w, J) variables. While 
W’ thus generates the same transformation as W it is of course not a solution of 
the Hamilton Jacobi equation.* 

It has been emphasized that the system configuration is multiply-periodic 
only if the frequencies v; are not rational fractions of each other. Otherwise the 
configuration repeats after a sufficiently long time and would therefore be simply 
periodic. The formal condition for the commensurability of all the frequencies is 
that there exist n — 1 relations of the form 


> jivi = 9, 


i=1 


(10-100) 


where the js are integers. By solving these equations we can then express any y; as 
a rational fraction of any of the other frequencies. When there are only m relations 
of the form (10—100) between the fundamental frequencies, then the system is said 
to be m-fold degenerate. If m is equal to n — 1, so that the motion is simply 
periodic, then the system is said to be completely degenerate. Thus, whenever the 
orbit of the system point is closed, the motion will be completely degenerate. 
There is an interesting connection between degeneracy and the coordinates 
in which the Hamiltonian—Jacobi equation is separable. It can be shown that the 
path of the system point for a nondegenerate system completely fills a limited 
region of both configuration and phase space (cf. Born, The Mechanics of the 
Atom, Appendix 1). Suppose the problem in such that the motion in any one of the 
separation coordinates is simply periodic and has therefore been shown to be 
independent of the motion of the other coordinates. Hence the path of the system 
point as a whole must be limited by the surfaces of constant q; and p; that mark the 
bounds of the oscillatory motion of the separation variables. (The argument is 


* Action-angle variables have been defined here in terms of the simply periodic separable 
coordinates. It was then shown that the motion of the system as a whole was in general 
multiply-periodic. Mention should be made that it is possible to reverse the process. 
Starting from the recognition that the system motion is multiply-periodic, it is possible to 
introduce the action-angle variables such that the system configuration and the generating 
function, W’(q, w) are multiply-periodic in the ws with the period unity, and the 
Hamiltonian is cyclic in all w’s. One can avoid in this manner the necessity of referring to 
the separation coordinates. For further details see Born, The Mechanics of the Atom, 
Section 15. 
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easily extended to rotation by limiting all angles to the region 0 to 2z.) These 
surfaces therefore define the volume in space that is densely filled by the system 
point orbit. It obviously follows that the separation of variables in nondegenerate 
systems must be unique; the Hamiltonian—Jacobi equation cannot be separated 
in two different coordinate systems (aside from trivial variations such as change 
of scale). The possibility of separating the motion in more than one set of 
coordinates thus normally provides evidence that the system is degenerate.* 

The simplest examples of degeneracy occur when two or more of the 
frequencies are equal. Iftwo ofthe force constants in a three-dimensional harmonic 
oscillator are equal, then the corresponding frequencies are identical and the 
system is single degenerate. In an isotropic linear oscillator the force constants are 
the same along all directions, all frequencies are equal, and the system is completely 
degenerate. 

Whenever degeneracy is present the fundamental frequencies are no longer 
independent and the periodicmotion of the system can be described by less than the 
full complement of n frequencies. Indeed, the m conditions of degeneracy can be 
used to reduce the number of frequencies ton — m, and thesystem motionissaid to 
be n — m-fold periodic. The reduction of the frequencies may be most elegantly 
performed by means ofa point transformation of the action-angle variables. The m 
degeneracy conditions may be written in summary form as 


javi SO; k =1,...,m. (10-101) 
i=1 
Consider now a point transformation from (w,J) to (w’,J’) defined by the 
generating function (cf. Eq. 9-26) where the summation convention is used): 


m n 


F=} $ Jiiai t z Ji We (10-102) 


k=1i=1 k=m+1 


The transformed coordinates are 


w = bs Fes k= 1,...,m, 
—103 
ane k=m+1,...,n (10-103) 
Correspondingly, the new frequencies are 
=W; = È jari =0 k=l1,...,m, 
=% k=m+1,...,7. (10-104) 


* Pathological cases exist in which a Hamiltonian may be separable in several coordinate 
systems, yet the orbits are closed, i.e., degenerate, only if they are contained within a 
particular subregion. Discontinuities may occur ifthe orbit crosses certain boundaries. See 
E. Onofri and M. Pauri, Jour. Math. Phys. 14, 1106 (1973). Such restrictions to “local” 
degeneracy do not occur in the usual Hamiltonian that is differentiable and continuous. 
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Thus in the transformed coordinates m of the frequencies are zero and we are left 
with a set of n — m independent frequencies. It is obvious that the new w; may also 
be termed as angle variables in the sense that the system configuration is 
multiply-periodic in the w, coordinates with the fundamental period unity. The 
corresponding constant action variables are given as the solution of the n 
equations of transformation 


m 


J;= L Jiji + 5 J őri- (10-105) 


k=mt+1 


The zero frequencies correspond to constant factors in the Fourier 
expansion. These are, of course, also present in the original Fourier series in terms 
of the v’s, Eq. (10—91), occurring whenever the indices j; are such that degeneracy 
conditions are satisfied. Since 


| ôH 
y= 


Ls ge 


the Hamiltonian must be independent of the action variables J; whose 
corresponding frequencies vanish. In a completely degenerate system the 
Hamiltonian can therefore be made to depend on only one of the action variables. 

It should be noted that Hamilton’s characteristic function W also serves as 
the generating function for the transformation from the (q, p) set to the (w’, J’) set. 
Since the J’ quantities are n independent constants, the original constants of 
integration may be expressed in terms of the J’ set, and W given as W(q, J’). In this 
form it is a generating function to a new set of canonical variables for which the J’ 
quantities are the canonical momenta. But by virtue of the point transformation 
generated by the F, of Eq. (10—102) we know that w’ is conjugate to J’. Hence it 
follows that the new coordinates generated by W(q, J’) must be the w’ set, with 
equations of transformation given by 


Wie (10-106) 


(For a more formal proof of Eq. (10—106) based on the algebraic structure of Eq. 
(10—102), see Exercise 17.) 

The problem of the bound motion of a particle in an inverse square law 
central force illustrates many of the phenomena involved in degeneracy. A 
discussion of this problem also affords an opportunity to show how the action- 
angle technique is applied to specific systems, and to indicate the connections 
with Bohr’s quantum mechanics and with celestial mechanics. Accordingly, the 
next section is devoted to a detailed treatment of the Kepler problem in terms of 
action-angle variables. 
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10-7 THE KEPLER PROBLEM IN ACTION-ANGLE VARIABLES* 


To exhibit all of the properties of the solution we shall examine the motion in 
space, rather than make use of our a priori knowledge that the orbit lies in a plane. 
In terms of spherical polar coordinates the Kepler problem becomes a special 
case of the general treatment given above in Section 10—4 for central force motion 
in space. Equations (10—54) through (10-61) can be taken over here immediately, 
replacing V(r) wherever it occurs by its specific form 


V(r) = 


(10-107) 
The Hamilton—Jacobi equation with this potential has been demonstrated to be 
completely separable in spherical polar coordinates. We shall confine our 
discussion to the bound case, that is, E < 0. Hence the motion in each of the 
coordinates will be periodic—libration in r and 0, and rotation in ¢. The 
conditions for the application of action-angle variables are thus satisfied, and we 
can proceed to construct the action variables on the basis of the defining equation 
(10-84). From Eq. (10-56) it follows that 


Je -$ Fp =$% dd. (10-108a) 
Similarly, on the basis of Eq. (10-58), J, is given by 
Jo = boo -$ Ja (10-108b) 
Finally the integral for J, from Eq. (10-59), 
J, -64 ——dr = -$ + am = a dr. (10-108c) 


The first integral is trivial; @ goes through 2 radians in a complete revolution 
and therefore 


Jy = 2nd, = 2m p- (10-109) 


This result could have been predicted beforehand, for ¢ is a cyclic coordinate in 
H, and Eq. (10-109) is merely a special case of Eq. (10—83) for the action variables 
corresponding to cyclic coordinates. Integration of Eq. (10-108b) can be 
performed in various ways; a procedure involving only elementary rules of 
integration will be sketched here. If the polar angle of the total angular 
momentum vector is denoted by i, so that 


a 
cosi = —*, (10-110) 
Zg 


* The summation convention will be resumed from here on. 
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then Eq. (10—-108b) can also be written as 


Di ieee wa J1 — cos? i csc? 0 dO. 


The complete circuital path of integration is for 0 going from a limit — 0, to +0, 
and back again, where sin) = cosi, or 9 = (x/2) — i. Hence the circuital 
integral can be written as four times the integral over from 0 to ĝo, or after some 
manipulation, 


bo 
J, = an | csc 0, /sin” i — cos? 6 dé. 
0 


The substitution 
cos0 = sinisin y 
transforms the integral to 
mf 2 2 
or cos* wd 
J,= 4aysin®i | pecs A. 
o 1l—sin*isin’ y 


Finally, with the substitution 


u = tan Y, 
the integral becomes 
Lat du 2 1 cos? i 
Ja = Aggsin? | ——s = 4a, | d 
ere o (tw) +c? J, Tau? DE cosi) 
(10-111) 
This last form involves only well-known integrals, and the final result* is 
Jo = 2nv%[1 — cosi] = 2n(% — a4). (10-112) 
The last integral, for J,, can now be written as 
mk (h +J,) 
J, => pine gp = a) dr. (10-113) 
r 4n-r? 


After performing the integration, this equation can be solved for the energy E 
= Hin terms of the three action variables J,,, Jọ, J,. It will be noted that J, and J, 
can occur in E only in the combination J, + Jp, and hence the corresponding 


* In evaluating the integral of the second term in the final integrand of Eq. (10-111) it has 
been assumed cos i is positive. This is always possible, since there is no preferred direction 
for the z axis in the problem and it may be chosen at will. If cos i were negative, the sign of 
Zo in Eq. (10-112) would be positive. For changes in the subsequent formulas, see Exercise 
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frequencies v, and vy, must be equal, indicating a degeneracy. This result has not 
involved the inverse square law nature of the central force; any motion produced by 
acentralforce is at least singly degenerate. The degneracy is of course a consequence 
of the fact that the motion is confined to a plane normal to the constant angular 
momentum vector L. Motion in this plane implies that 8 and ¢ are related to each 
other such that as ¢ goes through a complete 27 period 6 varies through a complete 
cycle between the limits (7/2) + i. Hence the frequencies in 0 and ¢ are necessarily 
equal. 

The integral involved in Eq. (10-113) can be evaluated by elementary means, 
but the integration is most elegantly and quickly performed using the method of 
residues, a procedure first employed by Sommerfeld. For the benefit of those 
familiar with this technique we shall outline the steps involved in integrating Eq. 
(10-113). Bound motion can, of course, occur only when E is negative (cf. Section 
3-3), and since the integrand is equal to p, = mi, the limits of the motion are 
defined by the roots r, and r, of the expression in the square root sign. Ifr, is the 
inner bound, as in Fig. 3—6, a complete cycle of r involves going from r, to r, and 
then back again to r}. On the outward half of the journey, from r, to r3, p, is 
positive and we must take the positive square root. However, on the return trip to 
r}, p, is negative and the square root must likewise be negative. The integration 
thus involves both branches of a double-valued function, with r, and r, as the 
branch points. Consequently the complex plane can be represented as one of the 
sheets of a Riemann surface, slit along the real axis from r, to r, (as indicated in 
Fig. 10-3). 


Negative 


FIGURE 10-3 
The complex r plane in the neighborhood of the real axis; showing the paths of 
integration occurring in the evaluation of J. 


Since the path of integration encloses the line between the branch points, the 
method of residues cannot be applied directly. However, we may also consider the 
path as enclosing all the rest of the complex plane, the direction of integration 
now being in the reverse (clockwise) direction.* The integrand is single-valued in 
this region and there is now no bar to the application of the method of residues. 
Only two singular points are present, namely, the origin and infinity, and the 
integration path can be distorted into two clockwise-described circles enclosing 


* To visualize this change in viewpoint it is convenient to think of the complex plane as 
projected stereographically onto the surface of a sphere, with the origin at the south pole, 
and the point oo at the north pole. The real axis becomes a meridian circle joining the two 
poles. Any closed integration path on the sphere divides the surface of the sphere into two 
areas. The path may then be considered as enclosing either of the two areas, depending 
upon the direction of the integration. 
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these two points. Now, the sign in front of the square root in the integrand must 
be negative for the region along the real axis below r,, as can be seen by 
examining the behavior of the function in the neighborhood ofr, . Ifthe integrand 
is represented as 


the residue at the origin is 
Ry =—./-C. 


Abover, the sign of the square root on the real axis is found to be positive, and the 


residue is obtained by the standard technique of changing the variable of 


integration to z=r7!: 


l oa or 
— fha + 2Bz — Cz? dz. (10-114) 


Expansion about z = 0 now furnishes the residue 


The total integral is —27i times the sum of the residues: 
Ics ani{ /=C + a 
A 


or, upon substituting the coefficients A, B, and C: 


(10-115) 


=2G sip 


a (10-116) 


Equation (10—116) supplies the functional dependence of H upon the action 
variables; for solving for E we have 


2n?mk? 


H=E= 3 
(J, + Jo + Je) 


(10-117) 


It will be noted that, as predicted, J, and J, occur only in the combination 
J, + J,. More than that, all three of the action variables appear only in the form 
J, + Jo + Jọ. Hence all of the frequencies are equal; the motion is completely 
degenerate. This result could also have been predicted beforehand, for we know 
that with an inverse square law of force the orbit is closed for negative energies. 
With a closed orbit, the motion is simply periodic and therefore completely 
degenerate. If the central force contained an r~* term, such as is provided by 
relativistic corrections, then the orbit is no longer closed but is in the form of a 
precessing ellipse. One of the degeneracies will be removed in this case, but the 


NN 
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motion is still singly degenerate, since vy = Yọ for all central forces. The one 
frequency for the motion here is given by 
0H oH H 4n?mk? 


a, OF, OF, e+ Jo tI 


yo (10-118) 


If we evaluate the sum of the J’s in terms of the energy from Eq. (10-117) the 
period of the orbit is 


m 
ar at eee -119 
t= mk | (10-119) 


This formula for the period agrees with Kepler’s third law, Eq. (3-71), if it is 
remembered that the semimajor axis a is equal to —k/2E. 

The degenerate frequencies may be eliminated by canonical transformation 
to a new set of action-angle variables, following the procedure outlined in the 
previous section. Expressing the degeneracy conditions as 


Vg — Ya = 0, Ya — Y, = 0, 
the appropriate generating function is 
F= (wv, — Wat, + (Wo — W,)J2 + WJ3- (10-120) 
The new angle variables are 
w = Wo — Wa 
Wa = Wọ — Wro (10-121) 


Wa = W,, 


and, as planned, two of the new frequencies, v, and v, are Zero. We can obtain the 
new action variables from the transformation equations 


J= Ji 
J=J2 7J: 
J. =J3— J2 
which yield the relations 
Ji =Jp 
Ji =J + Jo (10-122) 


J; =J + Jo tJe 
In terms of these transformed variables the Hamiltonian appears as 


2n mk? 
H = -= , (10-123) 
J3 
a form involving only that action variable for which the corresponding frequency 
is different from zero. 
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If we are willing to use, from the start, our a priori knowledge that the motion 
for the bound Kepler problem is a particular closed orbit in a plane, then the 
integrals for J, and J, can be evaluated very quickly and simply. For the J, 
integral we can apply a procedure suggested by J. H. Van Vleck. It will be recalled 
that when the defining equations for the generalized coordinates do not involve 
time explicitly, then 


pid; = 2L2 = 2T. 


Knowing that the motion is confined to a plane, we can express the kinetic energy 
T either in spherical polar coordinates or in the plane polar coordinates (r, y). It 
follows, then, that 


2T = p, + pÔ + Dod = p? + ph, (10-124) 


where p(= l) is the magnitude of the total angular momentum. Hence the 
definition for J, can also be written as 


JG 048 -fpa -È padt. 


Because the frequencies for 0 and ¢ are equal, both ¢ and y vary by 27 as 0 goes 
through a complete cycle of libration and the integrals defining J, reduce to 


Ja = 2n(p — Py) = 21 (%y — Xp), 
in agreement with Eq. (10-112). 

The integral for J,, Eq. (10-113), was evaluated in order to obtain H = Ein 
terms of the three action variables. If we use the fact that the closed elliptical orbit 
in the bound Kepler problem is such that the frequency for ris the same as that for 
0 and ¢, then the functional dependence of H on J can also be obtained from Eq. 
(10-124). In effect then we are evaluating J, ina different way. The virial theorem 
for the bound orbits in the Kepler problem says that (cf. Eq. (3-30)) 


V = —2T, 


where the bar denotes an average over the single complete period of the motion. It 
follows that 


H=E=T+V=-T. (10-125) 


Integrating Eq. (10—124) with respect to time over a complete period of motion 
we have 

2T 

ZJ, + Jyt J= J3 (10-126) 
V3 : 
where v, is the frequency of the motion, i.e., the reciprocal of the period. 
Combining Eqs. (10-125) and (10-126) leads to the relation 


2 v» | dH 


et eS 0-127 
J, H HdjJ; cia, 
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where use has been made of Eq. (10-87). Equation (10-127) is in effect a 
differential equation for the functional behavior of H on J}. Integration of the 
equation immediately leads to the solution 
D 
H = 7 ; (10-128) 
where D is a constant that cannot involve any of the J’s, and must therefore 
depend only on m and k. Hence we can evaluate D by considering the elementary 
case of a circular orbit, of radius ro, for which J, = 0 and J; = 2zp. The total 
energy is here 
gao (10-129) 
2ro 

(as can most immediately been seen from the virial theorem). Further, the 
condition for circularity, Eq. (3—41), can be written for the inverse square force 
law as 

aTe (10-130) 

r mọ  4n'mo 
Eliminating rọ between Eqs. (10—129) and (10—130) leads to 

. 2 2 
at du 
: J2 

This result has been derived only for circular orbits. But Eq. (10—128) says it must 
also be correct for all bound orbits of the Kepler problem, and indeed it is 
identical with Eq. (10—123). Thus, if the existence of a single period for all 
coordinates is taken as known beforehand, it is possible to obtain H(J) without 
direct evaluation of the circuital integrals. 

In any problem with three degrees of freedom there must of course be six 
constants of motion. It has previously been pointed out that in the Kepler 
problem five of these are algebraic functions of the coordinates and momenta and 
describe the nature of the orbit in space, and only the last refers to the position of 
the particle in the orbit at a given time (cf. Section 3—9 above). It is easy to see that 
five parameters are needed to completely specify, say, the elliptical orbit of the 
bound Kepler problem in space. Since the motion is in a plane, two constants are 
needed to describe the orientation of that plane in space. One constant is required 
to give the scale of the ellipse, e.g., the semimajor axis a, and another the shape of 
the ellipse, say, through the eccentricity e. Finally, the fifth parameter must specify 
the orientation of the ellipse relative to some arbitrary direction in the orbital 
plane. 

The classical astronomical elements of the orbit provide the orbital 
parameters almost directly in the form given above. Two of the angles appearing 
in these elements have unfamiliar but time-honored names. Their definitions, and 
functions as orbital parameters, can best be seen from a diagram, such as is given 
in Fig. 10-4. Here xyz defines the chosen set of axes fixed in space and the unit 
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FIGURE 10-4 
Angular elements of the orbit in the bound 
Kepler problem. 


vector n characterizes the normal to the orbital plane. The intersection between 
the xy plane and the orbital plane is called the line of nodes. There are two points 
on the line of nodes at which the elliptical orbit intersects the xy plane; the point 
at which the particle enters from below into the upper hemisphere (or goes from 
the “southern” to the “northern” hemispheres) is known as the ascending node. In 
Fig. 10—4 the portion of the orbit shown that is in the southern hemisphere has 
been indicated as a dashed line for clarity. The dot-dashed line ON is a portion of 
the line of nodes containing the ascending node. We can measure the direction of 
ON in the xy plane by the angle xON, which is customarily denoted by Q, and is 
known as the longitude of the ascending node. Finally, if C denotes the point of 
periapsis in the orbit, then the angle NOC in the orbital plane is denoted by w and 
is called the argument of the perihelion.* The more familiar angle i, introduced 
above in Eq. (10-110) is in its astronomical usage known as the inclination of the 
orbit. One usual set of astronomical elements therefore consists of the six 
constants 


i, Q, a, e, œ, T; 


where the last one, T, is the time of passage through the periapsis point. Of the 
remaining five, the first two define the orientation of the orbital plane in space, 
while a, e, and œ directly specify the scale, shape, and orientation of the elliptic 
orbit, respectively. 

The action-angle variable treatment of the Kepler problem also leads to five 
algebraic constants of the motion. Three of them are obvious as the three 
constant action variables, J,, J,, and J,. The remaining two are the angle 
variables w, and w,, which are constants, because their corresponding 
frequencies are zero. It must therefore be possible to express the five constants J,, 


* This terminology appears to be commonly used even for orbits that are not around the 
sun. 
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J,,J3,,, and w, in terms of the classic orbital elements i, Q, a, e, and œ, and vice 
versa. Some of these interrelations are immediately obvious. From Eqs. (10—122) 


and (10-112) it follows that 
J, = 2ne, = 2al, (10-131) 


and hence, by Eq. (10-110), 


= cosi. (10-132) 


As is well known, the semimajor axis a is a function only of the total energy E (cf. 
Eq. (3-61)) and therefore, by Eq. (10-123), a is given directly in terms of J3: 


k Ne 
= -= , 10-133 
$ 2E 4r’°mk ( ) 
In terms of J, Eq. (3-62) for the eccentricity can be written as 
oe pea: 
RR 4n?*mka’ 
or 
J 2 
eS of ea (10-134) 
J; 


It remains only to relate the angle coordinates w} and w, to the classic orbit 
elements. Obviously, they must involve Q and æ. In fact, it can be shown that for 
suitable choice of additive constants of integration they are indeed proportional 
to Q and a, respectively. This will be demonstrated for w, ; the identification of w, 
will be left as an exercise. 


The equation of transformation defining w, is, by Eq. (10—106), 
ow 
GARE 


Wy = 


It can be seen either from Eq. (10—13’) (p.447) or from the separated form of W, 
Eq. (10-55), that W can be written as the sum of indefinite integrals: 


W= fos do + fos dO + fe. dr. (10-135) 

As we have seen from the discussion on J,, the radial momentum p, does not 
involve J,, but only J, (through E) and the combination J, + J, = J,. Only the 
first two integrals are therefore involved in the derivative with respect to J,. By 


Eq. (10-109), 


Dy = %y = 5* (10-136) 
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and by Eq. (10-58), with the help of Eqs. (10-131) and (10-136), 


3 a 1 A R 
zri = + J5 - F 
Po =y “o ~ Sin? 6 “Inv? sin? @ 


It turns out that in order to relate w, to the ascending node, it is necessary to 
choose the negative sign of the square root.* The angle variable w, is therefore 
determined by 


$ aj do 
Ls + +2 2 2 2p’ 
2m  2n J sin? 6./J% — J? csc? 0 
or 


dQ 
2nw, =o + cosi f re 
mg sin? 0./ 1 — cos? i csc? 0 


4 +f cot icsc?@ d0 


/1 — cot? icot?@ 


By a change of variable to u, defined through 


sin u = coticot 0, (10-137) 
the integration can be performed trivially, and the expression for w, reduces to 
2nmw, = ġ — u. (10-138) 


The angle coordinate ¢ is the azimuthal angle of the projected on the xy plane 
measured relative to the x axis. Clearly, from Eq. (10—137) u is a function of the 
polar angle @ of the particle. But what is its geometrical significance? One can see 
what u is by reference to Napier’s rulesf as applied to the spherical triangle 
defined by the line of nodes, the radius vector, and the projection of the radius 
vector on the xy plane. However, it may be more satisfying to indulge in a little 
trigonometric manipulation and derive the relation ab initio. In Fig. 10—5 the line 
ON is the line of nodes, OR is the line of the radius vector at some time, and the 
dotted line OP is the projection of the radius vector on the xy plane. The angle 
that OP makes with the x axis is the azimuth angle @. It is contended that u is the 
angle OP makes with the line of nodes. To prove this, imagine a plane normal 
both to the xy plane and to the line of nodes, which intersects the radius vector at 
unit distance from the origin O. The points of intersection with the three lines 
from the origin, A, B, and C, define with the origin four right triangles. Since OB 


* Note that when the particle passes through the ascending node (cf. Fig. 10-4) @ is 
decreasing and the corresponding momentum is negative. In calculating Je it was not 
necessary to worry about the choice of sign because in going through a complete cycle 
both signs are encountered. 


TSee any book on spherical trigonometry, or such handbooks as the Handbook of 
Mathematical Tables (Chemical Rubber Publishing Co.) or Handbook of Applied 
Mathematics (Van Nostrand-Reinhold). 
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FIGURE 10-5 
Diagram illustrating angles appearing in action-angle 
treatment of the Kepler problem. 


has unit length it follows that BC = cos 8 and therefore AC = cos 0 cot i. On the 
other hand OC = sin@ and therefore it is also true that AC = sin@ sin u. Hence 
sinu = coti, which is identical with Eq. (10-137) and proves the stipulated 
identification of the angle u. Figure 10-5 shows clearly that the difference 
between @ and u must be Q, so that 


2aw, =Q. (10-139) 


In asimilar fashion one can identify the physical nature of the constant w, . Of 
the integrals making up W, Eq. (10-135), the two over 0 and r contain J, and are 
therefore involved in finding w,. After differentiation with respect to J,, the 
integral over 8 can be performed by the same type of trigonometric substitution 
as employed for w,. The corresponding integral over r can be carried out in a 
number of ways, most directly by using the orbit equation for r in terms of the 
polar coordinate angle in the orbital plane. By suitable choice of the arbitrary 
lower limit of integration it can thus be found that 2zw, is the difference between 
two angles in the orbital plane, one of which is the angle of the radius vector 
relative to the line of nodes and the other is the same angle but relative to the line 
of the periapsis. In other words, 2zw, is the argument of the perihelion: 

2nW, = 0). (10-140) 


Detailed derivation is left to one of the exercises. 

The method of action-angle variables does not strike one as the quickest way 
to solve the Kepler problem, and the practical usefulness of the set of variables is 
not obvious. However, their value has long been demonstrated in celestial 
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mechanics, where they appear under the guise of the Delaunay variables.* As will 
be seen in the next chapter they provide the natural elements of the orbit to be 
used in perturbation theory, e.g., when we seek to find the modifications of the 
nominal Kepler orbits produced by small deviations of the force from the inverse 
square law. Many of the basic studies on possible perturbations of satellite orbits 
were carried out in terms of the action-angle variables. 

Fora brief period action-angle variables, particularly for the Kepler problem, 
played a prominent role at the very frontiers of physics research. Shortly after the 
advent of Bohr’s quantum theory of the atom in 1913, it was realized that the 
quantum conditions could be stated most simply in terms of the action variables, 
For a decade, starting about 1915, there was intense interest in the properties of 
action-angle variables, and much of the “old quantum theory” was built around 
them. In classical mechanics the action variables possess a continuous range of 
values, but this is no longer the case in quantum mechanics. The quantum 
conditions of Sommerfeld and Wilson required that the motion be limited to such 
orbits for which the “proper” action variables had discrete values that were 
integral multiples of h, the quantum of action. (By proper action variables are 
meant those J’s whose frequencies are nondegenerate and different from zero. For 
example, J; is a proper action variable.) As Sommerfeld stated, the method of 
action-angle variables then provided “a royal road to quantization.” One had 
only to solve the problem in classical mechanics using action-angle variables, and 
the motion could be immediately quantized by replacing the J’s with integral 
multiples of Planck’s constant h. 

As an example of this procedure it may be noted that the quantized energy 
levels for a hydrogenic atom follow at once from Eq. (10-123) if k is set equal to 
Ze? and J, is replaced by nh: 

2n*mZ7e* 
E= =. (10-141) 
n'h? 

Here the integer n is known as the principal quantum number and is the sole 
quantum number for the completely degenerate system. The degeneracy will be 
partly removed if relativity corrections are introduced, producing a precession of 
the periapsis in the plane of the orbit. The angle variable w, that measures the 
position of the periapsis then varies with time, and the conjugate action variable 
becomes a “proper” variable and must also be quantized: 


Ja = kh, 


where k is the azimuthal quantum number. Since both v, and v, are different from 
zero, the energy must depend on both J; and J,, i.e., on n and k. We thus obtain 
the well-known relativistic fine structure of the hydrogen levels. The degeneracy 
can be completely removed by introducing a constant magnetic field along the 


*As customarily defined, the Delaunay variables differ from the (J,,w,) set by 
multiplicative constants. 
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arbitrary polar axis. The plane of the orbit then executes a Larmor precession 
about the polar axis, producing a uniform increase of the angle variable w, with 
time. Therefore J, becomes a proper action variable in the presence of a magnetic 
field and must likewise obey quantum conditions: 


J, = mh, 


m being the magnetic quantum number. The energy now depends on all three 
quantum numbers, and removal of the degeneracy in this manner thus resultsin the 
Zeeman splitting of the atomic levels.* 

Beyond the simple hydrogen atom in the periodic table it became 
progressively more complicated to apply the older quantum theory. The 
underlying classical problems could no longer be solved exactly, and it was 
necessary to treat many of the additional forces as small perturbing elements. 
While there are many points of resemblance between classical perturbation 
theory and the perturbation methods of wave mechanics, as we shall see, the 
classical techniques are far more involved than their quantum counterparts, 
especially where degeneracy occurs. 

It soon became apparent, however, that the difficulties were not merely 
mathematical; the Bohr quantum theory was simply not an accurate picture of 
nature. As is well known, the impasse was broken with the almost simultaneous 
introduction of wave and matrix mechanics. Techniques for solving quantum 
problems were entirely different in these new theories, and interest in action-angle 
variables waned abruptly. Recent years, however, have seen something of a 
renaissance elsewhere in the use and application of action-angle variables, not 
only in celestial mechanics but in problems involving the motions of charged 
particles in electromagnetic fields. The so-called adiabatic invariance property of 
the action variables, to be discussed below in Section 11-7, has led to many 
fruitful applications of action-angle variables in plasma physics and in the design 
of particle accelerators. 

Strangely enough, the root of the newer wave mechanics also arose out of 
Hamilton—Jacobi theory. If the Poisson bracket formulation of classical 
mechanics serves as a point of departure to matrix mechanics, the germ of wave 
mechanics is contained in the connection between Hamilton—Jacobi theory and 
geometrical optics. It is to the study of this connection that we now turn our 
attention. 


10-8 HAMILTON-JACOBI THEORY, GEOMETRICAL OPTICS, 
AND WAVE MECHANICS 


We shall consider only those systems for which the Hamiltonian is a constant of 
the motion and is identical with the total energy. Hamilton’s principal and 


*The splitting so obtained represents only the normal Zeeman effect. The correct 
abnormal Zeeman effect can, of course, be calculated only by including the effects of “spin.” 


CoO RETTENET ARETE N AATA SSSR AOADA EAEE LATRANS AEEA 


10-8 GEOMETRICAL OPTICS AND WAVE MECHANICS 485 


characteristic functions are then related according to the equation 
S(q, P, t) = W(q, P) — Et. (10-142) 


Since the characteristic function is independent of time, the surfaces of constant 
W in configuration space have fixed locations. A surface characterized by a 
constant value of S must coincide at a given time with some particular surface of 
constant W. However, the value of W corresponding to a definite value of S 
changes with time in accordance with Eq. (10—12). Thus at t = 0 the surfaces 
S=a and S =b coincide with the surfaces for which W=a and W = b, 
respectively (cf. Fig. 10-6). At a time dt later the surface S = a now coincides with 
the surface for which W = a + E dt, and similarly S = b is located at the surface 
W= b + Edt. In effect, in a time dt the surface S = a has moved from W = ato 
W= a + Edt. The motion of the surface in time is similar to the propagation of a 
wavefront, such as, for example, that of a shock wave, across space. The surfaces of 
constant S may thus be considered as wave fronts propagating in configuration 
space. 

Since the constant S surfaces in general change their shape in the course of 
time, the wave velocity, i.e., the velocity with which the surfaces move, will not be 
uniform for all points on the surfaces. However, it is possible to calculate the value 
of the wave velocity at any given point. For convenience we shall consider a 
system consisting of only one particle and take the Cartesian position 
coordinates as the generalized coordinates. Configuration space then reduces to 
ordinary three-dimensional space, which greatly simplifies the geometry of the 
problem. The wave velocity at a particular point on a surface of constant S is 
given by the perpendicular distance the wave front moves in an infinitesimal time 
dt, divided by the time interval dt. If the infinitesimal distance normal to the surface 
is denoted by ds, then the wave velocity is 


ds 
u = ~. i 
dt (10-143) 
W=a+t Edt W=b+Edt 
W=a \ W=b \ 
\ \ 
FIGURE 10-6 


\ 
\ 5 
\ The motion of the surfaces of constant S in 
S(Q)=a S(dt)=a S(0)=b S(dt)=b configuration space. 
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Now in the time dt the S surface travels from a surface W to a new surface on 
which the value of the characteristic function is W + dW, where 


dW = Edt. 


The change dWis also related to the normal distance ds according to the formula 


dW = |V W] ds, (10-144) 
so that 
aie (10-145) 
“at WW 


The magnitude of the gradient of W is furnished by the Hamilton—Jacobi 
equation which, in terms of Cartesian coordinates of a single particle, has the 
form 


(VW)? = 2m(E — V). (10-146) 
Hence the wave velocity is 
u = en, (10-147) 
/2m(E — V) 


Equation (10-147) may be expressed in a number of variant forms. The difference 
between E and V is simply the kinetic energy T, so that 


E 
amt 


u= (10-148) 


For the one-particle system under consideration, 2mT = m?v? = p°, and Eq. 
(10-148) can also be written as 


u = — = —. (10-149) 


Equation (10-149) states that the velocity of a point on a surface of constant S is 
inversely proportional to the spatial velocity of the particle whose motion is being 
described by S. It is but a simple step to show that the trajectories of the particle 
must always be normal to the surfaces of the constant S. The direction of the 
trajectory at any given point in space is determined by the direction of the 
momentum p. By Eqs. (10—27), however, 


p= VW, (10-150) 


and the gradient of W determines the normal to the surfaces of constant S or W. 
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Any family of surfaces of constant W thus creates a set of trajectories of possible 
motion that are always normal to the surfaces. As a particle moves along one of 
the trajectories, the surfaces of S generating the motion will also travel through 
space, but the two motions do not keep step. In fact, when the particle slows down 
the surfaces move faster, and vice versa. 

In these considerations we have specialized on a system of one particle for 
ease in discussion. But most of the results hold for many-particle systems if the 
kinetic energy is a quadratic function of the generalized velocities as in Eq. (8-85). 
As was seen at the end of Chapter 8, we can then construct a curvilinear 
configuration space in which the system point moves with velocity y 2T (cf. p. 
370). Note that this is the same as the velocity of a single particle of unit mass. 
Thus, it is not surprising that it can be shown that the wave velocity of the S 
surfaces in the particular curvilinear configuration space is found to be* 


_ ££ _E 
JUE-V) S/T 


Further, the reciprocal relation between the wave velocity, u, and the system point 


(10-147’) 


velocity, ./2T, is preserved. Likewise, the possible system trajectories are again 
found to be normal to the surfaces of constant S. The transition to a many- 
particle system thus introduces no new physical results, and to simplify the 
mathematics we shall continue to confine the discussion to one-particle systems. 

The surfaces of constant S have been characterized as wave fronts because 
they propagate in space in the same manner as wave surfaces of constant phase. 
We have even gone so far as to compute the wave velocity. But nothing has yet 
been said about the nature or origin of these waves whose fronts are surfaces of 
constant S. The most striking features of all wave motion result from their 
periodicity, and there has been no indication so far of the frequency and 
wavelength spectra of the waves associated with S. To throw light on these 
questions, let us examine some of the properties of a well-known wave motion— 
that of light waves. 

The scalar wave equation of optics is 


à n? do 
Vd — = = 0, 10-151 
c? dt? ( ) 
where ¢ is a scalar quantity such as the scalar electromagnetic potential, c is the 
velocity of light in vacuo, and n is the index of refraction equal to the ratio of c to 
the velocity of light. In general, n depends upon the medium and will be a function 


* For a discussion of the motion of the S surfaces in configuration space, see L. Brillouin. 
Tensors in Mechanics and Elasticity, trans. R. O. Brennan (New York: Academic, 1964), 
Chapter VIII. 
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of position in space. If n is constant, Eq. (10-151) is satisfied by a plane wave 
solution of the form 


Q = po dtt, (10-152) 


where the wave number k and the frequency œw are connected by the relation 
In Ho 
A c 


Taking the direction of k for simplicity as being along the z axis, the plane wave 
solution can also be written 
o = Goer, (10-154) 


where kọ is the wave number in the vacuum. We shall be interested, however, in 
the case of geometrical optics, where n is not exactly constant but varies slowly in 
space. The plane wave is then no longer a solution of the wave equation (10-151); 
the variation of the index of refraction with position will distort and bend the 
wave. Since n is assumed to change only gradually in space, we seek a solution 
resembling the plane wave as closely as possible: 


= etl) t ikola =en, (10-155) 


The quantities A and L are taken as functions of position to be determined and 
are both considered as real. Therefore A is a measure of the amplitude of the wave. 
If n were constant, L would reduce to nz and in consequence is called the optical 
path length or phase of the wave. It is also frequently referred to as the eikonal. 
Successive applications of the gradient operator to the solution @ result in the 
relations 
Vo = p V(A + ikoL), 
V7 = O[V7(A + ikoL) + (V(A + ikgL))7], 
or 
V7 = o[V7A + iko VPL + (VAP — kG(VL)? + 2iky VA- VL]. 


The wave equation now becomes 
iko[2 VA- VL + V7L]o + [V7A + (VA)? — kG(VL) + n’kĝ]o = 0. (10-156) 


Since both A and L are real, the equation holds only if the two expressions in the 
square brackets separately vanish: 


V?A + (VA)? + k(n? — (VL)*) = 0, (10-157a) 
V7L+2VA-VL=0. (10-157b) 


So far no approximation has been made; both equations are rigorous. We can 
now introduce the assumption that n varies only slowly with distance; in 
particular, that n does not change greatly over distances of the order of the 
wavelength. Effectively, this means that the wavelength is small compared to the 
dimension of any change in the medium, which is the assumption of geometrical 
optics. The term involving kê = 4n?//§ in Eq. (10-157a) is therefore the 


HHSEN 


= —, (10-153) 
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prominent one, and the equation reduced to the simple form 


(VLF =n. (10-158) 

Equation (10—158) is known as the eikonal equation of geometrical optics.* The 
surfaces of constant L determined by this equation are the surfaces of constant 
optical phase and thus define the wave fronts. The ray trajectories are everywhere 
perpendicular to the wave fronts and hence are also determined by Eq. (10-159). 
We need not digress further into geometrical optics, for it will be seen that the 
eikonal equation (10-158) is identical in form with the mechanical 
Hamilton—Jacobi equation for W, (10—146). The characteristic function Wplays 
the same role as the eikonal L and [2m(E — V)]* serves as the index of refrac- 
tion. The Hamilton—Jacobi equation thus tells us that classical mechanics 
corresponds to the geometrical optics limit of a wave motion in which the rays 
orthogonal to the wave fronts correspond to the particle trajectories orthogonal 
to the surfaces of constant S. It is now clear why Huygens’ wave theory and 
Newton’s light corpuscles were able to account equally well for the phenomena of 
reflection and refraction, for both theories of geometrical optics are formally 
identical. The resemblance of the principle of least action to Fermat’s principle of 
geometrical optics is also explained. In Jacobi’s form of the least action principle, 


Eq. (8—89), we see that the integrand, ./H — V, is to be replaced in geometrical 
optics by something proportional to the index of refraction or to the reciprocal of 
the wave velocity. Hence the principle of least action may also be written in the 
forms 
d 
A fr ds=A | =0, (10-159) 


u 


which are two well-known variations of Fermat’s principle for the trajectories of 
light rays. 

We have still not established the frequencies and wavelengths of the waves 
associated with classical motion. All that has been determined is that the 
wavelength must be very much smaller than the spatial extensions of the forces 
and potentials. Further than this we cannot go within the realm of classical 


` mechanics. As a species of geometrical optics, classical mechanics is precisely the 


field in which phenomena depending on the wavelength (interference, diffraction, 
etc.) cannot occur. There is a duality of particle and wave even in classical 
mechanics, but the particle is the senior partner, and the wave aspect has no 
opportunity to display its unique characteristics. 

We can speculate, nonetheless, on the form of the wave equation for which 
the Hamilton—Jacobi equation represents the shortwave length limit. The 
similarity of the eikonal equation (10—158) with the Hamilton-Jacobi equation 
(10-146) does not imply the equivalence of L with W: it is necessary merely that 
the two quantities be proportional to each other. We shall see that the constant of 


* Although the eikonal equation has been derived here from the scalar wave equation, it 
can also be obtained from the wave equations for the vector field strengths of the 
electromagnetic field. See Born and Wolf, Principles of Optics. 
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proportionality is a measure of the magnitude of the wavelength. If W 
corresponds to L, then S = W — Et must be proportional to the total phase of the 
light wave described by Eq. (10-155): 


L 
k (L — ct) = anf = - vf. (10-160) 
“0 
Hence the particle energy E and the wave frequency v must be proportional, and 
we shall denote the constant ratio of the two quantities by the symbol h: 
E = hv. (10-161) 
The wavelength and the frequency are in general connected to the wave velocity 


by the relation 
2y =U, 


so that, by Eq. (10-149), 2 is given by 


ee u _E/p 
~ v Efi? 
or 
, h 
kanm 10-162 
p ( ) 


The expression for wave phase given in the right-hand side of Eq. (10-160) 
can also be written as 
- Qn (= in 


h \2o 


Clearly the quantity in the parentheses is in the form of W— Et = S. This 
suggests then that the wave amplitude to be associated with the mechanical 
particle motion should have the form 

w= oe, (10-163) 
where, as customary, fi = h/2n. If our picture is right, then the equation governing 
this wave amplitude should reduce in the limit of short /; or equivalently, very 
small h, to the Hamilton—Jacobi equation. By hindsight, of course, we know that 
the equation satisfied by is the Schrödinger (time-dependent) wave equation 


has h ow 
E Vy = : 10-164 
2m vy 4 i ôt a 
Is the Hamilton-Jacobi equation the shortwave length limit of the Schrödinger 


equation? 
To investigate this question we can substitute Eq. (10-163) into the 
Schrödinger equation. We have 
ôy i OS. oy i os 
ôt = a ôx fh ax” 
Hence the Laplacian of y in Cartesian coordinates is equivalent to 


2, i 2 Y 2 
Vy == VS — za (VS). 
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In terms of S the Schrödinger equation can therefore be written as 


1 5 OS ih _, 

È (VOEE v| y ôt Im s (10-165) 
We recognize the quantity in brackets as the Hamiltonian in the 
Hamilton—Jacobi equation for a single particle as described in Cartesian 
coordinates. Indeed, Eq. (10-165) would be the classical Hamilton—Jacobi 
equation for Hamilton’s principal function if only the right-hand side were zero. 
Equation (10-165) may be called the quantum-mechanical Hamilton-Jacobi 
equation; it reduces to the classical equation in the limit as fi (and therefore 4) 
goes to zero.* The conditions for neglecting the VS term can be stated in various 
ways. One is to note that V’S arises in association with (VS) in the evaluation of 
V’@. Therefore one can drop the term if 


hV2S « (VS)? 


or, equivalently, if 
hV«p «p°. 


In one dimension this would be the same as requiring that 
==> x«l, (10-165) 


where Z = 7/2z, the reduced wavelength. Equation (10-166) in words says that 
classical mechanics, as the geometrical optics limit, is valid when the wavelength 
is so short that the momentum changes by a negligible fraction over a distance of 
4. In turn this implies that the potential doesn’t vary appreciably over a 
wavelength} 

It is seen that the difference between the quantum and classical versions of the 
Hamilton—Jacobi equation depends on the size of h. The smaller h, the smaller the 
wavelength and the better the approximation to geometrical optics. Now, the 
equivalence of the Hamilton-Jacobi and eikonal equations was first realized by 
Hamilton in 1834; the corresponding wave equation was first derived by de 
Broglie and Schrödinger in 1926. It has been stated that had Hamilton gone only 
a little further, he would have discovered the Schrödinger equation. This is not so; 
he lacked the experimental authority for the jump. In Hamilton’s day classical 


*Tf one expands S in Eq. (10—165) in a power series in h, and collects coefficients of the 
same power of fi, the lowest approximation is obviously the classical Hamilton—Jacobi 
equation. The next approximation, linear in f, leads to the WKB or semiclassical 
approximation. 

f Incidentally, it can now be realized why the Schrödinger equation and the 
Hamilton-Jacobi equation have the same conditions for separability. The separated 
solutions have a different form, however. From Eq. (10-163) it is seen that when 
W = S + Et is separated into a sum of functions each involving only one coordinate, then 
yw is separated into a product of such functions. 
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mechanics was considered to be rigorously true, and there was no justification in 
experiment for considering it as an approximation to a broader theory. In other 
words, Hamilton had no reason to believe that the value of h was at all different 
from zero. The recognition that classical mechanics was only a geometrical optics 
approximation to a wave theory could come only when effects depending on the 
particle wavelength were discovered—as in the interference experiments of 
Davisson and Germer. Only then could physical reality be ascribed to h, which is, 
of course, the famous Planck’s constant.* 

Nevertheless, it can now be seen that classical mechanics contains within it 
the seeds of the quantum theory, and that the Hamilton—Jacobi formulation is 
particularly suited to show how to generalize from classical to wave mechanics. 
To go further into these subjects would take us beyond the scope of this book, 
which might well be titled “The Geometrical Optics of Wave Mechanics”! 
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differences of emphasis and viewpoint, and the reader may benefit from comparing the two 
discussions. 


M. Born, The Mechanics of the Atom. Physicists had a brief interest in action-angle 
variables in the heyday of the older quantum theory, when it provided the “royal road” to 


* A similar situation occurred in the development of the wave theory of light. Until the 
phenomena of interference and diffraction were experimentally observed in light there was 
no reason to prefer Huygens’ wave theory over Newton’s corpuscular rays. 
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quantization. Born’s book was a product of that period and remains one of the best 
discussions of Hamilton—Jacobi theory and action-angle variables accessible to physicists. 
It is outstanding in the wealth of the applications it presents. Born’s discussion of action- 
angle variables and related perturbation theory is the source for the discussions on these 
areas as found in many text books in mechanics, and the present book is by no means a 
complete exception. The reader should be cautious, however, in accepting the statement’s 
in Born’s book about atomic stricture. Most of them are out of date. 


A. SOMMERFELD, Atomic Structure and Spectral Lines. The exposition of Hamilton—Jacobi 
theory and action-angle variables to be found scattered through the text and appendices of 
this book is considerably less detailed than in Born. Probably for that reason it is often 
more readable. Especially noteworthy is the discussion of the connection between the 
number of systems of separation coordinates and the degeneracy of the motion. The 
evaluation of the integrals occurring in the Kepler problem by means of the theory of 
residues is explained in an appendix (and is also given in Born’s book). 


J. H. VAN VLECK, Quantum Principles and Line Spectra. The chapter of this work entiled 
“Mathematical Techniques” provides a quick survey of Hamilton—Jacobi theory and 
action-angle variables, with an introduction into perturbation theory. Most of the rest of 
the book is of historical interest only. The caution applied to Born’s book is equally valid 
here and holds almost as well for Sommerfeld’s volume. 


B. GARFINKEL, The Lagrange—H amilton—Jacobi Mechanics in Space Mathematics, Part I. 
Action-angle variables had been used in celestial mechanics (although not under that 
name) long before there was any physics interest in them, and their use remains today the 
elegant way of approaching perturbation theory. This reference shows how the subject is 
viewed from the standpoint of celestial mechanics, in an essay that’s brief and concise but 
eminently readable (a characteristic notoriously lacking in many treatises on analytical 
mechanics). In a scant 36 pages it covers the field from Lagrangian mechanics through 
perturbation theory but packs an incredible amount of material in the brief compass. 
Examples are the Staeckel conditions for separability (there is an obvious factor of 2 
missing in Eq. (82)), Vinti’s theorem, and the Delaunay elements. Some of the notation and 
conventions differ from those customarily followed in physics. 


L. A. Pars, A Treatise on Analytical Dynamics. Three chapters cover the area from the 
Hamilton-Jacobi equation to action-angle variables, which allows for a leisurely 
treatment and a plenitude of examples. Unusual is the discussion on separable systems as a 
property per se, independent of the application to the Hamilton-Jacobi equation. 
Staeckel’s condition is treated at length. Action-angle variables are not mentioned 
explicitly (although angle variables are) but the sections on multiply-periodic motion are 
extensive, 


H. V. McIntosh, Symmetry and Degeneracy in Group Theory and its Applications, Vol. 2, 
ed. E. M. Loebl. As might be expected the connection between separability and degeneracy 
(and the symmetry properties of the system) come in for considerable discussion here. The 
argument that the space-filling properties of the orbit in nondegenerate systems militates 
against separability is gone into in some detail, and the consequences for a wide variety of 
systems are considered (including such unusual ones as the magnetic monopole). All in all, 
this is probably the best available reference on the degeneracy—separability-symmetry 
connection available in the 1970s. 
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L. BRILLOuIN, Tensors in Mechanics and Elasticity. This charmingly written book contains 
much information on a wide variety of topics, from differential geometry to the quantum 
mechanics of solids (of circa 1938). The motion of the surfaces of constant S in 
configuration space is presented in detail in Chapter VIII, and the connections linking 
classical mechanics, geometrical optics, and wave mechanics are thoroughly discussed in 
Chapter IX. 

M. Born AND E. Wo r, Principles of Optics. A standard reference on the application of 
Hamilton-Jacobi theory to geometrical optics is the rather formidable treatise by J. L. 
Synge, Geometrical Optics. Born and Wolf provide a more understandable introduction, 
with considerable attention paid to further extension to the Schrödinger wave equation. 
A chapter on the foundations of geometrical optics contains, among other material, a 
derivation of the eikonal equation for a vector field. The following chapter on the 
geometrical theory of optical imaging starts out, at least, with a Hamiltonian approach. 
Two appendices are of particular interest in this connection. The first is practically a short 
treatise on the calculus of variations, with emphasis on the Hamilton—Jacobi equation. 
The contents of the following appendix are clearly indicated by the title: “Light optics, 
electron optics and wave mechanics.” 


EXERCISES 


1. For a conservative system show that by solving an appropriate partial differential 
equation one can construct a canonical transformation such that the new Hamiltonian is a 
function of the new coordinates only. (Do not use the exchange transformation.) Show how a 
formal solution to the motion of the system is given in terms of the new coordinates and 
momenta. 


2. In the text the Hamilton-Jacobi equation for S was obtained by seeking a contact 
transformation from the canonical coordinates (q, p) to the constants (x, f). Conversely, if 
S(qj, “i, t)is any complete solution of the Hamilton—Jacobi equation (10-3), show that the 
set of variables (q; p;) defined by Eqs. (10-7) and (10-8) are canonical variables, i.e., that 
they satisfy Hamilton’s equations. 


3. Solve the problem of the motion of a point projectile in a vertical plane, using the 
Hamilton—Jacobi method. Find both the equation of the trajectory and the dependence of 
the coordinates on time, assuming the projectile is fired off at time t = 0 from the origin 
with the velocity vọ, making an angle « with the horizontal. 


4. Set up the problem of the heavy symmetrical top, with one point fixed, in the 
Hamilton-Jacobi method, and obtain the formal solution to the motion as given by Eq.. 
(5-63). 

5. Show that the function 


ma 


S= Eai + w?) cot wt — magacsc ot 


is a solution of the Hamilton—Jacobi equation for Hamilton’s principal function for the 
linear harmonic oscillator with 


1 X 2 
H = — (P + mog). 
2m 
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Show that this function generates a correct solution to the motion of the harmonic 
oscillator in time. 


6. A charged particle is constrained to move in a plane under the influence of a central 
force potential (nonelectromagnetic) V =4kr?, and a constant magnetic field B 
perpendicular to the plane, so that 


(A =4B x r), 


Set up the Hamilton—Jacobi equation for Hamilton’s characteristic function in plane polar 
coordinates. Separate the equation and reduce it to quadratures. Discuss the motion if the 
canonical momentum pọ is zero at time t = 0. 


7. a) A single particle moves in space under a conservative potential. Set up the 
Hamilton-Jacobi equation in ellipsoidal coordinates u, v, @ defined in terms of the usual 
cylindrical coordinates r, z, @ by the equations 


r = asinhvsinu, z = a cosh v cos u. 


For what forms of V (u, v, ġ) is the equation separable? 


b) Use the results of part (a) to reduce to quadratures the problem of a point particle 
of mass m moving in the gravitational field of two unequal mass points fixed on the z axis a 
distance 2a apart. 


8. Suppose the potential in a problem of one degree of freedom is linearly dependent on 
time, such that the Hamiltonian has the form 


p? 
H =—— — mAtx, 
2m 


where A is a constant. Solve the dynamical problem by means of Hamilton’s principal 
function, under the initial conditions t = 0, x = 0, p = mvo. 


9. Set up the plane Kepler problem in terms of the generalized coordinates 
u=r+xX, 
v=r—x. 
Obtain the Hamilton-Jacobi equation in terms of these coordinates, and reduce it to 
quadratures (at least). 


10. One end of a uniform rod of length 2/ and mass m rests against a smooth horizontal 
floor and the other against a smooth vertical surface. Assuming that the rod is constrained 
to move under gravity with its ends always in contact with the surfaces, use either of the 
Hamilton-Jacobi equations to reduce the solution of the problem to quadratures. 


11. A particle is constrained to move on a roller coaster, the equation of whose curve is 


220X 
z = Acos*——. 


There is the usual constant downward force of gravity. Discuss the system trajectories in 


„phase space under all possible initial conditions, describing the phase space orbits in as 


much detail as you can, paying special attention to turning points and transitions between 
different types of motion. 
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12. A particle of mass m moves in a plane in a square well potential: 
Vr)= -v O0<r<ro, 
=0 r >To- 


a) Under what initial conditions can the method of action-angle variables be applied? 


b) Assuming these conditions hold, use the method of action-angle variables to find the 
frequencies of the motion. 


13. A particle moves in periodic motion in one dimension under the influence of a 
potential V(x) = F|x|, where F is a constant. Using action-angle variables find the period 
of the motion as a function of the particle’s energy. 


14. A particle of mass m moves in one dimension under a potential V = —k/|x|. For 
energies that are negative the motion is bounded and oscillatory. By the method of action- 
angle variables find an expression for the period of motion as a function of the particle’s 
energy. 

15. A particle of mass m moves in one dimension subject to the potential 


a 


sata 
sin? [š] 
Xo 


Obtain an integral expression for Hamilton’s characteristic function. Under what 
conditions can action-angle variables be used? Assuming these are met find the frequency 
of oscillation by the action-angle method. (The integral for J can be evaluated by 
manipulating the integrand so that the square root appears in the denominator.) Check 
your result in the limit of oscillations of small amplitude. 


V= 


16. A particle of mass m is constrained to move on a curve in the vertical plane defined by 
the parametric equations 
y = İ(1 — cos 29), 


x = (2 + sin 29). 
There is the usual constant gravitational force acting in the vertical y direction. By the 


method of action-angle variables find the frequency of oscillation for all initial conditions 
such that the maximum of ġ is less than or equal to 7/4. 


17. In the action-angle formalism the arguments of Hamilton’s characteristic function are 
the original coordinates q, and the action variables J,. In the case of degeneracy a 


3 : AR f : 
ubsequent canonical transformation is made to new variables (wi, J;) from (w,,J,), in- 


order to replace the degeneracies by zero frequencies. By considering each J, a function of 
the J; quantities as defined by Eq. (10-105), show that it remains true that 


aw 
au’ 


3 
= wi 


18. For the system described in Exercise 12 of Chapter 6 find a linear point transformation 
to variables in which the Hamilton-Jacobi equation is separable. By use of the action- 
angle variables then find the eigenfrequencies of the system. 


19. A three-dimensional harmonic oscillator has the force constant k, in the x and y 


directions and k, in the z direction. Using cylindrical coordinates (with the axis of the 
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cylinder in the z direction) describe the motion in terms of the corresponding action-angle 
varjables, showing how the frequencies can be obtained. Transform to the “proper” action- 
angle variables to eliminate degenerate frequencies. 

20. Find the frequencies of a three-dimensional harmonic oscillator with unequal force 
constants using the method of action-angle variables. Obtain the solution for each 
Cartesian coordinate and conjugate momentum as functions of the action-angle variables. 


21. a) In the harmonic oscillator of Exercise 20 allow all the frequencies to become equal 
(isotropic oscillator) so that the motion is completely degenerate. Transform to the 
“proper” action-angle variables, expressing the energy in terms of only one of the action 
variables. 

b) Solve the problem of the isotropic oscillator in action-angle variables using 
spherical polar coordinates. Transform again to proper action-angle variables and 
compare with the result of part (a). Are the two sets of proper variables the same? What are 
their physical significances? This problem illustrates the feasibility of separating a 
degenerate motion in more than one set of coordinates. The nondegenerate oscillator can 
be separated only in Cartesian coordinates, not in polar coordinates. 


22. The motion of a degenerate plane harmonic oscillator can be separated in any 
Cartesian coordinate system. Obtain the relations between the two sets of action-angle 
variables corresponding to two Cartesian systems of axes making an angle 0 with each 
other. Note that the transformation between the two sets is not the orthogonal 
transformation of the rotation. 

23. a) Evaluate the J, integral in the Kepler problem by the method of complex contour 
integration. To get the integral into a useful form it is suggested the substitution 
cos @ = xsini might be made. 

b) Verify the integration procedure used for J, in the text, carrying out the final 
integrations in Eq. (10-111). 

c) Follow the consequences of the inclination being greater than 90°, i.e., cosi 
negative. In particular what are the changes in Eq. (10-112), in the canonical 
transformation to zero frequencies and therefore in Eqs. (10-122)? Can you write these 
equations in such a form that they are valid whether cosi is positive or negative? 

24. Evaluate the integral for J, in the Kepler problem by elementary means. This includes 
using tables of integrals, but if so, explicit and detailed references should be given to the 
tables used. 

25. Show, by the method outlined in the text (or any other), that 2zw, is œ, the argument 
of the periapsis, in the three-dimensional Kepler problem. 


26. The so-called Poincaré elements of the Kepler orbits can be written as 


wi + Wa + W3, Jg 

J, Joa 

— cos 2n(w, + w), — sin 2a(w. + w), 
T T 

J Jo. 

cos 2x, sin 27. 

T T 


Show that they form a canonical set of coordinates, with the new coordinates forming the 
left-hand column, their conjugate momenta being given on the right-hand side. 
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27. Describe the phenomenon of small radial oscillations about steady circular motion in 
a central force potential as a one-dimensional problem in the action-angle formalism. 
With a suitable Taylor series expansion of the potential find the period of the small 
oscillations. Express the motion in terms of J and the conjugate angle variable. 


28. Set up the problem of the relativistic Kepler motion in action-angle variables, using 
the Hamiltonian in the form given by Eq. (8-54). Show in particular that the total energy 
(including rest mass) is given by 


E 1 


me 4r? k? 
1 + $F 33.3957 
[5 — Ji)e + JT520? — 4k ye 


Note that the degeneracy has been partly lifted, because the orbit is no longer closed, but is 
still confined to a plane. In the limit as c approaches infinity show that this reduces to Eq. 
(10-123). 


CHAPTER 11 
Canonical Perturbation Theory 


11-1 INTRODUCTION 


Almost all of the problems in classical mechanics discussed in this book so far, 
whether in the text or in the exercises, have been capable of exact solutions. It 
must not be thought, however, that complete solutions can be found for all, or 
even for most, problems in mechanics. Indeed it is probably the case that the vast 
majority of problems cannot be solved exactly. We have found solutions for the 
two-body Kepler problem, but the classical motion of three point-bodies acted on 
only by their mutual gravitational forces has proved intractable. Even for two 
bodies the solutions are implicit; no closed explicit formula can be found for the 
coordinates as a function of time (cf. p.102), Section 3-8). There is thus 
considerable incentive for developing approximate methods of solution. 

It often happens, fortunately, that in a physical problem that cannot be 
solved directly the Hamiltonian differs only slightly from the Hamiltonian for a 
problem that can be solved rigorously. The more complicated problem is then 
said to be a perturbation of the soluble problem, and the difference between the 
two Hamiltonians is called the perturbation Hamiltonian. Perturbation theory 
consists of techniques for obtaining approximate solutions based on the 
smallness of the perturbation Hamiltonian. 

It should be noted that while the change in the Hamiltonian must be small, 
the eventual effect of the perturbation on the motion may be large. Thus, consider 
an isotropic plane harmonic oscillator, i.e., one with equal frequencies for motion 
in the x or y directions. The trajectory of the point oscillator is a simple closed 
curve; in general, an ellipse. Suppose that there is an infinitesimal perturbation of 
the force constant in the y direction so that the two frequencies are now unequal 
and incommensurate. As a result of this smail perturbation in H, the trajectory is 
no longer closed and will in the course of time become space filling—in loose 
terms, pass through every point in a rectangle defined by the amplitudes in the x 
and y directions. We have seen that similarly large qualitative changes in the 
motion of a point satellite result from very small perturbations caused by the 
oblateness of the earth’s gravitational field. In the unperturbed central field the 
satellite motion is confined to a plane; any gravitational quadrupole 
perturbation, no matter how small, causes motion out of the initial plane (so long 
as the axis of the quadrupole is not perpendicular to the plane). 
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The development of perturbation theory goes back to the earliest days of 
celestial mechanics. Newton realized, for example, that most of the oscillations in 
the moon’s motion were the result of small changes in the attraction to the sun as 
the moon revolves about the earth. His initial attempts at a lunar theory including 
these effects corresponded roughly to a form of perturbation theory. Many of the 
subsequent developments in the formal structure of classical mechanics, such as 
Hamilton’s canonical theory, stemmed in large measure from the desire to perfect 
perturbation techniques in celestial mechanics. The need for predicting highly 
accurate orbits for space vehicles and the enormously increased capacity for 
numerical computations have recently spurred further improvements in 
perturbation theory. (Most of these recent developments, however, lie outside the 
scope of our discussion.) 

Classical perturbation theory can be divided into two approaches: time- 
dependent and time-independent perturbation. The terminology is chosen with an 
eye to perturbation theory as developed for quantum mechanics, and indeed there 
are many points ofanalogy between theclassical perturbation techniques and their 
quantum counterparts. Generally speaking, classical perturbation theory is 
considerably more complicated than the corresponding quantum mechanical 
version. Weshall treat time-dependent perturbation first as being the easier form to 
understand. While perturbation theory can be developed for all versions of 
classical mechanics, it is simplest to use the Hamilton—Jacobi formulation. 


11-2 TIME-DEPENDENT PERTURBATION (VARIATION OF CONSTANTS) 


Let H,(q, p, t) represent the Hamiltonian for the soluble, unperturbed problem. 
We imagine the solution has been obtained through Hamilton’s principal 
function S(q, «, t), which generates a canonical transformation in which the new 
Hamiltonian, K, for the unperturbed problem is identically zero. The 
transformed canonical variables, (c, f), are then all constant in the unperturbed 
situation. Now consider the perturbed problem for which we write the 
Hamiltonian as 


Aq, P, t) = (4, P, t) + AH (q, p, t). (11-1) 


As has been emphasized before, the canonical property of a given coordinate 
transformation is independent of the particular form of the Hamiltonian. 
Therefore the transformation 


(p,q) > (#, B) 


generated by S(q,a,t) remains a canonical transformation for the perturbed 
problem. Only now the new Hamiltonian will not vanish and the transformed 
variables may not be constant. For the perturbed problem the transformed 
Hamiltonian will be 


aS 
K(o,8,t)= Ho + AH + S = AH (e, b, t). (11-2) 


re 
t 
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Hence the equations of motion satisfied by the transformed variables are now 


_ _dAH(,B,t) i= dAH (ca, B, t) 


i Op, ° : ðo; 


t 


(11-3) 


Equations (11-3) are rigorous; no approximation has yet been made. If the set of 
2n equations can be solved for œ, and £; as functions of time, then the equations of 
transformation between (p,q) and (a, B) give q; and p; as functions of time, i.e., 
solve the problem. However, the exact solution of Eqs. (11-3) is usually no less 
difficult to obtain than for the original equations of motion. The use of Eqs. 
(11-3) as an alternative approach to the rigorous solution is therefore not 
particularly fruitful. 

In the perturbation technique, however, advantage is taken of the fact that 
AH is small. The quantities (¢, 8) while no longer constant therefore do not 
change rapidly, at least compared to the explicit dependence of AH on time. A 
first-order approximation to the time variation of («, $) is obtained by replacing « 
and $ on the right-hand side of Eqs. (11-3) by their constant unperturbed values: 


0 AH (a, p, t) 
ay; = eas u 


Here «,,; and f,, stand for the first-order perturbation solutions for œ; and B,, 
respectively, and the vertical lines with subscript 0 indicate that after differentiation 
a and $ are to be replaced by their unperturbed forms, i.e., the constants (a, Bo). 
Equations (11-4) can be put in matrix form by designating y as the column matrix 
of the 8 and « canonical variables, so that 


Lp = OAH Bt 


o Ôa; 


; (11-4) 
0 


OAH (y, t) 


5 mJ 
Yı ay 


; (11-5) 
0 


where J is the matrix given by Eq. (8-30). Equations (11—4) can now be 
integrated directly to yield the «, and £, as functions of time. Through the 
transformation equations one then obtained (q, p) as functions of time to first 
order in the perturbation. Clearly, the second-order perturbation is obtained by 
using the first-order dependence of « and f on time in the right-hand sides of Eqs. 
(11-4), and so on. In general, the nth order perturbation solution is obtained by 
integrating the equations (in matrix form) for y,, given by 


j _ J?AEN») 


n ay (11-6) 


n=i1 

As a trivial example of these procedures, consider as the unperturbed system 
the force-free motion in one dimension ofa particle of mass m. The unperturbed 
Hamiltonian is 


p 
H,=—. 
0 2m 
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The momentum p is clearly conserved; call its constant value «. For this system 

the Hamilton—Jacobi equation is 

1 {dS\?_ as 
aan 


pad pean 11-7 
Bele on 


2m 
Because the system is conservative and x is cyclic, we know immediately that the 
solution for Hamilton’s principal function is 


a t 


S =ax — (11-8) 


2m` 


The transformed momentum is «; the transformed constant coordinate is 


os at 
O=f=e—=x-— 
© Oo X m 
or 
t 
eae) (11-9) 


the expected solution for the force-free motion. While Eq. (11-9) is obvious a 
priori, this formal derivation via the Hamilton—Jacobi equation at least shows 
that œ and f, so defined, form a canonical set. 
Now suppose the perturbation Hamiltonian is 
ma*x? 


= , -10 
H 7 (11-10) 


where w is some constant. The total Hamiltonian is 
1 2 2 2.2 
H=H,+AH= mE + mox"). (11-11) 
We are thus considering the harmonic oscillator potential as a perturbation on 


force-free motion! In terms of the «, f variables the perturbation Hamiltonian, by 
Eq. (11-9), is 


yao at a) ae 
~ 2 \m i ( ) 
In the perturbed system the equations of motion for g, B are (cf. Eqs. (11-3)) 
> 2| æt 
È = -mol E + A) (11-13a) 
m 
; , {at 
p= o| + e); (11-13b) 
Note that l 
3 at 
p+—é=0. (11-14) 
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A rigorous solution of Eqs. (11—13) can be obtained by taking the time derivative 
of Eq. (11-13a): 


as >. àt 
a= -wa — mop + z) = — 0°. (11-15) 


Thus « in the perturbed system rigorously has a simple harmonic variation with 
time. From Eqs. (11-13a) and (11-9) it follows x = —&/(ma) and hence the 
solution for x is also simple harmonic motion. Considered as rigorous equations 
of motion, Eqs. (11-13) therefore lead properly to the correct and well-known 
solution. 

But now let’s treat mœ? (=k, the force constant) as a small parameter and 
seek perturbation solutions. The first-order perturbation is obtained by replacing 
œ and f on the right by their unperturbed values a and fo. For simplicity we'll 
take x = Oinitially, so that £, = 0; the initial value of p is then «o. The first-order 
equations of motion are then 


2,2 
Í 5 š w t? 
a, = ~O ot, B, = to (11-16) 
m 
with immediate solutions 
2 2 243 
w dot dow“ t 
d, = Wy — , = 11-17 
t 9 2 By 3m ( 
Solutions for x and p to first order are then 
æt Oy wt? 
x=— + = wt = 
m By sf 6 / eee) 
and 
wt? 
p=, =a] 1 5 | (11-18b) 


Substituting Eqs. (11-17) for « and £ on the right-hand side of Eqs. (11-13), the 
second-order equations of motion become 


: wt * a," wt 
t= 20°(1 = 6 | b2 = 2 [. 5 (11-19) 


with solutions 


rc? | t? 245 
pE- | (11-20) 
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The corresponding second-order solutions for x and p are 


ao | oot wt? a wt 
x= w 
mo 3! SE P 


oP ott 
pea r (11-21) 


By now we have enough to see where the nth order solution is going. The 
quantities in the brackets in Eqs. (11—21) are the first three terms in the expansion 
of the sine and cosine, respectively. In the limit of infinite order of perturbation 
clearly- 


x sin wt, Pp > %,) COS wt, 
mo 
which are the standard solutions consistent with the initial conditions. 

In the constant transformed variables («, 8) is contained information on the 
parameters of the unperturbed orbit. Thus, if the Kepler problem in three 
dimensions describes the unperturbed system, then a suitable set of (œ, B) are the 
Delaunay variables, i.e., the constant action variables J; and the constant terms in 
the corresponding angle variables w;. We have seen in Section 10-7 that the 
Delaunay variables are simply related to the orbital parameters—semimajor 
axis, eccentricity, inclination, etc. The effect of the perturbation is to cause these 
parameters to vary with time. If the perturbation is small the variation of the 
parameters within one period of the unperturbed motion will also be small. Time- 
dependent perturbation theory—variation of constants—thus implies a picture 
in which the perturbed system moves during small intervals of time in an orbit of 
the same functional form as the unperturbed system, an orbit whose parameters, 
however, will be changing in time. The unperturbed orbit along which the system is 
momentarily traveling is sometimes described as the “osculating orbit.” In 
position and tangent direction it matches instantaneously the true trajectory. 

As determined by a perturbation treatment, the parameters of the osculating 
orbit may vary with time in two ways. There may be a periodic variation, in which 
the parameter comes back to an initial value in a time interval that to first order is 
usually the period of the unperturbed motion. Or there may remain a net 
increment in the value of the parameter at the end of each successive orbital 
period—and the perturbed parameters are said to exhibit secular change. 
Periodic effects of perturbation do not change the average parameters of the 
orbit; on the whole, the trajectory remains looking much like the unperturbed 
orbit. A secular change, no matter how small per orbital period, means that 
eventually, after many periods, the instantaneous perturbed parameters may be 
quite different from their unperturbed values. The major interest in a 
perturbation calculation will therefore often be in the secular terms only, and the 
periodic effects may be eliminated early in the game by averaging the 
perturbation over the unperturbed period. Effectively this is what was done in 
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Section 5-8 when the perturbing gravitational potential of the oblate earth was 
averaged over the satellite period (cf. Eq. 5~90).* 

Often one would like to determine the time dependence of the orbital 
“constants”—e.g., eccentricity, or inclination—directly, rather than through 
the intermediary of the canonical set («, $). This can be done easily through the 
Poisson bracket formalism. Let c; be any set of 2n independent functions of the 
(a, 8) constants of the unperturbed system: 


c; = c(a, B). (11-22) 


One or more of the c; may be the desired orbital parameters. Then in the 
perturbed system the time dependence of the c; quantities is determined by the 
equations of motion 


é, = [cp K] = [c,, AH]. (11-23) 


But AH (a, $, t) may equally well, by the inverse of Eqs. (11-22), be considered a 
function of the c’s and t, so that 


dc; OAH _ dc; sO AH de, 


„ AH] =—J— = — = 
[eA oa on on” Be, oH 
ð AH 
= Lene 
Hence, 
: OAH 
x Ĉi = Lc; cl- (11-24) 


J 


As with Eqs. (11-3), Eqs. (11-24) are rigorous equations of motion for the cps. 
They become first-order perturbation equations when the right-hand sides, 
including the Poisson brackets, are evaluated for the unperturbed motion. In 
general the nth-order perturbation is obtained when the right-hand sides are 
evaluated in terms of the (n — 1)st order of perturbation. Equations (11-24) thus 
correspond, in generalized form, to Eqs. (11-6). 


* The circumstances may often be more complicated than as described in this paragraph. 
For example, the periodicvariation of orbital parameters may exhibit more than one period. 
This would obviously occur when the perturbing potential has its own intrinsic periodicity, 
e.g., the varying perturbation of the sun’s gravity on the earth—moon orbit as the earth 
revolves around the sun. Multiply-periodic behavior can also appear through interactions 
between perturbations. Thus the periodic perturbation of satellite parameters may show 
both short and long periods, and it is necessary to average over both kinds of periods to find 
the secular perturbation effects. Sometimes the dividing line between periodic and secular 
perturbations becomes a bit vague. What may appear asa secular perturbation in first order 
will at times on closer examination turn out to be a periodic perturbation with a very long 
period. Depending on the purpose of the calculation, it may still be advisable to treat itas a 
secular perturbation term. Nonetheless the distinction between periodic and secular terms 
remains useful and normally straightforward, especially in first-order perturbation theory. 
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A version of Eqs. (11-24) expressed in Lagrange brackets (cf. Eq. 9-77) is 


often found in the literature of celestial mechanics. Multiply the equation for c; by 


the Lagrange bracket {c,,c,} and sum over i: 


; ð AH 
{cr CE; = {ck Ci} {Ci Cj] ac 


By the theorem expressed in Eq. (9-83) this reduces to 


ô AH 


BEE = {cj c}; (11-25) 


Historically, the perturbation equations of celestial mechanics are expressed in 
terms of the disturbing function R, defined as — AH, so that Eqs. (11—25) appear as 


Ra }e 11-25’ 
dc, = {c;,¢;}%;. (11-25’) 


Equations (11-24) or (11-25) are frequently denoted as the Lagrange 
perturbation equations. Further characteristics of time-dependent perturbation 
theory are best discussed as they occur in the course of applying the method in the 
next section to some typical examples. 
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A. Period of the plane pendulum with finite amplitude. In the limit of small 
oscillations a plane pendulum behaves like a harmonic oscillator and is 
isochronous, i.e., the frequency is independent of the amplitude. As the amplitude 
increases, however, the correct potential energy deviates from the harmonic 
oscillator form and the frequency shows a small dependence on the amplitude. 
The small difference between the potential energy and the harmonic oscillator 
limit can be considered as the perturbation Hamiltonian, and the shift in 
frequency derived from the time variation of the perturbed phase angle. In 
Section 11—4 below we shall find the same frequency shift in the time-independent 
version of perturbation theory. 

The Hamiltonian for a plane pendulum, consisting of a mass point m at the 
end of a weightless rod of length J, is 


2 


nerd 2a! 
H= aml? + mgl(i — cos 8), (11-26) 


where, for simplicity, the momentum conjugate to 8 is denoted by p. Expanding 
the cos @ term in a Taylor series the Hamiltonian can be written as 
p? mgi® 0P gt 


me a| n'a T aian 
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The small amplitude limit consists of dropping all but the first term in the 
parentheses. We can get an idea of the magnitude of the correction terms by 
introducing artificially a parameter 


, 2E 
and the related parameter 
E A 
6 3mel 


The series in the parentheses then looks like 
ep Ie) 

2\6, 10\6, 
Now, the ratio 6/0, rises to the order of unity at the maximum amplitude. Indeed 
9, is the maximum amplitude of oscillation when E, and therefore the amplitude, 
is small. Hence the rate of convergence of the expansion is determined by the 
magnitude of 2. If only one correction term is retained, first-order perturbation 
introduces terms of the order / in the motion. Second-order perturbation with the 
same perturbation Hamiltonian introduces 2? terms. Thus, to obtain 
modifications of the motion consistently correct to 4°, one would have to compute 
second-order perturbation on the 2 term in the Hamiltonian, and first-order 
perturbation on the 2? term in the Hamiltonian. We shall here content ourselves 
with a consistent treatment to order /, thatis, retain only the first correction term in 
the Hamiltonian and carry out a first-order perturbation solution. 


The unperturbed Hamiltonian derived from Eq. (11-27) can be put in the form 
of a harmonic oscillator by writing it as (cf. Eq. 10-14) 


1 2 2,,292 
H= 0 + a6), (11-29) 


where I = ml’, the moment of inertia of the pendulum, and 


2 mgl g 

2 = 11-30 
0) T 7 (11-30) 
A suitable set of canonical variables corresponding to a vanishing K for the 
unperturbed system are the action variable J and the phase angle f in the angle 
variable: 


CO 


w=vt + B, y=. (11-31) 
2n 


The effect of the perturbation is to cause both J and B to vary with time. The 
equations of transformation relating p and 8 to J and $, respectively, have already 
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been given in Eqs. (10-78) and (10-79), which here take the form 


J 
§= /——sin2x(vt + B), 
nliw 
JIJ 
p= => cos 2n(vt + B). 


In the unperturbed system J and $ are constant and Eqs. (11-32) constitute the 
complete solutions for the motion. But the equations remain valid for the 
perturbed case, only J and f have time dependences to be determined. 

The unperturbed Hamiltonian is H, = Jv, but the perturbation Hamiltonian 
takes the form 


(11-32) 


o mgla J’ a 
AH = -57° = TIn mp 2n(vt + B). (11-33) 


The first-order time dependence of B and J are to be obtained from 


. OAH ; ô AH 

am ——, J — ee ai 
B ap (11-34) 
where on the right-hand side of each equation the unperturbed solution is to be 
used; that is, J and f are considered constant. Thus 


p= Dini? —5— 5 sin* 2n(vt + p). (11-35) 


J 
~ 12n?m 


Equation (11-35) says that to first order, Ê varies over the cycle of the 
unperturbed oscillation. But there is a net value for Å when averaged over a 
complete cycle, for the average of sinf is 3/8. Hence f exhibits a secular 
perturbation at a constant rate given by 


pn J 
Be 327? ml? ree) 


Viewed over times long compared to the unperturbed period, B has a time 
dependence 


B= Bt + Bo. (11-37) 


Such a variation, when inserted in Eq. (11-32), says that on the average the first- 
order solution is still simple-harmonic with a frequency 


v=veB. 


Now, in the unperturbed motion 


11-3 ILLUSTRATIONS OF TIME-DEPENDENT PERTURBATION THEORY 509 


so that È, Eq. (11-36), becomes 
$ = wE = v6? 
16xmgl 16° 


(11-38) 


The first-order fractional change in the frequency at a finite amplitude 6, is 
therefore 


1 
==- A, 11-39 
v v 16 ( ) 
a well-known result that can also be obtained by approximating the elliptic- 
function representation of the motion.* 
From Eqs. (11-33) and (11-34) it is seen that to first order the time variation 
of J is 


2: 


. Je 
J= ae sin? 2x(vt + B)cos 2x(vt + B). 


The average of sin? cos @ over even a half period of ¢ is zero; hence, J shows no 
secular perturbation. We would expect this result physically, as J is a measure of 
the amplitude of the oscillations (cf. Eqs. (11-32)), and the perturbation would 
not be such as to cause the amplitude to grow or decay with time. 


B. A central force perturbation of the bound Kepler problem. In Exercise 14, 

Chapter 3, it was shown rigorously that if a potential with a 1/r? form is added to 

the Coulomb potential, the orbit in the bound problem is an ellipse in a rotating 

coordinate system. In effect the ellipse rotates, and the periapsis appears to 

precess. Here we will find the precession rate by first-order perturbation theory, 

considering a somewhat more general form for the perturbing potential. 
Suppose the total potential is 


(11-40) 


where n is an integer greater than or equal to + 2. The constant hi will be assumed 
to be such that the second term is a small perturbation on the first. The 
perturbation Hamiltonian is thus 

l 

AH = N n2. (11-41) 

i 
In the unperturbed problem the angular position of the periapsis in the plane of 
the orbit is given by the constant w= 2zw, (cf. Eq. 10-140). With the 
perturbation w has a time dependence determined by 

OAH AH 


b= 2 = 11-42 
a Te a5 al” ( ) 


* See for example, K. R. Symon, Mechanics, 3d. ed., p. 215, especially Eq. (5.35). 
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using the relation J, = 2zl (Eq. 10-131). First-order perturbation results are 
obtained by evaluating AH, and the derivative, in terms of the unperturbed 
motion. Further, the instantaneous change in œ is rarely of interest. In most 
situations where the perturbation formalism is of value, @ is so small the change 
in @ is difficult or impossible to perceive within a single orbital period; and it is 
sufficient to measure only the secular change in w after many orbits. Therefore 
what is wanted is © averaged over a time interval q, the period of the unperturbed 
orbit: 

— 1 f'dAH 

@ =— | ——dt. 

tJg ôl 

The derivative can be taken outside the integral sign, since t is a function of J, 
only (Eq. (10-119) combined with Eq. (10-123)), whereas the derivative is with 
respect to 1 = J,/2a. Hence 


~ fif ðAH 
b = —|— | AH dt| = —. 2 
= af | ôl (11-43) 


But the time average of the perturbation Hamiltonian is here 


hpa 


” fi\ 
AH = 15] = mi (11-44) 


tJg! 
By using the conservation of angular momentum in the form /dt = mr? dy, the 
integral can be converted into one over : 


=~ mhf” dy 
Ais cot ae i 
It Í "72 (11 45) 
i k n-2 pln 
a le | f (1 +ecos (y — y’)? dy, (1145') 
o 


where r has been expressed in terms of y through the orbit equation, Eq. (3—51) 
(with y used in place of 0). In general, only terms involving even powers of the 
eccentricity e will give nonvanishing contributions to the integral. The derivative 
with respect to / also involves e and its powers, since, by Eq. (10-134) eis a 
function only of J, and J;. 

Two special cases are of particular interest. One occurs when n= 2, 
mentioned briefly at the start of this illustration. The average perturbation 
Hamiltonian is then simply 


— 2umh 
AH = — ‘ 
It 
and the secular precession rate is 
© ~ Qamh 
Q =e (11-46) 
Pr 


which agrees with Exercise 14 of Chapter 3. 
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The other case of interest is for n = 3 (a 1/r? perturbation potential), for 
which Eq. (11—45’) reduces to 


=a Qnm7*hk 
aioe ae 
and 
= 6nm7hk 


What make this choice of n of particular significance is that general relativity 
theory predicts a correction to Newtonian motion that can be construed as an 
+~> potential. The so-called Schwarzschild spherically symmetric solution of the 
Einstein field equations corresponds to an additional Hamiltonian in the Kepler 
problem* of the form of Eq. (11-41), with n = 3 and 


k? 
h = 355 (11-48) 
m c7 
so that Eq. (11-47) becomes 
Sa k2 
pes (11-49) 
ther 


To apply Eq. (11—49) to the secular precession rate for the precession of a body 
revolving around the sun, k is set equal to GMm and Eq. (3-63), valid for the 
unperturbed ellipse, is used in the form 


P = mka(1 — e°). (11-50) 


Equation (11—49) can then be put in the form 


p EE E (11-51) 
a 


where R is the so-called gravitational radius of the sun:t 


M 
R= es = 1.4766 km. (11-52) 
aa 


* See W. M. Smart, Celestial Mechanics (New York, Wiley, 1953) p. 243, where recognition 
of the equivalent perturbation potential is ascribed to Eddington. For a more recent 
reference see the massive monograph of Misner, Thorne, and Wheeler, Gravitation (San 
Francisco, California: Freeman, 1973). The r~? correction potential can be derived from an 
equivalent one-dimensional energy equation given there on p. 668, Eq. (25.42), by carefully 
deciphering the array of elaborate symbols and remembering the near invisibility of c in 
most expressions. 


T The numerical value is based on the 1968 JPL set of astronomical constants. See W. G. 
Melbourne et al., JPL Technical Report 32-1306, July 15, 1968. 
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For the planet Mercury t = 0.2409 sidereal years, G = 0.2056, and a = 5.790 


x 10’km; Eq. (11-51) then predicts a precession of the perihelion of Mercury ; 


arising from general relativity at an average rate of 


= 42.98" /century. 


The observed secular precession of the perihelion of Mercury is over 100 times 
larger than this value, namely 5599.74 + 0.41”/century. Most of this is due to the 
precession of the equinoxes, i.e., the motion of the reference point of longitude 
with respect to the galaxy (see Chapter 5, p. 225). Of the remainder, about 
531.54"/century arises from perturbations of the orbit of Mercury by other 
planets. Only after these two sets of effects are subtracted from the observed 
precession does the small general relativity effect become visible. A 1973 
evaluation* estimated this residual at 41.4” + 0.9”/century; the deviation from 
the theoretical prediction is not considered significant. 

One point remains to be made. In the application to relativistic effects the 
constant h, Eq. (11—48), is a function of the value of /. It might be asked therefore 
that in finding h, why doesn’t the derivative with respect to l act also on h? The key 
here is that h is not functionally dependent on l as a canonical momentum; 
Equation (11-48) says only how the value of the constant h is determined in terms 
of the value of the orbit parameter /. In other words, the perturbation potential is 
a function of the dynamical variables only through r; it is not to be construed as 
velocity dependent. 


C. Precession of the equinoxes and of satellite orbits. The family of problems to 
be considered here was discussed previously in Section 5-8, which bears the same 
title. We wish to describe the relative motion of two bodies interacting through 
their gravitational attraction, one a spherically symmetric or point body, the 
other being slightly oblate with a resultant gravitational quadrupole moment. 
The effect of the slight oblate shape of the earth is physically that the torques 
exerted by the sun and moon on the equatorial bulge cause the earth’s rotation 
axis to precess very slowly. Reciprocally, the effect on an object orbiting around 
the earth, such as the moon or an artificial satellite, is to cause the plane of the 
orbit to precess about the figure axis of the earth. The small magnitude of the 
gravitational quadrupole term, manifested by the very slow rate of precession, 
Suggests that a perturbation treatment should be an extremely good 
approximation. We shall actually examine here only the case of the perturbation 
ofa satellite’s orbit; the reciprocal phenomenon of the precession of the equinoxes 
proceeds very similarly (though with different notation) from the same 
perturbation Hamiltonian and will be left for the exercises. 

Since the emphasis here will be on a point satellite moving about a much 
more massive earth, the notation of Section (5—8) will be reversed here and m used 


*C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (1973) p. 1112. 
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to denote the mass of the satellite while M stands for the earth’s mass. The total 
potential acting on the satellite, by Eq. (5-88), is then 

k č k(L-ILI) 

V = —— + — = P (y), = 

zty p r0) (11-53) 
where k = GMm and yis the cosine of the angle 0 between the radius vector to the 
satellite and the earth’s figure axis. For the perturbation Hamiltonian we 
therefore have 


AH =k 


L-1 F 

“0 — 1). -54 
SMP (3 cos“ 0 — 1) (11-54) 
The polar angle 6 can be expressed in terms of the inclination angle of the orbit, i, 
and the angle of the radius vector in the orbital plane relative to the periapsis, y, 
(the so-called true anomaly) by the relation* 


cos 0 = sin isin ( + œ), (11-55) 


where w is the argument of the periapsis. A small amount of manipulation enables 
us to rewrite the angular dependence of AH as 


3cos? 0 — 1 = ($ — łcos? i) — łsin? icos 2(W + œw). (11-56) 


Now, because of the small size of the perturbation, the chief interest is in the 
cumulative effects of the secular perturbation. Thus, the precession of the orbital 
plane shows up as a secular change in Q, the angle of the line of nodes (or 
longitude of the ascending node, see p.479). By the same argument as used in the 
previous illustration we can obtain the secular effects by averaging AH prior to 
taking derivatives: 
— if mò, 

AH =—[ AH dt = 7 r° AH dw 
0 


T Jo 


- Ee a +ecosy)(3cos*@—1)dy. (11-57) 


The term in cos 2(w + œ) in Eq. (11-56) gives zero contribution to the integral 
because it is orthogonal, in the interval of integration, to both 1 and cos y. Hence 
the averaged perturbation Hamiltonian is 


—— nm?k?(I, — I) 


AH = JMP: (1 — 3 cos? i). (11-58) 


* Equation (11—55)can be obtained in many ways, e.g., by matrix rotation of the plane of the 
orbit into the xy plane. It is given, most simply perhaps, by some old-fashioned 
trigonometric reasoning based on Fig. (10-5). As OB=1, BC =cos0, but 
AB = sin (Y + œ) and therefore BC is also sini sin (Y + œ). 
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In view of Eqs. (10-132) and (10-139) linking Q and i with the action-angle 
variables, the first-order perturbation value for © is to be found from 

ðAH 1 OAH 

AJ, ‘| Acosi 


Q = 2nw, = 27 


or 
3am7k?(1, — I,)cosi 


s MI*c 


Finally, using Eq. (11-50) the average fractional change in Q per unperturbed 
revolution is 
Qt  31,-1, cosi 
In 2 Mæ (l-e 


(11-59) 


which is the appropriate generalization of Eq. (5-96) to an elliptic satellite orbit. 
Once the average perturbation Hamiltonian is known the effect of the 

perturbation on other average parameters of orbit can be found. Thus, the secular 

precession of the periapsis in the plane of the orbit is immediately given by 

ðAH _@AH 

ðJ, oo 


-© = nw, = 20 


The canonical variable J, occurs in AH as given by Eq. (11-58) in two forms: in 
the 1° term in the denominator and in the term containing cosi = J,/J,. Upon 
carrying out the derivative it is found that 


ör 3 %I,-1, 
2n 4 Ma?(i —e’) 


(Scos?i — 1). (11-60) 


The maximum value of & is thus about the same as that of Q, but the dependence 
on iis quite different. At critical inclinations of 63°26’ and 116°34’, the precession 
of the periapsis vanishes (at least to first order) and changes sign above and below 
these points. It is clear that, to first order, there is no secular change in either a ore, 
since AH does not contain the constant parts of any of the angle variables. The 
shape and size of the osculating ellipse, when averaged over the orbital period, 
thus does not change with time. 

It may be noted from the last two illustrations that the general relativity 
correction and the gravitational quadrupole field both give rise to a precession of 
the periapsis of an orbiting body. R. Dicke has raised the question, therefore, 
whether the observed precession of the perihelion of Mercury might not be 
explained by a small oblateness of the sun’s gravitational potential. A partial 
answer can be seen from the perturbation results we have obtained. It will be 
remembered that Kepler’s law says that the period of the planetary motion is 
proportional to the three-halves power of the semimajor axis. The precession rate 
predicted by general relativity for the different planets should then, by Eq. 
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(11-51), vary as a~*/?. If the precession were due to the sun’s oblateness, Eq. 
(11-60) would predict a dependence as a~ "””. The data for the planets other than 
Mercury is rather crude, but it does come closer to the prediction of general 
relativity. Perhaps an even stronger factor is the precession of the ascending node 
of Mercury’s orbit. If the sun’s gravity field were oblate enough to account for the 
observed perihelion precession, then, by Eq. (11—51), there should be a significant 
accompanying precession of the ascending node. In contrast the general relativity 
perturbation is entirely central; the angular momentum vector, and therefore the 
normal to the orbital plane, remains unaffected. The observations do not suggest 
any significant precession of the node not accounted for by other known 
perturbations. While the observational errors are considerable, they are several 
times less than the predictions of the oblateness effect. It would therefore appear 
that the quadrupole component of the sun’s gravity field cannot account for more 
than a minor fraction of the observed anomaly in the precession of the perihelion. 


11-4 TIME-INDEPENDENT PERTURBATION THEORY 
IN FIRST ORDER WITH ONE DEGREE OF FREEDOM 


Time-independent perturbation is not concerned with the time dependence of the 
erstwhile constants of the unperturbed system; rather it seeks to find the 
quantities that are constant in the perturbed system. It can be applied only to 
conservative systems that are separable and periodic in the unperturbed state and 
remain so in the perturbed situation. These limitations still admit to a large 
number of interesting problems. On the celestial scale, after all, the planetary 
motions are still periodic in all three coordinates even with full considerations of 
all conservative perturbations to the Kepler motion. And in a classical picture of 
the atom, a perturbing magnetic field, as in the Zeeman effect, does not 
qualitatively change the periodic nature of the electron’s motion. In celestial 
mechanics, time-independent perturbation theory is usually known as von 
Zeipel’s method;* we give here the version of it developed by Born for the needs of 
the old quantum theory. 

For simplicity, the formalism will first be described for systems of only one 
degree of freedom, and in first order at that. In the next section we will remove 
these restrictions. Consider an unperturbed periodic system described by action- 
angle variables wy, Jọ, and a Hamiltonian H,(J,). The unperturbed frequency is 
given by 


Was with Wy = vot + Bo. (11-61) 


* Also known as Poincaré’s method. The use of von Zeipel as the eponym is sometimes 
reserved for a procedure that treats perturbation terms with short periods separately from 
those with long periods (compare the discussion on degeneracy, p. 525 below). But the 
practice is by no means uniform. See the bibliography at the end of the chapter, also R. A. 
Howland, Jr., Celestial Mechanics 15, 327 (1977), especially Section 1. 
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It follows from the property that the system is periodic in wọ with period 1, that q 
can be written as a Fourier series in the form* 


+a 
q= È AJ) e (11-62) 
k=- oc 


(compare with Eq. (10-91)), with a similar expression for p. Now suppose we add 
a perturbation so that the Hamiltonian looks like 


H=H,+«H,, (11-63) 


where ¢ is some small parameter that can be varied continuously from 0. Since the 
perturbed system is still periodic there must be a new set of action-angle variables 
(w, J) appropriate to the system, with H = H(J). The new J is constant and wis a 
linear function of time: 


w= vt + B, (11-64) 


with the new frequency v to be obtained from H(J). Nonetheless (wo, Jọ) remain 
canonical variables for the perturbed system, for they are related to the original 
set (q, p) by a canonical transformation. As has been repeatedly emphasized the 
canonical property of a transformation, and therefore of the set of variables, is 
independent of the specific form of the Hamiltonian. But now J, is not a constant 
and wọ is not a linear function of time. However, q is still a periodic function of wg, 
for Eq. (11-62) is nothing more than the canonical equation of transformation for 
q in terms of wọ and Jy. We therefore have the situation that both w and wọ 
advance by unity as q goes through a complete period of the motion. 

The two sets of canonical variables, (wọ, Jo) and (w, J), must therefore be 
related by a canonical transformation, whose generator, Y(1w ,J), can be found 
from the Hamilton—Jacobi equation for Hamilton’s characteristic function. Since 
the perturbation Hamiltonian is small, the generating function must deviate from 
the identity function only by a small quantity. To first order in « we can write 
therefore 


Y(wo, J) = Wod + EY (Wo, J). (11-65) 


What we want to do is to find the functional dependence of H on J so that the 
perturbed frequency v can be found. Of course H is also a function of the 
parameter e. If H as a function of J and « is denoted by a(J, e), then to first order 


a(J, €) = ao(J) + e, (J). (11-66) 


Hence the Hamilton-Jacobi equation for 


oY 
H(Wo,J9) = H{ wg] = 
0 


* It will be convenient not to use the summation convention. 


il-4 TIME-INDEPENDENT PERTURBATION THEORY 517 


can be written to first order in e as 


oY oY 
ee ' men =, J le 1-67 
nd] + a(n Os =] olJ) + ea, (J) (1 ) 


Here H, and H, are still functions of e through Y. To obtain a right-hand side of 
Eq. (11-67) that is consistently to first order in «e only, we must clearly replace Yin 
H, by its zero approximation, namely w,J. Further, J) in Ho can be expressed in 
terms of J through the transformation equation 


oY Y, 
— [=J + L L, 
EWo OWo 


J) = 


To express H, as a function of J to first order in e, we expand H)(J,) in a Taylor 
series about the point J, = J and retain only the first term in e. The derivatives in 
the Taylor expansion are, strictly speaking, derivatives with respect to Jy 
evaluated at Jy = J, but without loss of rigor they can be written as derivatives 
with respect to J, once J is substituted for Jy in Ho(Jo). Hence the H, term in Eq. 
(11-67) can be written 


|3 + Sz) =H (J) + oe ae. (11-68) 
In view of Eq. (11-61) the Hamilton-Jacobi equation now becomes 
HJ) +. Exc + vo = Oo(J) + æ (J). (11-69) 
0 
Equating terms of the same order in e we have 
æo(J) = H(I), (11-70) 


as would have been expected from the limiting situations as e—> 0, and 


(J) = Ay (Wo, J) + mes (11-71) 
OWo 

Equation (11-71) looks at first sight somewhat strange, for the right-hand side is 
a function of J only, while the left-hand side is nominally a function of both J and 
wọ- It can only be concluded that Y, must be such that the terms on the left-hand 
side depending on wọ cancel, leaving only the constant terms independent of wg. 
But it is easy to see that the derivative of Y, has no constant term. The equation of 
transformation determining w is 


Y oY, 
w= a = Wo t€ Ta (11-72) 
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In order therefore that both w and wọ advance by 1 as the system goes through a 
period we must require Y, to be a periodic function of wo: 


+a 
Vows yes, (11-73) 
k=— 0 


Indeed it is the condition that Y, have the form of Eq. (11-73), which guarantees 
that (w, J) are action-angle variables. Hence from Eq. (11-73) it follows that the 
term in the derivative of Y, with respect to wọ for k = 0, i.e., the constant term, 
vanishes identically. Thus Eq. (11-71) can be written as 


ot, (J) = H,(Wo,J) [a Hj x] (11-74) 


J 
° AW, 


where the bar denotes averaging over a complete period of w,. The quantity in the 
bracket must cancel if, is to be a function of J alone, so we have two conditions: 


ot (J) = Hi (wo, J), (11-75) 
and N 

i Soe Mie 

OWo Vo 


The first of these equations tells us how to complete the functional dependence of 
H on J (to first order). We express the perturbation Hamiltonian in terms of the 
unperturbed motion through (wọ, Jo) and average it over a complete period of 
motion. The remaining dependence on Jo is then the same (to this order) as the J 
dependence of «,. In terms of « the new frequency is given as 


= m tee. (11-77) 


The second equation, Eq. (11-76), is now a differential equation that can be 
solved for Y, (wọ, J) in terms of the behavior of H,. Once Y, is found, the relations 
between (wp, Jo) and (w, J) are determined to first order and then, by Eqs. (11-62) 
and (11-64), the solutions for (q, p) as functions of time are thereby found. Note, 
however, that if we want only the new frequency there is no need to find Y, at all; to 
this order Eq. (11-75) is then sufficient. 

This classical formalism has a familiar appearance to those acquainted with 
time-independent perturbation theory in quantum mechanics. There, in first 
order, the shift of the energy eigenvalue (Hamiltonian) is given by the matrix 
element ofthe perturbation Hamiltonian (average over the unperturbed motion). 
Knowledge of the perturbed wave functions is not needed to obtain the energy 
shift, just as we don’t need Y, here. 

A briefexample will illustrate the procedure. Consider the problem, treated in 
Section 11-3, of the plane pendulum with finite amplitude of oscillation. From Eq. 
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(11-33) the perturbation Hamiltonian can be written in terms of Jọ and wọ as 
J? ; 
eH, = =a 2nW (11-78) 
(where /, it will be remembered, is here only the length of the pendulum). It will be 
convenient to take as the parameter e the small quantity 07, Eq. (11-28), the 
square of the amplitude of oscillation in the unperturbed situation. Since the 
average of sinf over one period is 3/8, the functional form of a, is 


A -J? 
J = moe 
ty) Hy 64n?ml?6?’ 
and 
v— v Oy J TET 
€e ôT 32mmPO? ( ) 


To evaluate v — vọ to first order in «, it is permissible to replace J by J. Further, it 
follows from Eqs. (10-76) and (11—28) that 
_ 2nE  nmglði 


J = 2n?ml*6?y,. 11-80 
ars Wy 10 ( ) 


Hence Eq. (11-79) reduces simply to 


Mi ee 
Ob 16 
and the fractional change in v is 
Ay Parad ae 0 
v Vg Ae 


which is the same result as in Eq. (11-39). 

There are instances in which H, vanishes and first-order perturbation gives 
no useful result. Thus in the so-called anharmonic oscillator the first-order term 
in the perturbation Hamiltonian is of the form eq°. But since sin? 2xw, has a zero 
average, there is no resultant shift in the frequency to first order and one must 
seek higher approximations. The subject of second and higher perturbations, as 


well as the generalization to systems of many degrees of freedom, will be treated in 
the next section. 


11-5 TIME-INDEPENDENT PERTURBATION THEORY 
TO HIGHER ORDER 


We shall retrace the arguments of the previous section for conservative periodic 
separable systems of arbitrary number of degrees of freedom and to higher order 
in the perturbation parameter e. For the unperturbed problem we assume a set of 
action-angle variables (w ;, Jo;) such that the unperturbed Hamiltonian, Ho, isa 
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function only of the action variables and correspondingly the wo; are then linear 
functions of time. In the notation of Eq. (10—-91’) the relation between, say, q, and 
the wo; can be written compactly as 


a= VAP) en, (11-81) 
i 


where j,wWọ and J, are n-dimensional vectors of the integer indices, angle 
variables, and action variables, respectively. 

In the perturbed system (wọ, Jọ) remain a valid canonical set of variables. 
When expressed in terms of the set (wọ, Jo) the perturbed Hamiltonian can be 
expanded in powers of a small perturbation parameter e: 


H(Wo3 Jo» €) = Ho(Io) + €H (Wo, Jo) + 7H 2(Wo,Jo) +++. (11-82) 


We seek a canonical transformation from (Wo, Jo) to anew set (w, J)such that the J 
are all constants and the w therefore linear functions of time. In this set H is a 
function only of J (and e) and, in its functional form with respect to J, will be written 
as 


a(J, e€) = do(J) + œ, (J) + a (J) + °°. (11-83) 
To obtain the perturbed frequencies through a given order in «, it suffices to find 


the appropriate functions o),0,,..., for then the vector representing the 
frequencies is 


v=v pepa a (11-84) 
2 Oe ad 


The generator of the canonical transformation from (Wo, Jo) to (w, J) is 
Y(wo, J, <€), with a corresponding expansion in e: 


Y (Wo, J, €) = Wo -J + €¥i (Wo, J) + 2 ¥2(Wo,J) +-+. (11-85) 


We seek to find Y as the solution of the appropriate Hamilton—Jacobi equation: 


H eS | = o(J, e). (11-86) 


OWo 


As before, the terms in æ to a given order in « are found by expanding both sides in 
powers of «e and collecting coefficients of the same order on both sides. We will 
illustrate the process for a second-order calculation, where the Hamilton—Jacobi 
equation reduces to 


oY oY oY 
H,|——| + «eH —]| eH Wee 
A; | + eH, w] +H, wo] 
=09(J) + (J) + (J). (11-87) 
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Each of the terms on the left are functions of «e through the derivative of Y: 


2 J+ My alle 11-8 
~ OW Iw, j ðwo ee) 


Jo 


We again expand the terms H; in a Taylor series around J) = J, retaining terms of 
order «© in H, and of order «in H,, with Jy replaced directly by J in H,. The 
expansions for Hy and H,, in matrix notation, are then 


ay ðY, ,0Y,\@H, 1{ ðY \ 3H, | ay, 
FA E a = > 11-89 
AZ] Holst (Z i a ðJ +l ad oS Iw ( 
ay ðY, oH, 
p fo —— a 11- 
H, w] H (Wo: J) + ow. ay (11-90) 


Collecting powers of «in Eq. (11-87) then leads to the following expressions for 
the first three terms in g: 


ty = Ho(J), (11-91a) 
ay, 

Oy Vow; + H, (wo; J), (11-91b) 
ay, 

2 = Vow. + ®,(Wo, J), (11-91c) 
0 


where 
oY, 0H, = 16@Y, 67H OY, 


©,(Wo, J) = H2(wWo, J = ; 11-92 
(Wa J) = Bawo D +20 oy t Daw, ad ad Ow, Mee 
Again, the equation of transformation linking w and wọ is given by 
Sed ge eg a (11-93) 
ay, Aa ey) ae | ; 


In order for the (q, p) set to be periodic in both wy and w with period 1, all of the Y, 
terms must be periodic functions of wo, that is, of the form 
Yiwo.d) = YBa ee. (11-94) 


J 


Hence all derivatives of Y, with respect to wọ have no constant term, and the first 
terms on the right of Eqs. (11-91b,c) do not contribute to the J dependence. 
Equations (11-91) can therefore also be written as 


o(J) = Hy (J), (11-95a) 
(I) = Hi (wo, J), (11-95b) 


a2(J) = ©2(Wo, J), (11-95c) 
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where the bar denotes an average over the periods of all wọ. We can conveniently 
express all of Eqs. (11-95) in a common format by 
a(J) = O(wWo, J), (11-95’) 


where ©) = Hy and ©, = H,. In addition, Eqs. (11-91) have counterparts 
periodic in wọ with zero mean: 


‘=@,—©,. (11-96) 


Fori = 0 and 1, Eqs. (11-91a), (11-95), and (11-96) reduce to the same form 
as found in the previous section, except they now involve all frequencies of the 
unperturbed motion. Note that in second-order perturbation the terms in Y, do 
not necessarily vanish in the mean. It is true that the derivatives of Y, themselves 
have zero mean, but they are multiplied by other functions that will be periodic in 
Wo, and there is no guarantee that the average of the product vanishes. Hence to 
find the second-order correction to the frequencies, one needs to know the first- 
order canonical transformation. (Analogously in quantum mechanics, a second- 
order eigenvalue involves first-order corrections of the wave function.) In 
principle the coefficients BY) defining Y, through Eq. (11-94) can be found 
directly from Eq. (11-96) for i= 1. Subtraction of the average means that 
H, — H, can be expanded in a Fourier series analogous to Eq. (11-81) or (11-94) 
but without any constant term: 


H, — H, = Y CJ) 2i o, (11-97) 
j=*0 
Taking the derivative of Y, in Eq. (11-96) with respect to one of the wo, say Wo;, 


will bring down a factor 2zij,. Hence the matrix product on the left-hand side of 
Eq. (11-96) can be written 


oY, ij 
Vox = Db, BY) 2ni(j- vo) ei "e, (11-98) 
ÔWo izo 


From Eqs. (11-96) and (11—97) the coefficients in the series for Y, can be obtained 


as 
B®(J) Ne C (J) 


j = GETE j #0. (11-99) 


It is true the constant terms in Y, are not determined in this way, but it is only the 
derivatives of Y, that enter into the expressions for «; and these do not involve the 
constant terms. 

While we have carried out the procedure in detail only for second-order 
perturbation, it is easy to see that the general form ofthe higher order calculations 
must be similar; only the details of the algebra will be more complex. For the ith 
order perturbation we will again be able to write «, in the form 


ay, 
a(J) =Vo a + O(Wo, J). (11-91d) 
(0 
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The first term on the right will come from the first-derivative term in the Taylor 
expansion of H(J,) about Jy = J, where all terms in the difference J, — J are 
kept through order é. Only in this term will Y, appear; hence ®, can contain only 
the generators Y, for order less than i. By virtue of the arguments already used for 
first- and second-order perturbations, the first term on the right in Eq. (11-91d) 
has zero mean when averaged over complete cycles in wy, and hence Eqs. (11-95) 
and (11-96) are valid in all orders. Of course, for i > 2, Ọ; becomes increasingly 
more complicated than Eq. (11-92) but it always contains only such functions as 
have already been found in lower order calculations. Thus, step by step, one could 
in principle work up to any order perturbation. 

There are practical problems in such a series of calculations, of course, but the 
most serious and obvious conceptual difficulty occurs if the unperturbed system is 
degenerate, i.e., the set of frequencies vọ exhibit commensurabilities. As we see 
from Eq. (10-101) the existence of a degeneracy means there will be at least one 
vector of indices j such that j : vọ = 0. The corresponding coefficient Bi” in the 
Fourier series for Y, will therefore, by Eq. (11-99), blow up. Indeed, something 
similar takes place even when the unperturbed system is not degenerate. Even if 
the frequencies are not exactly commensurate, as one goes to higher and higher 
values of the integer indices in j eventually there will be found a vector j for which 
j Vo is very small even if not zero, and the corresponding coefficients B become 
very large (the so-called problem of “small divisors”).* This crudely qualitative 
observation is the basis of the elegant proof by Poincaré at the end of the last 
century that the Fourier series for Y,, and therefore for the motion, are only 
semiconvergent. Nonetheless, the series can be truncated at some reasonable 
values of the indices and still give extremely precise results, at least for times that 
are not too long. 

We will discuss later what can be done in the presence of degeneracy, but at 
this point it may be well to illustrate a second-order calculation with a specific 
example of a system with one degree of freedom. 

Consider a one-dimensional anharmonic oscillator, i.e., one with a term in q? 
in the potential energy. The Hamiltonian can be written as 


qo 


1 
He sale + mote) + 4] ( (11-100) 


where wọ is the unperturbed angular frequency: 


k 
Wo = 27V9 = an JE, 


* Similar phenomena, it will be recalled, are found in quantum mechanics, where degeneracy 
means that there are several states with the same energy E. Denominators of the form 
E; — E, will then vanish, or become small even if there is no exact degeneracy. 
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Qo is a reference amplitude that can be left unspecified for the moment, and cis a 
small dimensionless parameter. Taken as an expansion in powers of e, H consists 
of the terms 


1 2 2 
H= snip + mozg], (11-101a) 
moog? 
iSe a (11-101b) 
“do 
and , 
H,=0, i>2. (11-101c) 


Using the unperturbed action-angle variables (Jo, wo) as canonical variables the 
nonvanishing parts of H can, by Eqs. (10-78) and (10-79) be written as 


Hy = Jovo (11-102a) 
and 
2 3/2 
mog] J i 
=|] si2aw. (11-102b) 
2qo \nM@ 


The recipes of Eqs. (11—95a, b) then give as the lowest two terms in a(J) 
Ao(J) = J vo; a,(J) = 0. 

To obtain the second-order term «,(/), we note that since H is linear in J, and H, 

vanishes, then ®, reduces to 

OY, OH, 


p, = ; 
ôw J 


But the vanishing of H, means that Eq. (11—96) for i = 1 has the simple form 
oY, M 


ow J 
dW Vo 


Combining these two results leads to 


1 ôH? 
©, = ——_ —. 11-103 
j 2vọ ðJ ' : 
Now from Eq. (11-102b), 
5 er 
Hi (wao J) = cone 27Wo; 
= 0 
leading to 
(wo, J) = ae 2tW. (11-104) 
0 


Since the average of sinf over one period is 15/48, æ (J) is simply 


15J? 
(J) = ~- 11-105 
TAN 64r mq?’ ( ) 
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and to second order in e the perturbed frequency is 


Oct a isd 
ape 32n*mqo 


v= (11-106) 
It is convenient to use for qo the maximum amplitude the oscillator would have 
for the given energy in its unperturbed form, so that 
mode 
070 L E, 
2 


or, to lowest order, 


mq = pas (11-107) 
oF Wo. 
In terms of this reference amplitude, Eq. (11—106) is equivalent to saying that the 
second-order fractional shift in the frequency is simply 


—— ss e., (11-108) 


Other examples of perturbation theory in second order or for systems of many 
degrees of freedom are given in the exercises. 

Mention has already been made of the difficulties that appear in perturbation 
theory arising out of the existence of degeneracy, e.g., the vanishing (or near 
vanishing) ofj- vo in the denominators of Eq. (11-99). Treatment of degeneracies 
in classical perturbation theory is much more complicated than in quantum 
mechanics. In some aspects, especially as relates to the handling of near- 
degeneracies, it is still a subject of expanding research. The mathematics that has 
been brought to bear on the problem is both subtle and complicated and a full 
exposition of current developments would be out of place here. Only some brief 
and introductory remarks can be made at this point. 

We speak of exact (or “proper”) degeneracy, as in Section 10-6 above, when 
the unperturbed frequencies v, are such that there are one or more sets of integers 
j for which j-v, = 0. As has been pointed out in Section 10-6, one can then 
transform to a new set of variables (wg, Jo) for which the degeneracies appear as 
zero frequencies and the remaining nonzero unperturbed frequencies are not 
degenerate. The effect of the perturbation is to lift the degeneracy so that the 
corresponding frequencies are not exactly zero but have small values. In 
consequence there appear in the solution terms that have small frequencies, i.e., 
long periods. The corresponding angle variables are known as “slow” variables, 
in contrast to the angle variables with nondegenerate frequencies, which are 
therefore called the “fast” variables. Long-period terms may appear as secular 
terms over restricted time intervals; e.g., sin 2zvt can be taken as a linear function 
of t so long as vt «1. 

When there is exact degeneracy, a transformation is first made to the (wo, Jo) 
set. The unperturbed Hamiltonian will be a function only of the nondegenerate J, 
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variables; in all other respects Eq. (11-82) still represents the complete 
Hamiltonian. We now carry through the canonical transformation of the 


perturbation calculation, but only for the nonperturbed variables, leaving the ~ 


degenerate variables unchanged. What is in effect the new Hamiltonian, Eq. 
(11-83), now has the form 


a(J, Jo, Wo, €) = olJ) + eœ (J, Jo, Wo) + (J, Jo, Wo) + >> 


Here wọ stands for the m (degenerate) variables that in the unperturbed problem 
have zero values and Jj for their conjugate momenta. The transformed 
nondegenerate momenta are represented by J. The result of the canonical 
transformation is thus to eliminate the “fast” variables, but to leave in terms with 
the “slow” variables. Note that since «is cyclicin w, the transformed J momenta are 
true constants ofthe motion, and «(J, Jo, Wo, ) can be considered as a Hamiltonian 
of a system with m degrees of freedom. Further, since «,(J) is a constant, 
independent of the remaining variables, it doesn’t matter for the equations of 
motion of (J4, Wo) and can be dropped from «. Thus the new effective Hamiltonian 
is now of order ¢; in effect the “unperturbed Hamiltonian” is ea, (J, Jo, wo) and in 
this unperturbed problem wg no longer consists of zero values. If there is only one 
degeneracy condition, the effective problem is of only one degree of freedom and is 
in principle immediately integrable. With more degeneracy conditions, one can 
seek a second canonical transformation to eliminate the “slow” variable terms just 
as was done for the “fast” variables. In practice the procedure obviously becomes 
quite complicated. 

It has already been pointed out, in connection with Eq. (11-99), that even 
with nondegenerate frequencies, small values of the divisor j- vg will inevitably 
occur as the indices j become larger and larger. This phenomenon is referred to as 
resonance, implying that the amplitude of some particular term in the Fourier 
expansions becomes very large. It would seem therefore that the problems of 
degeneracy will always be with us, no matter what the unperturbed frequencies 
are! The situation is not all as bad as that, in part because of the nature of the 
perturbation Hamiltonians encountered in practice. From Eq. (11—99) it will be 
noted that what counts is not so much the value of j- vg as the ratio 


J Yo 
where C; is the Fourier series expansion of the perturbation Hamiltonian H, , cf. 
Eq. (11-97). It turns out that in celestial mechanics, at least, most perturbation 
Hamiltonians have what is called the D’ Alembert characteristic. While the formal 
mathematical definition of the property is involved,* what it says, roughly, is that 
when the values of the integers in the j indices are larger than the exponent of «in 


*See G. E. O. Giacaglia, Perturbation Methods in Non-Linear Systems (New York: 
Springer-Verlag, 1972), pp. 279—280. 
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the Hamiltonian, the magnitudes of C; fall rapidly, generally exponentially, with 
increasing values of the indices. The ratios in Eq. (11-99) then do not become too 
large, and the expansion process actually can be proved to converge when the 
frequencies yg satisfy an irrationality condition. 

Resonant behavior in the presence of the D’Alembert characteristic, or 
generally when C;/(j-vo) < O(e), is described as a shallow resonance. In 
principle, at least, shallow resonances do not upset the perturbation expansion 
process and can be tolerated without introducing new methods. There are 
situations where the ratio C /(j - vo) becomes large, at least larger than order e, 
and these are referred to as deep resonances. Special methods have to be devised to 
handle deep resonances, particularly the so-called Boblin expansion in powersof 
ë rather than in powers of e. To go further would enter into the large and rapidly 
developing field of resonance phenomena in nonlinear oscillations, a field that 
would need a separate treatise for adequate treatment. 


11-6 SPECIALIZED PERTURBATION TECHNIQUES 
IN CELESTIAL AND SPACE MECHANICS 


As has been noted perturbation theory and celestial mechanics have evolved 
together since the time of Newton. A considerable number of specialized methods 
have been developed for the particular needs of celestial mechanics. The birth and 
rapid growth of space exploration and of the modern digital computer (almost 
simultaneously) has brought back to life a nearly dormant and hibernating field, 
with the creation of new approaches and fresh ways of looking at perturbation 
theory. No attempt will be made to discuss this long history, both ancient and 
modern, in any detail. All that is intended is to describe trends and to introduce 
the reader to the often peculiar terminology used in the literature. 

Distinction is often made between general perturbation theories, which lead 
to analytic formulas, and special perturbation methods, involving numerical 
solutions of the equations for the perturbed system. (Mixed methods also exist, so 
the distinction is only rough.) The perturbation schemes discussed above are all 
examples of general perturbation theories. All of the early attempts at 
perturbation methods in celestial mechanics can be classified as “general.” The 
first technique was that of the “variation of constants,” which was developed, 
haltingly and with false starts, in the eighteenth century. Lagrange succeeded 
finally in putting the method on a firm basis in 1782 (not, of course, in the 
canonical version described above). 

The construction of perturbation procedures in celestial mechanics was 
heavily influenced by the special nature of the problems to be treated. Until 
recently all the forces considered were gravitational, for the most part between 
point masses. The lunar problem, i.e., the motion of the moon around the earth, 
always loomed large, because the solar perturbations are considerably greater 
than in almost any other astronomical situation. Over the centuries, starting with 
Newton, repeated attacks were made on the “main problem” of lunar theory. 
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Here the earth and moon are treated as two mass points whose center-of-mass 
travels around the sun in a fixed Keplerian ellipse. Even in this simplified model, 


some idea of the complexity of the situation can be glimpsed by considering the ` 


form of the perturbation Hamiltonian. All that enters in AH are the components 
of the distances between the three bodies. But these distances are complicated 
functions of the radii vectors and the angles between them, especially when the 
motion is not confined to a plane. Usually the terms in AH are expressed as 
Fourier series of the angles involved. In turn, the angles are complicated series 
expressions in terms of the various Keplerian anomalies, and finally of the time. 
As a result the perturbation Hamiltonian, even when expressed in terms of the 
unperturbed motion, must be represented by nested trigonometric series. A good 
deal of mathematical effort in general perturbation theory is spent in finding the 
proper development of AH, usually in the form of the disturbing function 
R= —AH. 

Another general perturbation theory developed in the early nineteenth 
century is sometimes called “variation of coordinates.” In its simplest form the 
equations of motion of a perturbed two-body problem are written in Cartesian 
coordinates, with a perturbation Hamiltonian AH = eV. The equations then 
look like 


where yj is the reduced mass of the two-body problem. One then looks for 
solutions as expansions in power of «e: 


x, = XO) + ext + AXP 4 ---, 


collecting powers of e when the expansion is substituted into the equations of 
motion. The method has the advantage of giving desired perturbed coordinates 
directly, but it fails to give a picture of how the perturbations distort the orbit and 
the parameters describing it. 

A local maximum in the elaborateness of a general perturbation method was 
reached in the 1860s in Delaunay’s analytic solution of the “main problem” of 
lunar theory. His procedure might be described as an early version of von Zeipel’s 
method. In effect, he removed each periodic term in the disturbing function 
depending on an angle variable by a separate canonical transformation. After 20 
years of effort, Delaunay published his results in two thick volumes containing 
little else than algebraic formulas for the perturbed motion of osculating 
elements, as expansions in powers of small quantities such as the eccentricities of 
the earth’s and moon’s orbits and the ratio of the mean angular speeds of the 
moon and the earth. Combined powers of these quantities were retained up to 
order 7, in some cases through order 9. The statistics of the algebraic 
manipulations required are stupefying—over 500 separate canonical transfor- 
mations, involving in all over 10,000 individual terms—all done by hand, without 
assistance. 
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More sophisticated methods, some seminumerical, were devised by the end of 
the nineteenth century. They involve more complicated reference orbits, the so- 
called intermediaries, from which the perturbed motions are measured. Even a 
description of the underlying models would require too much space to give here; 
we can do no more than mention the names of some of them—e.g., Hansen’s 
method or Hill’s method. 

Artificial satellites and digital computers brought both the need and the 
opportunity for a fresh look at perturbation methods. Radar and laser 
observations increased by several orders of magnitude the accuracy with which 
the coordinates of celestial bodies could be measured, and existing tables of the 
moon and the inferior planets were found to be inadequate. Hori and Deprit 
independently in the 1960s improved and reformulated the von Zeipel method so 
as to greatly simplify the calculations, at least conceptually. In the von Zeipel 
method, in order to obtain the motion as a function of time one must invert the 
equations of transformation, Eqs. (11-93) to find wọ as a function of w. The 
inversion is often very difficult to carry out analytically in a systematic fashion. 
What Deprit proposed was to build up the transformation equations for finite 
values of e out of those for the infinitesimal canonical transformation in the limit 
of very small e. In basic principle, one uses the Poisson bracket solution for the 
differential equation governing the change in a function under an I.C.T., cf. Eqs. 
(9-114) and (9-115). The iterative method of constructing this solution, and the 
repetitive steps needed to expand the nested series of the disturbing function, lend 
themselves to computer algebraic manipulation. In this manner Deprit and his 
collaborators in 1970 repeated in short order Delaunay’s program, carrying it to at 
least one higher order in small quantities. Comparison of the 1970 computer 
printouts with Delaunay’s 1869 hand produced tables showed that out of the vast 
amounts of algebra he had committed errors in only seven coefficients! 

Special perturbation techniques were not introduced much before the middle 
of the nineteenth century and could hardly have been practicable until at least 
manual desk calculators became available. The simplest (though not the earliest) 
is known as Crowell’s method; it involves direct numerical integration of the 
Newtonian equations of motion for the n interacting bodies. Most often 
Cartesian coordinates are used, but the equations can also be expressed in polar 
coordinates. Notice that no advantage is taken of prior knowledge of the 
unperturbed motion. In Encke’s method, instead, the equations of motion are 
expressed in terms of the difference of the coordinates from their values in 
unperturbed motion. Since these differences are small, at least at first, larger time 
steps can be used in the numerical integration. However, after a time the 
differences become large, especially if there are secular perturbation effects. After 
an interval one rectifies the reference orbit to, say, a new osculating orbit, with 
suitable additional rectifications in the course of time. Crowell’s method, being 
more straightforward, lends itself better to computer operation than Encke’s. For 
problems where only few orbital periods are involved as, e.g., in the passage of a 
space craft between the planets, it becomes the method of choice. Techniques of 
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numerical integration are highly developed now, and it is often possible to put 
error bounds on the results, something that is very difficult to do in general 
perturbation theories. 

On the other hand, numerical solutions of the equations of motion cannot 
settle questions of long-term stability of the motion. Ever since the beginning of 
the eighteenth century astronomers have debated the question of the stability of 
the solar system. Will the bounded planetary motion under the influence of 
gravitational forces continue indefinitely, or will the perturbations eventually 
lead to planetary collisions or cause one or another of the planets to leave the 
solar system? It was probably this concern that led to an almost obsessive interest 
in secular terms on the part of the early inventors of perturbation methods. 
Everything possible was done to identify them and, if possible, remove them. If, 
for example, a secular perturbation term could be demonstrated for the 
semimajor axis, then the conclusion would be that a planet would either leave the 
solar system or fall in the sun. It was early shown that no such term existed in first- 
order perturbation and all breathed easier. However, higher order perturbation 
calculations reopened the question. Poincaré’s demonstration that the multiply- 
periodic Fourier series used in the expansions were only semiconvergent led 
regretfully to a verdict of “not proven.” 

Only in the last few decades has the stability question been freshly 
illuminated, by the application of new (and highly abstract) mathematical 
techniques. The methods of differential topology have been used to examine the 
global behavior of the possible orbits in phase space. A series of investigations, 
associated with the names C. L. Siegel, A. N. Kolmogorov, V. I. Arnold, and J. 
Moser, have shown that stable, bounded motion is possible for a system of n 
bodies interacting through gravitational forces only. That is to say, a 
nonnegligible fraction of the orbits (i.e., a group of finite measure) are confined to 
specific regions of phase space and remain so indefinitely in quasi-periodic 
motion.* The brilliance of the achievement and the power of the new methods are 
probably of greater significance than the specific result, for the ultimate fate of the 
solar system will likely be determined by dissipative and other nongravitational 
forces. 


* Itis curious that for the validity of statistical mechanics one would like almost the opposite 
result. For the notion of an ensemble as representative of the statistical behavior of a single 
system to be correct, one would prefer to show that a system point will eventually travel 
through all regions of phase space consistent with its initial macroscopic properties, e.g., 
energy. The phase space orbit should ergodically fill up all the phase space accessible to it. 
Remarkably, the topological analysis of possible motions winds up by making every one 
happy. As has been said, some orbits, a set of finite measure, maintain quasi-periodicmotion 
indefinitely. But the overwhelming majority of initial conditions leads to motions that are 
ergodic, wandering over all available phase space and eventually coming as close as desired 
to any given point. 
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At the first Solvay Conference in 1911, which grappled with the problems of 
introducing quantum notions into physics, a deceptively simple problem in 
classical mechanics was raised. Consider a bob on a string oscillating as a plane 
pendulum, with the string passing through a small hole in the ceiling. Now 
imagine that the string is either pulled up or let down slowly, so slowly that there 
is little change in the length of the pendulum during one period of oscillation. 
What happens to the frequency of oscillation during this process? Note that the 
energy of the pendulum is not conserved, for work is done on the system (or 
extracted from it) as the length of the string is altered. By elementary means it was 
demonstrated that for very slow change of the length E/v would be constant.* It 
will be recognized that this ratio is precisely the action variable J. The adiabatic 
invariance of the action variables under slow change of parameters was a very 
satisfying property to physicists developing quantum mechanics. As has been 
noted above (p. 483) the early recipes involved quantizing the values of the action 
variables to describe specific states of atomic systems. Since it was well known 
that slow variations of the atomic environment, eg. of surrounding 
electromagnetic fields, did not induce transitions between states, the adiabatic 
invariance of the J’s was comforting. 

The original motivation for examining adiabatic invariance is no longer of 
concern, but in recent years there has been an intense revival of interest in the 
subject. Practical applications have been found in plasma physics, fusion 
technology, charged-particle accelerators, and even in galactic astronomy. 
Developments in the field are still going on, and the final word has not yet been 
said. All we can do here is present some basic considerations and describe briefly 
the trends in current research. For simplicity, only periodic systems of one degree 
of freedom will be examined, although the extension to many degrees of freedom 
normally is not difficult (i.e., in the absence of degeneracy). In broad outlines, the 
treatment is that given by Burgers in 1917. 

We consider a system of one degree of freedom involving a parameter a. 
Implicit in the method is a picture of the system as initially conservative with a 
constant. Time dependence of a is then “switched on,” and a varies slowly over a 
long time, eventually returning to a constant value. When a is constant the 
motion is periodic, and the slow change in the parameter does not alter the 
periodic nature of the motion. Although the changes in the motion are small in 
any one period, over a long interval of time the properties of the motion may 


* According to at least one report of the 1911 Solvay Conference (Abhandlungen der 
Deutschen Bunsen-Gesellschaft, No. 7, 1914, p. 364) Lorentz remarked in the discussion 
that he had proposed the problem to Einstein some time previously. Einstein replied that he 
had demonstrated that the energy of the pendulum would remain proportional to v if the 
length were altered continuously and infinitesimally slowly. 
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undergo large quantitative changes. The switching on of the time dependence is 
thus in the nature of a small perturbation, and we are looking for secular changes 
in the motion. 

When the parameter a is constant the system will be described by action- 
angle variables (wọ, Jo), such that the Hamiltonian is H = H(Jo,a). It will be 
useful to consider these variables as derived from an original canonical set (q, p) 
via a generating function W*(q, wọ, a). The usual Hamilton—Jacobi equation of 
course leads to a generating function of the form W(q,J,,a)., but the two 
generating functions are normally connected by a Legendre transformation (cf. 
Eq. 9-24): 

W*(q, Wo, 4) = W(q,Jo,4) — Jowo- (11-109) 


When a is allowed to vary with time, (wọ, Jo) of course remain as valid canonical 
variables, but the generating function is now an explicit function of time through 
the time dependence of a. Hence the appropriate Hamiltonian for the (wo, J) set is 


now 


ow* 
K(a@o,J 9,4) = A(J9, 4) + Ot 


* 


ða ` 


ð 
= H(Jo a) + à (11-110) 
Now J ois no longer a constant and wọ does not vary linearly with time. In effect, 
the second term in the Hamiltonian is a perturbation Hamiltonian and, as in the 
variation-of-constants method, the time dependence of J, is governed by the 
equation of motion 


ôK ô pa 


= —å 11-111 
OWo OWo\ da ( 


J= 
where, of course, the derivative in parenthesis is expressed, as is K, in terms of J, 
Wo, and a. In the spirit of a first-order perturbation theory, we look for a secular 
term, the average of J o over the period of the unperturbed motion for the 
appropriate a. Since a varies slowly, a can be taken as constant during this time 
interval, and the average can be written as 


* ; * l 
a fa ð (y |a= -{ 9 pa | d + oa) (11-112) 


tJ Owo\ ĉa tJ OWo\ ĉa 


T T 


It will be remembered from Eq. (10—13’) that Wis given by the indefinite integral 


W= foa 


In one period of wy the generating function, W, therefore increases by J,. At the 
same time J jw, also increases by Jy, since wọ increases by unity. Hence, by Eq. 
(11-109) W* is a periodic function of wọ and both it and the derivative with 
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respect to a can be expressed as a Fourier series: 


ow* 
da 


The average, Je, therefore has the form 


=YVACU 8) e7", (11-113) 
k 


Jy =-5 | X 2rikA (Jo, a)" dt + O(0?, 8). 


EJ k0 
= 


Since the integrand has no constant term, the integral vanishes, 
Jo = 0 + O(2?, 4), (11-114) 


and ie has no secular variation to first order in å, proving the desired property of 
adiabatic invariance. 

Let us see how this derivation would work in detail for the problem of the 
harmonic oscillator: 

1 
H = —(p? + mow?g’) 
2m 

where w may be an explicit function of time. The equations of the canonical 


transformation from the (q, p) set to the (wo, Jo) set are given by Eqs. (10-18) 
and (10-79), which can be written so as to facilitate the evaluation of W*: 


ow* 
ðw 


Jo = nmog? csc? 2nwy = — 


(11-115) 


* 
ôq 


To within constant (and therefore irrelevant) terms, W* is found by integration of 
Eqs. (11-115) to be 


p = mwq cot 2rwg = 


2 


m 
W*(q, w9, œ) = 5 cot 2rwg. (11-116) 
The derivative with respect to w is 
oWw* mg 
oe 2 
pP 7 cot ZTWo, 


or, using Eq. (10-78), as a function of wọ, Jo, and oœ, 


owe Jy. 
Bo = jrg a (11-117) 


Thus J, is given by the one-term Fourier expansion 


š @ 
Jo = ~—J, cos 4nw, (11-118) 
w 


ae te 
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which, as predicted, has no constant term. So far Eq. (11-118) is rigorous. 
Similarly the rigorous connection between wọ and time is determined by the wy 
equation of motion 


ie OK = ôH pE ð pa 
e ene TE 
w @ s 
= On + Pea 4nw- 


In order to calculate an average of J, over a period, including at least the first 
correction term, we begin to make approximations. First we will assume that over 
a particular period of the perturbed motion the ratio 


(11-120) 


| 
iil 
M 


is a constant, and one such that et « 1. Equation (11—120) corresponds to a 
variation 
w = wo ¢' x @o(1 + e), (11-121) 


where tis measured from the start of the period interval, at which time w(0) = wy. 
Equation (11-119) now looks like 


oie, ; 
= zy + g4 Wo. (11-119') 


Wo 
The zeroth-order solution is 
2rw® = wot, 


where the constant term has been set zero by suitable choice of the initial phase. 
To first order in e, Eq. (11-119’) becomes 


Ma @ (1 + et) $ € 
2r 4r 


sin 2Wof, (11-122) 


with the solution 


(11-123) 


€ 1 — cos 2@ot 
2nw) = wot +4] oo + | 


209 
Correspondingly the equation for J, correct to second order in e can be written as 
din J 1 — cos 2wot 
——9 = — cos [20.0 + doo + ne rem : 
dt 205 


Expanding the cosine, treating the term in e as a small quantity to first order, the 
derivative reduces to 
dinJ, 
dt 


1—cos2a@ot} . 
a sin 2wgt. 


2 2 
= —€cos2wot + € je + Deo, 
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To find the secular behavior, this equation can be averaged over the period of the 
motion as itis att = 0, i.e., over an interval t = 27/w,. In the averaging almost all 
terms on the right drop out, except the first inside the curly brackets, involving t’. 
The final result is 


din] me wô? 
dt oo 4x’ 


(11-124) 


where ô = et, i.e., fractional change in œw over the period t. Correspondingly, the 
fractional secular change in J over the period is 


n_a 


ToT (11-125) 


As expected from the more general considerations, the secular change in the 

action variable shows no term in first order in «e. Only by retaining quantities of 

the order «€ = (@/w)* do we find any nonvanishing long-term change in J. 
The adiabatic invariance of the action variables has proven to be especially 


useful in applications involving the motion of charged particles in 


electromagnetic fields. One of the simplest instances, and one with important 
practical consequences, concerns the motion of electrons in a uniform (or nearly 
uniform) constant magnetic field. As is well known, the charged particle in such a 
situation circles around the magnetic field lines. At the most basic level this can be 
shown from Newton’s equations of motions. The Lorentz force in a constant 
magnetic field B is (v x qB/c); hence the equation of motion, Eq. (1—4), is 


dy 


qB 
dE NA 


Y . 
mc 


(11-126) 


Equation (11-126) says the velocity vector v rotates, without change of 
magnitude, about the direction of the magnetic field, with an angular frequency 


qB 
mc 


(11-127) 


An equivalent derivation can be formulated in terms of Lagrangian mechanics. It 
was shown, in Section 5-9, that the Lagrangian in this case can be written as 


2 
L=" + M-B, (11-128) 


where M is magnetic moment of the particle’s motion defined in terms of its 
angular momentum L by 


M=——. (11-129) 
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(Cf. Eq. 5-108.) In cylindrical coordinates with the z axis along the direction of B, 
the component of M parallel to B is 


qÈ 
M: = y> (11-130) 
and the Lagrangian is 
_ Mae 292 4 22 4 pip 
L=7 (P + r0 + 2) + 5 Bre. (11-131) 


Since 6 is cyclic in the Lagrangian, the corresponding canonical momentum pg, 


2 


a, , Br% 
Pp = mr? + 07 (11-132) 
is a constant of the motion. Further, the radial equation of motion is 
J| > qB 
mF — rind + a =Q. (11-133) 
c 


A steady-motion solution to Eqs. (11—132) and (11—133) corresponds to r and Ê 
constant, with 6 having the value 


Î = o, = ——, (11-134) 


c 


in agreement with Eq. (11-127).* In such case, py = —(qBr?/2c) and the action 
variable corresponding to @ is 


Br? 
i= $na = aoe ; (11-135) 
By (11—130) we can write 
q7 2M 
c E @ 


(as M, is equal to M for this motion), and therefore J, can also be written as 


2nMB 2nxmec 
J, = = M. (11-135') 
w, q 
The adiabatic invariance theorem implies that under sufficiently slow variation of 
the magnetic field J, remains constant. Equation (11—135’) says that the magnetic 


* The angular frequency œ, is variously spoken of as cyclotron or gyration frequency and is 
twice as large as the Larmor frequency, Eq. (5-104). Of course, Larmor’s theorem is not 
applicable here because the kinetic energy of the rotation around the lines of force is at least 
of the same magnitude as the remainder of the kinetic energy, and terms quadratic in B 
cannot be neglected. 
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moment is similarly invariant adiabatically. An alternative statement, on the 
basis of Eq. (11-135), is that B times the area of the orbit (i.e., the number of lines 
of force threading through the orbit) remains constant. 

An adiabatic variation of B might arise if the magnetic field configuration 
remained static but was slightly nonuniform. If then the particle had a small z 
component of velocity, the resultant drift would move the particle slowly into 
regions of different B values. From Eqs. (11-134), (11-135), and (11—135’) it 
follows simply that the kinetic energy of motion around the lines of B is 


mr26? 
To = 5 ~ = MB. (11-137) 


( 

Suppose a charged particle drifts in the direction of increasing B; by Eq. (11-137) 
the kinetic energy of rotation increases. As the total kinetic energy is conserved, 
the kinetic energy of longitudinal drift along the lines of force must decrease. 
Eventually the drift velocity goes to zero and the motion reverses in direction. Ifit 
can be arranged that B eventually increases in the other direction,the charged 
particle will remain confined, drifting back and forth between the two ends—the 
principle of the so-called mirror confinement. The complete story is of course 
more complicated, but the significance of the adiabatic invariance of M is clearly 
demonstrated. 

It will be recalled that almost all phenomena of small oscillations about 
steady state or steady motion can be described in terms of harmonic oscillators. 
In consequence, there is a good deal of practical interest in questions of the 
invariance of J for a harmonic oscillator under slow, and not so slow, variations 
of a parameter. The study of oscillations in charged particle accelerators, for 
example, has led to a number of new insights. In addition, the mathematicians 
have used the problem to increase our knowledge about the solutions of 
differential equations with time-dependent coefficients. The results of these recent 
studies are too numerous to report in detail, much less to derive, here. But 
mention may be made of two properties of the harmonic oscillator problem of 
particular interest. 

It is customary to introduce a time variable t' = et, where e is a small 
parameter. The time derivative of w, which occurs in the “perturbation” 
Hamiltonian, then appears as 


One then treats the derivative of œw with respect to t' as given by a fixed “program” 
of w(t’) variation, with the time scale on which this program is carried out being 
changed according to the value of e. Thus a single parameter measures whether œ 
varies slowly or rapidly. Suppose the program involves starting (at t' = — oo) at 
an initially constant value and winding up (at t’ = + œo) at some other constant 
value. We then look not at the change in J over a cycle of the motion, but at the 


538 CANONICAL PERTURBATION THEORY 


change in J from its initial to its final value. The surprising result is that if w(t’) is 
sufficiently well-behaved, then the change is much less than Eq. (11-125) might 
lead one to expect. It has been proved* that, if w(¢’) is real, bounded and analytic 
on and about the real axis, then the change in J is exponentially small, that is, 


J(+ 00) — J(—o) 
J(+ 0) 


oc O(e~ 4), (11-138) 


where d is a real positive number having to do with the width of the strip of 
analyticity of w in the complex t’ plane. 

An even more interesting result is that the harmonic oscillator with time- 
dependent frequency has an exact invariant, which in the limit of slow variation 
reduces to the action variable J. For a linear harmonic oscillator with Lagrangian 
and Hamiltonian given by 


2 1 2 2 2 2 
L= Sg — w7(t)x?); H = om? + m°w*(t)x*), (11-139) 


the invariant is usually stated as 


Oe ees Cake 
E + (rk — | (11-140) 


where r(t) is a function satisfying the differential equation 
F+ o (tr — r? =0. (11-141) 


A formal mathematical derivation of the invariance of I is rather lengthy, but its 
physical meaning—and why it is constant—can be illuminated by some simple 
considerations. The motion of a linear harmonic oscillator with constant œw can 
be looked on as, say, the x component of a plane isotropic harmonic oscillator. 
This relationship is in no way altered if w is time dependent. Thus, consider a 
central-force time-dependent potential 


m 
V=— 2(t A. 
7” (t)i 


with Lagrangian 
Mig. 2A2 274\,.2) — Mr 2,2 2 22 
Lash +r — w(t’) = [6° — wx") + (i oyt) (11-142) 
In Cartesian coordinates the problem splits into two independent linear 


harmonic oscillators of the form of Eq. (11-139). In terms of plane polar 
coordinates we see that L is cyclic in 9 and therefore the angular momentum is 


* Several references can be given, but the easiest to follow is probably R. E. Meyer, Jour. 
Applied Math. and Phys. (ZAMP) 24, 293 (1973). 
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still conserved, so that one equation of motion reduces to 


76 = L =h, (11-143) 
m 


introducing a new constant h. Hence the linear harmonic oscillator can still be 
considered as the x projection of a plane isotropic harmonic oscillator with a 


constant angular momentum per unit mass measured by h. The radial equation of 
motion, from Eq. (11-142), is 


mi + mw2r — mré? = 0, 


or, in view of Eq. (11-143), 


2 


7+ or — zs 0. (11-144) 


By using the conservation of h we can construct a constant of the motion defined 
as 


h?x? 
r= ol + (re - a? | (11-145) 


To find the constant value of J’, note that with x = r cos 0 we have 


rx — xt = —hsin8@, 


and therefore 


Now, it is always possible to choose the arbitrary initial y amplitude, and the 
initial phase between the x and y motions, so that h has the numerical value of 
unity. Thus, suppose that for an initial period of time w is constant at the value 
wg, SO that x and y depend on time as x = xo Sin Wot, Y = Yo COS (Wot + «). Then 
by the definition of h, 


h = xp — yX = WgXpVq COS &. 


If m subsequently varies with time, h will of course preserve its initial value, which, 
by suitable choice of y, or «, can be set equal to unity no matter what the value of 
Xo. Thus it is always possible to associate with any time-dependent linear 
oscillator a corresponding plane isotropic oscillator for which h = 1. For this 
associated problem the radial equation of motion, Eq. (11-144), reduces to Eq. 
(11-141), and I’ with h = 1 is precisely the invariant, Eq. (11-140). Physically 
speaking, the exact invariance of J, Eq. (11-140), is nothing more than a 
statement of the conservation of the angular momentum of the associated plane 
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isotropic oscillator problem.* It remains only to consider the relation of I to J. If 
œ is constant, then a possible solution to the radial equation is r constant with 
value w~'/?. (The motion of the associated plane problem is in a circle.) As $ is 
then zero, the quantity I, Eq. (11—140), is 
Roping te EA, E 

Peat sie ae Ona 
Thus in the zero-order approximation the exact invariant, as expected, is 
proportional to the action variable J. 

It has been possible to sketch here only the highlights of the subject of 
adiabatic invariants. The ramifications of the field go into many areas of classical 
and quantum physics and of modern mathematics; details can be followed up in 
the references to this chapter. Further developments, both of the underlying 
theory and of the applications of adiabatic invariants, can be confidently 
expected in the future. 


SUGGESTED REFERENCES 


M. Born, Mechanics of the Atom. Perturbation theory for classical mechanics wears 
somewhat different faces, depending on whether one’s interest is in physics, celestial 
mechanics, the flight of space vehicles, or modern mathematics. Until recently physics 
textbooks tended to follow closely Born’s treatment, itself the product of the development 
of the “old” quantum mechanics. Born’s discussion, mainly of time-independent 
perturbation theory, is to be found principally in his Chapter 4, but there are various bits 
and pieces scattered through the book. 


E. J. SALETAN AND A. H. Cromer, Theoretical Mechanics. This reference is cited as one of 
the better treatments along the line of Born. Only time-independent perturbation is 
described. Some examples, mainly referring to the harmonic oscillaior, are considered in 
detail. There is also a short section on adiabatic invariants. 


J. M. A.Danpy, Fundamentals of Celestial Mechanics. Once past the level of Kepler and 
most of Newton, celestial mechanics consists almost entirely of perturbation theory and 
the three-body problem. The literature on perturbation theory in celestial mechanics is 
therefore practically coextensive with that on celestial mechanics itself, and any citations 
must be highly selective. Danby’s text is a relatively recent (1962) exposition of what might 
be called the classical version of perturbation theory, with up-to-date applications. It is 
unusually lucid for a field that generally runs to solid pages of formulas, and it has an 
extensive annotated bibliography. The von Zeipel method is not mentioned, nor are more 
modern developments such as the use of Lie series. 


* The exact invariance of I for the linear time-dependent harmonic oscillator was first 
enunciated explicitly by H. R. Lewis, Jr., cf. Jour. Math. Phys. 9, 1976 (1973), although the 
constancy of related quantities had been observed before in accelerator theory. The 
connection to the associated plane oscillator was apparently first noted by Eliezer and 
Gray, SIAM J. Appl. Math. 30, 463 (1976). 
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B. GARFINKEL, Lagrange—Hamilton—Jacobi Mechanics, in Space Mechanics, Part 1, ed. 
by J. B. Rosser. Ten concise and densely packed pages in this article describe perturbation 
theory as viewed by an expert in celestial mechanics. Assuming a background in canonical 
transformation theory and the Hamilton—Jacobi equation, it sweeps breathlessly from 
variation of constants to von Zeipel’s method. It may be all you want. 


Y. HAGIHARA, Celestial Mechanics, Vol. 2: Perturbation Theory (in two parts). In contrast, 
this reference covers the applications of perturbation theory to celestial mechanics in 
exhaustive detail, requiring some 900 pages. References to the current and historical 
literature appear to be nearly complete. If you want to find out what has actually been 
done in using perturbation techniques to solve the problems of celestial mechanics, this 
seems to be the place to look, although the text in words (what there is of it) is occasionally 
hard to follow. The Lie-series reformulation of the von Zeipel method is here, but the 
modern approach to stability theory is reserved for another volume. 


R. Deutscu, Orbital Dynamics of Space Vehicles. It may be contested whether space 
technology provides an area of classical mechanics distinct from celestial mechanics. 
Perhaps the separation lies in the observation that “space mechanics” was born with a 
computer in its mouth. This reference for the most part reads like a textbook in celestial 
mechanics, and a good one at that. Various methods of perturbation theory are described 
in detail, including the specialized ones such as Hansen’s method. The applications, 
however, mostly arise from space technology, as, for example, perturbation of artificial 
satellite orbits. 


G. E. O. GiacaG.ia, Perturbation Methods in Non-Linear Systems. This is probably the 
best reference for a survey of modern developments in perturbation theory—from 
Poincaré and Lindstedt through Arnold and Moser—in a reasonably understandable 
form. The viewpoint appears basically to be that of an applied mathematician. The text, a 
grayish reproduction of typescript, is physically hard to read. 


R. ABRAHAM AND E. MARSDEN, Foundations of Mechanics. There is a new language being 
ust. J in the development and exposition of mechanics—that of differential topology. The 
physicist newcomer needs to take an intensive course in the language before its 
pronouncements become intelligible. It seems likely that in the area of global stability of 
perturbed motion the new language has scored notable successes not accessible by other 
means. However the expository advantages for the more conventional areas of mechanics 
appear highly doubtful. For those who wish to swim in these new waters, this newly revised 
text provides nearly encyclopedic coverage. Some 156 pages offer preliminaries on 
differential topology and the calculus on manifolds, but they require an orientation 
towards the methods of abstract mathematics. The applications in celestial mechanics 
form Part IV (pp. 619-740). 


J. MOSER, Stable and Random Motions in Dynamical Systems. This short book reproduces 
the text of five lectures given in 1972. Moser has himself been responsible for many of the 
advances in the modern treatment of stability problems. He gives here a survey of the 
developments in this century with emphasis on celestial mechanics. Theorems are often 
stated without proof, and considerable mathematical sophistication is expected on the 
part of the reader. Nevertheless it succeeds better than Abraham and Marsden in 
conveying both the flavor and the successes of the newer techniques. 


T. G. Norturop, The Adiabatic Motion of Charged Particles. Although developments 
since the early 1960s are naturally not to be found here, this brief monograph provides a 


ed 
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good introduction to the complexities of calculations based on adiabatic invariants. The 
applications are to plasma “devices,” e.g., mirror machines. 


B. LEHNERT, Dynamics of Charged Particles. This reference is nearly contemporaneous’ 
with the preceding one and provides a somewhat more voluminous discussion of the same 
area. Some problems associated with plasma devices are discussed that do not bear on 
adiabatic invariants, e.g., radiation from the charged particles. 


EXERCISES 


1. By the method of time-dependent perturbation theory carry the solution for the linear 
harmonic oscillator (in which the potential is considered a perturbation on the free particle 
motion) out through third-order terms, assuming the initial condition By = 0. Find 
expressions for both x and p as functions of time and show that they agree with the 
corresponding terms in the expansion of the usual harmonic solutions. 


2. A mass point m hangs at one end of a vertically hung Hook’s-law spring of force 
constant k. The other end of the spring is oscillated up and down according to 
Zz, = acos œt. By treating a as a small quantity, obtain a first-order solution to the motion 
of min time, using the method of variation of constants. What happens as w, approaches 
the unperturbed frequency wg? 


3. a) A linear harmonic oscillator of force constant k has its mass suddenly increased by 
a fractional amount e. By first-order time-independent perturbation theory find the 
resultant shift in the frequency of the oscillator to first order in e. Show that to the same 
order in e your result agrees with the rigorous prediction for the shift. 


b) Repeat part (a), for the effect of increasing k by a fractional amount «. 


4. In Section 11-3, first-order perturbation in the time-independent format is used to 
find the effect of finite amplitude on the period of a plane pendulum. With the same 
formulation use Eq. (11—72) to find the first-order corrections in the dependence of 0 on 
time. (Remember that J, is now a function of time.) 


5. Carry out a consistent second-order perturbation calculation (using whichever 
method you choose) of the correction to the frequency of a plane pendulum as the result of 
finite amplitude of oscillation. All terms of order 2” should be retained in the Hamiltonian 
and in the perturbation treatment. 


6. A mass particle is constrained to move in a straight line and is attached to the ends of 
two ideal springs of equal force constants, as shown in the diagram. The unstretched length 
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ofeach spring is b < a. By first-order perturbation theory find the lowest order correction 
to the frequency of oscillation for finite amplitude of oscillation. What happens as a 
approaches b in magnitude? 


7. a) Show that to lowest order in correction terms the relativistic (but noncovariant) 
Hamiltonian for the one-dimensional harmonic oscillator has the form 


1 2 2 oF 1 pt 
= —(p“ + mw gq} —-- —. 

2m (p 1) 8 mc? 
b) By first-order perturbation theory calculate the lowest order relativistic correction 


to the frequency of the harmonic oscillator. Express your result as the fractional change in 
the frequency. 


8. A plane isotropic harmonic oscillator is perturbed by a change in the Hamiltonian of 
the form 
eH, = PP; : 


Using time-independent first-order perturbation theory find the shift in the frequencies. 


9. A model of the atomic Stark effect can be made by taking the Kepler elliptic orbit ina 
plane and perturbing it by a potential AV = — Kx. According to first-order perturbation 
theory, what happens to the frequencies of motion? This model can also be used as a first 
approximation to the effect of the light pressure of solar radiation on the orbit of an earth 
satellite. 


10. By considering the work done to alter adiabatically the length / of a plane pendulum, 
prove by elementary means the adiabatic invariance of J for the plane pendulum in the 
limit of vanishing amplitude. 


11. A plane pendulum of small amplitude is constrained to move on an inclined plane, as 
shown in the accompanying figure. How does its amplitude change when the inclination 
angle « of the plane is changed slowly? 


ofa 


12. Consider the system described in Exercise 13 of Chapter 10. Suppose the parameter F 
is slowly varied from an initial value. What happens to the energy of the particle? The 
amplitude of oscillation? The period? 


13. a) Show that the following transformation is canonical: 


r 


Q = —arctan [sev] 


x 


m{ x? N mi 


where r is (to this point) an arbitrary function of t and 


rp 
o(p x) = — — Ni. 
m 
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b) Find a generating function of the F,(q, Q, t) type. 
c) Show that if this canonical transformation is applied to the time-dependent 


harmonic oscillator of Eq. (11-139) and r(t) satisfies Eq. (11-141), then the transformed 7 


Hamiltonian is cyclic in Q so that P is a constant of the motion. This constitutes an 
independent proof of the exact invariance of J defined by Eq. (11—140). 


CHAPTER 12 


Introduction to the Lagrangian and 
Hamiltonian Formulations for 
- Continuous Systems and Fields 


All the formulations of mechanics discussed up to this point have been devised for 
treating systems with a finite or at most a denumerably infinite number of degrees 
of freedom. There are some mechanical problems, however, that involve 
continuous systems, as, for example, the problem of a vibrating elastic solid. Here 
each point of the continuous solid partakes in the oscillations, and the complete 
motion can only be described by specifying the position coordinates of all points. 
It is not difficult to modify the previous formulations of mechanics so as to handle 
such problems. The most direct method is to approximate the continuous system 
by one containing discrete particles and then examine the change in the equations 
describing the motion as the continuous limit is approached. 


12-1 THE TRANSITION FROM A DISCRETE TO A CONTINUOUS SYSTEM 


We shall apply this procedure to an infinitely long elastic rod that can undergo 
small longitudinal vibrations, i.e., oscillatory displacements of the particles of the 
rod parallel to the axis of the rod. A system composed of discrete particles that 
approximates the continuous rod is an infinite chain of equal mass points spaced 
a distance a apart and connected by uniform massless springs having force 
constants k (cf. Fig. 12—1).* It will be assumed that the mass points can move only 
along the length of the chain. The discrete system will be recognized as an 
extension of the linear polyatomic molecule discussed in Chapter 6. We can 
therefore obtain the equations describing the motion by the customary 
techniques for small oscillations. Denoting the displacement of the ith particle 
from its equilibrium position by y;, the kinetic energy is 


T=5 Smif (12-1) 


* We use an infinite chain rather than a finite one to avoid at this point a discussion of the 
exceptional end mass points (in the discrete case) or boundary conditions (for the 
continuum). 
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FIGURE 12-i 
A discrete system of equal mass points connected by springs, as an approximation to a 
continuous elastic rod. 


where m is the mass of each particle. The corresponding potential energy is the 
sum of the potential energies of each spring as the result of being stretched or 
compressed from its equilibrium length (cf. Section 6-4): 


1 2 
Vas R ki = 1) (12-2) 
Combining Eqs. (12-1) and (12-2), the Lagrangian for the system is 
1 2 2 
L=T- aay? (mie — kOe. — 1) (12-3) 


which can also be written as 


F — j; 2 
L= sq vit kal ; | =} aL; (12-4) 


i i 


where a is the equilibrium separation between the points (cf. Fig. 12-1). The 
resulting Lagrange equations of motion for the coordinates 1; are 


ij; — ka 


Niet = "| 4 kal = ry Lg; (12-5) 
a’ a’ 


The particular form of L in Eq. (12-4), and of the corresponding equations of 
motion, has been chosen for convenience in going to the limit of a continuous rod 
as a approaches zero. It is clear that m/a reduces to y, the mass per unit length of 
the continuous system, but the limiting value of ka may not be so obvious. For an 
elastic rod obeying Hooke’s law it will be remembered that the extension of the 
rod per unit length is directly proportional to the force or tension exerted on the 
rod, a relation that can be written as 


F = Y¢, 
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where č is the elongation per unit length and Y is Young’s modulus. Now the 
extension of a length a of a discrete system, per unit length, will be 
ë = (i+ — ;)/a. The force necessary to stretch the spring by this amount is 


Nie. — Hi 
F=k(yi..—1) = ka=, 


so that ka must correspond to the Young’s modulus of the continuous rod. In 
going from the discrete to the continuous case, the integer index i identifying the 
particular mass point becomes the continuous position coordinate x; instead of 
the variable y; we have n(x). Further, the quantity 


Nits Mi n(x + a) — n(x) 
a a 


occurring in L; obviously approaches the limit 
dy 
dx’ 


as a, playing the role of dx, approaches zero. Finally, the summation over a 
discrete number of particles becomes an integral over x, the length of the rod, and 
the Lagrangian (12—4) appears as 


ifi 22 dy\? 
-3 ffm — (24 |a (12-6) 


In the limit as a goes to zero, the last two terms in the equation of motion (12-5) 


become 
. Y { {dy dy 
vim (a (eel ab 


which clearly defines a second derivative of n. Hence the equation of motion for 
the continuous elastic rod is 


=0, (12-7) 


the familiar wave equation in one dimension with the propagation velocity 


E 
v= |-. (12-8) 
H 


Equation (12—8) is the well-known formula for the velocity of longitudinal elastic 
waves. 

This simple example is sufficient to illustrate the salient features of the 
transition from a discrete to a continuous system. The most important fact to 
grasp is the role played by the position coordinate x. It is not a generalized 
coordinate; it serves merely as a continuous index replacing the discrete i. Just as 
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each value of i corresponded to a different one of the generalized coordinates, 17;, 
of the system, so here for each value of x there is a generalized coordinate y(x). 


Since y depends also on the continuous variable t,we should perhaps write more ` 


accurately (x,t), indicating that x, like t, can be considered as a parameter 
entering into the Lagrangian. If the continuous system were three-dimensional, 
rather than one-dimensional as here, the generalized coordinates would be 
distinguished by three continuous indices x, y, z, and would be written as 
n(x, y, z, t). Note that the quantities x, y, z, and t are completely independent of 
each other and appear only as explicit variables in 7. Derivatives of y with respect 
to any of them can therefore always be written as total derivatives without any 
ambiguity. Equation (12-6) also shows that the Lagrangian appears as an 
integral over the continuous index x; in the corresponding three-dimensional 
case the Lagrangian would have the form 


L= REZ: dy dz, (12-9) 


where £ is known as the Lagrangian density. For the longitudinal vibrations of 
the continuous rod the seats eel is 


-yay 12-10 
dx 2 ( re ) 


corresponding to the continuous limit of the quantity L; appearing in Eq. (12-4). 
It is the Lagrangian density, rather than the Lagrangian itself, that will be used to 
describe the motion of the system. 


12-2 THE LAGRANGIAN FORMULATION FOR CONTINUOUS SYSTEMS 


It will be noted from Eq. (12-9) that # for the elastic rod, besides being a function 
of 1} = ĝnņ/ôt, also involves a spatial derivative of 1, namely, 01/dx; x and t thus 
play a similar role as parameters of the Lagrangian density. If there were local 
forces present in addition to the nearest neighbor interactions, then # would bea 
function of y itself as well as of the spatial gradient of 7. Of course, in the general 
case Z might well be an explicit function of x and ż also. So the Lagrangian 
density for any one-dimensional continuous system would appear as a function of 
the form 


2-11 
dx’ a ere 
The total Lagrangian, following Eq. (12—10), is then the integral of Z over the 
range of x defining the system, and Hamilton’s principle in the limit of the 
continuous system appears as 


dyn d 
L= a- d w), 


ôI =ò r [eax dt = 0. (12-12) 
1 
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If Hamilton’s principle for the continuous system is to have any usefulness, it 
must be possible to derive the continuous limit of the equation of motion, e.g., Eq. 
(12-7), directly by variation of the double integral of Z in Eq. (12-12). We can 
carry out this variation by methods that differ only slightly from those used in 
Chapter 2 for a discrete system. The variation is only on y and its derivatives; the 
parameters x and t are not affected by the variation either directly or in the ranges 
of integration. Just as the variation of y is taken to be zero at the endpoints t; and 
t,, SO the variation of ņ at the limits x, and x, of the integration in x is also to be 
zero. As in Section 2—2 a suitable varied path of integration in the 7 space can be 
obtained, for example, by choosing y from a one-parameter family of possible 4 
functions: 


n(x, t; a) = n(x, t; 0) + a€(x, t). (12-13) 


Here n(x, t, 0) stands for the correct function that will satisfy Hamilton’s principle, 
and ¢ is any well-behaved function that vanishes at the endpoints in t and x. If J is 
considered as a function of g, to be an extremum for (x, t,0) the derivative of I 
with respect to « vanishes at œ = 0. By straightforward differentiation, 


OL oy L dfan) aL A (an 
ae — 
A k dt On Fa t -dy z(a Eo dy pape . (12-14) 
oF a 
dt ax 


Because the variation of , that is, af, vanishes at the endpoints, integration by 
parts in x and t yields the relations 


20L ð {dy =-| 2d [0L\ ôn dt 
Š a ða \ dt ndt ait da” 
dt dt 


and . 


ra ô {dy dx= E- OL ôn a 
wy lt Oa\dx] T Ja, de | diy | 2a es 


dx dx 


Hamilton’s principle can therefore be written as 


i2 ps ag dL) ad |aL\) [an 
dx dt = = 
f f x on dt dn dx Pall 2, 0, (12-15) 


dt dx 
and by the same arguments as in Section (2—2) the arbitrary nature of the varied 
path implies the vanishing of the expression in the curly brackets: 
d [df A d | oL OL 
dt ai dx | dn on 
dt dx 


= 0, (12-16) 


Se ae 


pa Ree re eae 
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Equation (12-16) is the appropriate form of the equation of motion as derived 
from Hamilton’s principle, Eq. (12-12). 

A system of n discrete degrees of freedom will have n Lagrange equations of 
motion; for the continuous system with an infinite number of degrees of freedom 
we seem to obtain only one Lagrange equation! It must be remembered, however, 
that the equation of motion for y is a differential equation involving the time only, 
and in that sense Eq. (12—15) furnishes a separate equation of motion for each 
value of x. The continuous nature of the indices x appears in that Eq. (12-15)isa 
partial differential equation in the two variables x and t, yielding 7 as n(x, t). 

For the specific instance of longitudinal vibrations in an elastic rod, it is seen 
from the form of the Lagrangian density, Eq. (12-10), that 


af dy OL pdn aLL 


afi ETE i dx’ on 
dt dx 


Thus, as desired, the Euler-Lagrange equation, Eq. (12—16), reduces properly to 
the equation of motion, Eq. (12-7). 

The Lagrangian formulation developed here for one-dimensional con- 
tinuous systems needs obviously to be extended to two- and three-dimensional 
situations, e.g., a general elastic solid. Further, instead of one field quantity y there 
may be several, e.g., displacement from an equilibrium position would be 
described by a spatial vector ņ with three components. There is no difficulty in 
carrying out the mathematical steps for the more general situation in close 
parallelism to the one-component one-dimensional case. However, the formulas 
become lengthy and cumbersome if written in the same manner, especially in view 
of the two tiers of derivatives. Considerable gain in notational simplicity can be 
achieved by noticing that time t and the spatial coordinates x, y, z play the same 
type of mathematical role in Hamilton’s principle. The field quantities are 
functions of the coordinates of both time and space that are to be treated as 
independent variables. No variation of the field quantities occurs at the limits of 
integration in Hamilton’s principle over both time and space. 

It is mathematically convenient to think in terms of a four-dimensional space 
with coordinates x) = t, x; =X, X, = y, X4 =z. No physical significance is 
implied for this space. As in Chapter 7 a Roman letter subscript refers only to the 
three coordinates of the physical space, a Greek letter subscript refers to all four 
coordinates. Use of the summation convention with respect to repeated indices 
will be resumed for the rest of the chapter. The various components of the field 
quantities will be symbolized by a subscript p. It should be emphasized that the 
subscript may cover a multitude of forms. At times it will stand for a single index 
having two, three, four, or more values. Or it may stand for multiple indices. Thus 
if the field quantity is a spatial tensor of second rank, then p really refers to two 
subscript indices. Finally, a derivative of the field quantities with respect to any 
one of the four coordinates x, will be denoted by the subscript v separated from p 
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by a comma. Where there is only one field quantity a blank space precedes the 
comma. Examples are 
n dn; 
= 3 y= >> Hi gy = : 
dx, i dx; dx, dx, 


(12-17) 


Only the derivatives of the field quantities will be symbolized in this manner. 
In this notation, the most general form of the Lagrangian density to be 
considered here is written as 


L = Gy lips de: (12-18) 


The total Lagrangian is then an integral over three space: 
L= f zax, (12-19) 


but rarely occurs explicitly. Hamilton’s principle appears an integral over a 
region in four-space: 


ôl = ô fax) =0, (12-20) 


where the variation of the 7, vanishes at the bounding surface S of the region of 
integration. The derivation of the corresponding Euler-Lagrange equations of 
motion proceeds symbolically as before. We consider a one-parameter set of 
varied functions that reduce to 7,(x,) as the parameter a goes to zero. As 
previously, a possible suitable set can be constructed, for example, by adding ton, 
the product af,, where ¢,(x,) are convenient arbitrary functions vanishing on the 
bounding surface. The vanishing of the variation of I is equivalent to setting the 
derivative of I with respect to « equal to zero:* 


dI f L õn, OL Ngy 
da J \ôn, ôx np,» Go 


| (dx,). 


Integration by parts yields 


d [af a 
aI f Of d | Of \ |2 ax) + [eng | te), (12-21) 
da ðn, dx, \ênp x] Oa" dx, \ĉnp,» Oa 


The second integral vanishes in the limit as « goes to zero, as can be seen in 
various ways. One can examine it term by term: carrying out the integration for 
the particular x, of each derivative term, which then vanishes because the 
derivative with respect to « is zero at the endpoints. Or the integral can be 
transformed by a four-dimensional divergence theorem into an integral over the 
surface bounding the region of integration in four-space. The surface integral 


* Unless otherwise noted, the summation convention will be used in the rest of this chapter, 
for all types of subscripts. 
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again vanishes because the variation of y, in the vicinity of the correct field 
functions is zero on the surface. Equation (12-21) in the limit as « goes to zero 
therefore reduces to i 


(3) A E dx, (=| | ða |. (12-22) 


Again, the arbitrary nature of the variation of each y, means that Eq. (12-22) is 
satisfied only when each of the square brackets vanishes: 

d | OL | 3L 
——|——_] — — =0. (12-23) 
dx, \@n,, 

Equations (12-23) represent a set of partial differential equations for the field 
quantities, with as many equations as there are different values of p. It may be 
worth repeating that since the space coordinates x; are in effect indices for the field 
quantities, each of Eqs. (12-23) in effect corresponds to an entire set of Lagrange 
differential equations of motion in the discrete case. 

Fora one-dimensional continuous system, where v takes on only the values 0 
and 1, Eq. (12-23) expands to the same form as Eq. (12-16). The compactness of 
the notation is evident even in so simple an example. Of course, the use of a four- 
dimensional space for symbolic convenience in no way requires covariant 
behavior (in the physicist’s sense of the word) of any of the quantities in that 
space. A good illustration is provided by the case of the acoustic field in a perfect 
gas. Here the field quantities are the components of the vector ņ representing the 
small displacement of the gas particles from their positions in the absence of the 
sound vibrations. What we seek are the equations of motion for the longitudinal 
vibrations in the gas, i.e., the vector wave equation for the propagation of sound. 
The appropriate Lagrangian density for an acoustic field is derived in Appendix E 
and can be written as 


L =F(uot? + 2PpV-n — yPo(V-n)’). (12-24) 


Here py is the equilibrium mass density, and P the equilibrium pressure, of the 
gas. The first term in Y is clearly a kinetic energy density, while the remaining 
terms represent the change in the potential energy of the gas per unit volume as 
the result of the work done on or by the gas in the course of the contractions and 
expansions that are the mark of acoustic vibrations. Appearing in the potential 
energy we have the constant y, the ratio of the specific heats at constant pressure 
and volume, which enters because the compression and rarefaction of the gas by 
the sound waves is done adiabatically and not isothermally. In the four- 
dimensional notation, the Lagrangian density becomes 


L= 3 (Hol:,oi,0 + 2Pon;; — YPoi Mij) (12-25) 


The middle term in Z clearly does not contribute to the equation of motion, 
because the partial derivative of the term with respect to n; ; is żero or a constant. 
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Hence the equations of motion, Eq. (12—23), takes the form 
Uolljoo — YPotiiy =9, J = 1,2, 3. (12-26) 


Converted back into spatial vector notation, Eqs. (12—26) appear as the single 
vector equation . 


2 


EBMT E 
Hop? 0 y= 0. (12-27) 


Two points may be made about the equation of motion, Eqs. (12-26) or 
(12-27), and the Lagrangian density from which it, was derived. One is that Eq. 
(12-27) may be put in a more recognizable form by making use of the fact that for 
small amplitude vibrations the fractional change in the gas density, c, is related to 
n by the equation 

c= -V:n 


(cf. Appendix E). Operating on Eq. (12-27) with the divergence operator then 
gives the scalar equation 

Ho do _ 
yP, dt’ E 


Vo — 0, (12-28) 
which is readily recognized as the three-dimensional wave equation, with the 
customary expression 


v= |/= (12-29) 


for the velocity of sound in gases. If, as in point mechanics, the main goal of the 
Lagrangian formulation is to derive the equations of motion from a Lagrangian, 
then a suitable Lagrangian density corresponding to Eq. (12-28) is 


L= (to? o — yho it a) (12-30) 


Equation (12-30) of course does not have the same physical content as the 
Lagrangian density (12—25), and one.cannot be derived directly from the other, 
but (12-30) does imply the scalar wave equation, (12-28). 

The other point comes from the observation that the V - q term in Eq. (12-24) 
does not contribute to the equations of motion. This corresponds to the property 
of discrete systems that the Lagrangian is uncertain to a total time derivative ofan 
arbitrary function of the generalized coordinates and time. With continuous 
systems the corresponding statement is that & is uncertain to any “four- 
divergence,” i.e., to a term of the form 


dF, (Np, Xy) 
dx, 


where the F, are any four (differentiable) functions of the field quantities 7, and 
the coordinates x,- That such a term makes no contribution to the variation of 
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the action integral is obvious. Application of the divergence theorem in four- 
space converts the volume integral into an integral over the bounding surface 
where the variation of F, is zero. In eae the relevant variation can be written 


5 | (ds, Alten) = 5 Í Fep x,)do, = 0, (12-31) 


where do, represents the components of an element of surface (in four-space) 
oriented along the direction of the outward normal.* It will be seen that the 
middle term in Eq. (12-24) falls into this category with the functions F, given by 


Fy = 0, F, = 2h- 


The Lagrangian formulation for a continuous set of generalized coordinates 
has been developed in order to treat continuous mechanical systems such as an 
elastic solid in longitudinal oscillation, or a gas vibrating in such a manner as to 
set up acoustic waves. As has been implied the formulation may also be used, even 
in the absence of a mechanical system, to describe the equations governing a 
field. Mathematically, a field is no more than a set of one or more independent 
functions of space and time, and the generalized coordinates fit this definition 
accurately. There is no necessary requirement that the field be related to some 
underlying mechanical system. In thus breaking the connection between the 
Lagrangian field description and purely mechanical motion we are but 
recapitulating the history of physics. For example, the electromagnetic field was 
long thought of in terms of the elastic vibrations of a mysterious ether. Only in 
recent times was it realized that the ether had no other role than being the subject 
of the verb “to undulate.”t We recognize equally well that the variational 
procedures developed here ai stand independent of the notion of a continuous 
mechanical system, and that they serve to furnish the equations describing any 
space-time field. Hamilton’s principle then becomes in effect a convenient and 
compact description of the field, one which upon expansion leads to the field 
equations. 

Within this larger context the Lagrangian density need not be given as the 
difference of a kinetic and potential energy density. Instead we may use any 
expression for ¥ that leads to the desired field equations. Thus we have seen that 
a Lagrangian density for the sound field, Eq. (12—24), is given naturally in terms 
of the vector displacement n. But we also noted that the field can also be described 
in terms of a scalar g, the fractional change in gas density. The wave equation in 
terms of o can be derived from a Lagrangian density given by Eq. (12-30), which 


* If, for example, the surface in four-space is a surface of constant time, then the only 
nonvanishing component of do, is dag = dV = dx dy dz. The direction of the outward 
normal is thus along the time axis. 


f In his 1894 Presidential Address to the British Association for the Advancement of Science, 
the Earl of Salisbury said that “the main, ifnot the only, function of the word aether has been 
to furnish a nominative case to the verb ‘to undulate’.” (See p. 8 of the 1894 Report of the 
BAAS.) It is possible the same thought had been expressed earlier. 
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is not the same as Eq. (12—24), and which cannot be deduced by reference to any 
underlying mechanical system. It leads to the correct field equation, and that is all 
that is desired. 

But in addition to implying the field equations, the Lagrangian density has 
more to tell about the physical nature of the field. As with systems of a discrete 
number of degrees of freedom, the-structure of the Lagrangian also contains 
information on conserved properties of the system. One such set of conservation 
theorems is discussed in the next section.* 


12-3 THE STRESS-ENERGY TENSOR AND CONSERVATION THEOREMS 


An analog to the conservation of Jacobi’s integral in point mechanics, Section 
2—6, can be derived here, and in much the same manner. All one has to remember 
is that the treatment of time must be extended in parallel fashion to the x; since 
they are all independent parameters in #. Thus, instead of the time derivative of 
L, we seek to evaluate the total derivative of Y with respect to x,: 


AL ste a OL ER EA 
dx, ôn, Oi Oy 
By the equations of motion, Eq. (12-23), this becomes (with a slight change in 


notation in addition) 


ee), poe Mp Oe 
dx,  4x,\Ony.) C Ona, aX, OX, 
d {df OL 
Es E a] + ax, 


Combining total derivatives, this can be written 


d | 0L OL 
2 aa tam 


dx, (én, 


Suppose, now, that Z does not depend explicitly on x,. This usually means 
that Z represents a free field, i.e., contains no external driving sources or sinks 
that interact with the field at explicit space points and with given time 
dependence. In effect this means no interaction between the field and point 
particles moving in space and time through the field. Under this condition, Eq. 
(12-32) takes on the form of a set of divergence conditions, 


(12-33) 


* A more general attack on the conservation properties inherent in the Lagrangian will be 
found in Section 12—7 on Noether’s theorem. 
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on a quantity with the form of a four-tensor of the second rank: 
OL 


u» T mp, Pt = m 

That these equations have only the form of tensor equations in four-space is 
emphasized because as yet the four-space has no transformation properties— 
space and time are still distinct—and there is no transformation requirement on 
T,- However, the space portions of these quantities do behave like vectors and 
tensors in ordinary space, that is, T;, are the components of a three-dimensional 
tensor of the second rank. 

The similarity between T, and Jacobi’s integral, Eq. (2-53), is obvious. It 
becomes especially clear for the component T,,: 

Too = =}, — F. (12-34') 

In mechanical systems the Lagrangian density often has the form Y= F — V, 
the difference between a kinetic energy density and a potential energy density. 
This is the case, for example, with the Lagrangian densities for the elastic rod, Eq. 
(12-10), and for sound vibrations, Eq. (12—24), with the kinetic energy density 
having the form of one half the mass density times a square of the displacement 
velocity: 


T = HÀ Àp- 


By the same arguments as used in point mechanics, Tj, can then be identified as a 
total energy density. 

The corresponding identification tags to be put on the other elements of T,,, 
can be suggested by writing the set of Eqs. (12—33) as i 


dTo dT; 
—H 4 i = 0) 12-35 
at T dx; ? ( ) 
or 
d 
Za +V-T,=0, (12-35) 


where T, are a set of four space-vectors. In either form, Eqs. (12—35) or (12-35) 
appear as equations of continuity, which say that the time rate of change of some 
density plus the divergence of some corresponding flux or current density 
vanishes (cf. Eq. 7-76). In turn, the equations of continuity imply the 
conservation of some integral quantities providing the field volume is finite, i.e., 
the field can be contained within a volume beyond which the field quantities are 
zero. Define, in such case, integral quantities R, by 


R, = { To AV, (12-36) 


Lå,- (12-34) 
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where the volume integral extends beyond the region containing the field. Then, 
by Eqs. (12~35’), 


a = [v-t,av= ST, da = 0. (12-37) 


It is because of these conservation theorems, derived from Eq. (12-33), that the 
four arrays T, H= 1, 2, 3, 4, are known in the parlance of modern physics as 
conserved currents. 

We should therefore expect T}; to play the role of the components of an 
energy current density. That this is reasonable can be seen again from 
considerations of the longitudinal vibration field in an elastic rod. Imagine the 
rod divided by an imaginary cut at point x (cf. Fig. 12-2). From the 
considerations that led to the Lagrangian, Eq. (12-6), the force exerted by the 
part of the rod on the right to extend the part that is to the left of the cut is 

dy 
Y x 
Hence there is a tension at x in the left-hand portion of equal magnitude but of 
opposite direction. Further, the left-hand portion is being stretched by an amount 
that at xis 7, and the rateat which this extension changes in timeis 4. Hence the rate 
of work being done by the tension at the cut is 
. „dn 
HY Te (12-38) 
which is thus the rate at which energy is being transferred to the right per unit 
time. Comparison shows that this is exactly T}, for the appropriate Lagrangian 
density of Eq. (12-10). If To) is an energy density then the quantity Ry of Eq. 
(12-36) can be identified as the total energy in the field. The fourth component of 
the conservation equation (12—37) therefore says that the total field energy is 


Tension, — y2 Force, Y=+ 
dx 


n(x) n(x+dx) 
| | 
| l FIGURE 12-2 
| | Diagram illustrating calculation 
| of energy current density in elastic 
x x+dx rod. 
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conserved if T}; vanishes on the bounding surface, i.e., if the system does not 
radiate energy to the outside. 


Physical meaning for the Tip components can be suggested similarly by ` 


t 


turning once more to the vibrations of the elastic rod. If the particles in the rod 
moved by the same amount all along the rod, the motion would be that ofa rigid 
body, i.e., no oscillatory disturbances. The net change of mass in a length dx of the 
rod as a result of the motion would clearly be zero, since as much mass moves past 
x + dx as past x. There would still be a net momentum density uý for this case of 
rigid body motion. When wave motion takes place, a net mass change in the 
length dx exists, amounting at any given time to (cf. Fig. 12—2) 


d 
u(n(x) — n(x + dx)) = =p dx. 


The additional momentum in the interval resulting from the wave motion is 
therefore 


„d 
— pire dx. 


Thus, there is an additional momentum density, above and beyond that of the 
steady state motion, that may be identified as the wave or field momentum 
density: 


. dn 
= Hie (12-39) 


This quantity is just — T,, for the Lagrangian density given by Eq. (12-10). Thus 
we are led to identify — T; as the components of field momentum density and 
— R, as the total (linear) momentum of the field, at least in this four-dimensional 
convention. l 

The equations of continuity, Eqs. (12—-35’), then suggest that —T, must 
represent the vector flux density for the ith component of the field momentum 
density. We ascribe a vector property to T; because there can be, for example, a 
flow in the y direction of the x component the momentum density, as measured by 
—T,,- An alternative interpertation of T; comes from considering the 
displacement field of an elastic solid. It is well known that in such a solid besides 
the compression forces normal to a surface there are also shear forces, along a 
surface element. The entire assemblage of forces can be described by saying that 
the force dF acting on an element ofarea dA is expressed in terms ofa stress tensor 
T such that* 


dF = T-dA. 


* See, for example, K. R. Symon, Mechanics, 3rd ed., pp. 431-439. 
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Hence the net force, say in the x direction, on a rectangular volume element 
dx dy dz has a contribution from the forces on the surfaces in yz planes given by 
(cf. Fig. 12-3) 

aT, 
7 ut dx dy dz, 


x 


[Tux + dx) — T,,(x)] dy dz = 


but there is also a contribution from the surfaces in the xz plane; 


aa dx dy dz, 
dy 


[T, 2 + dy) — T,.(y)] dx dz = 


and similarly from the xy planes. Newton’s equations of motion here correspond 
to saying that the time rate of change of the momentum density in the x direction, 
—T,9; is equal to the x component of the force on a unit volume element: 


dT, 4T,, dha dhs 
eo dae ae a 


which is precisely the x component of Eq. (12-35'). For this particular field T;; can 
be identified as the elements of the three-dimensional stress tensor; hence the 
origin of the name “stress-energy tensor” for Ta- 

By considerations of a continuous mechanical system we have thus been able 
to attach physical identifications, or associations, with each of the components of 


T,3@+dz) 
ee 


dy 


Zz 


FIGURE 12-3 ; f 
Force in x direction on a volume element dx dy dz of an elastic solid. 
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the stress-energy tensor. In summary form, these labels are 


Too field energy density, 
Ty, with components field energy current density, 
Toj 
— Tio field momentum density, ith component, 
—T;, with components current density for the ith component 
T; of the field momentum density, 
Ti; three-dimensional stress tensor. 


J 


It must be remembered that although the example of mechanical systems 
gave birth to the procedures and nomenclature, the formalism can be applied to 
any field irrespective of its nature or origin. A classical theory of fields can be 
constructed not only for vibrations of an elastic solid, but for the electromagnetic 
field, for the “field” of the Schrödinger wave function, or for the relativistic field 
describing a “scalar” meson, among others. We shall examine some of these 
examples in more detail later on. For present purposes of illustration we can 
consider a two component field, 7, and 7,, whose properties are deliberately 
chosen not to correspond to any existing theory. Suppose the field equations were 


dy d’ 
aV7n, + ba -c ra = fia, 
5 (12-40) 
3 dn, d*ny 
aV*n, — b ao dp et 


It’s easily seen that these field equations can be derived from a Lagrangian density 


seanu fp 4 Las 
L = chha + 5 (ie — Miz) — aV Ving -50m + gni). (12-41) 
The components of the stress-energy tensor for this Lagrangian density are 
. 1 2 2 
Too = hiña + AVI Yna +5(f12 + gni), (12-42) 


(as with the discrete system energy, the terms linear in velocity drop out) 


: dna A di 
To; = linge + Ho rh (12-43) 
. dn, . ay,\ b| dn, dia 
Tio N clin dx, + No dx, of 2 No dx, Ny dx; > (12—44) 


(12-45) 


ij 


(i dy, dy, dny 
a 
dx, dx; dx; dx; 


It will be noticed that in this example, the three-dimensional tensor T is 
symmetric. This is a physically desirable, one might almost say necessary, 
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characteristic for the spatial part of the stress-energy tensor. Recalling the 
identification of R,, the conservation equations, Eq. (12-37), say that for a closed 
noninteracting system the total linear momentum of the field is conserved. We 
would expect no less. But there should be a corresponding conservation theorem 
for the total angular momentum of the field. It is simple to construct a quantity 
that should act as an angular momentum density. Since angular momentum is an 
axial vector, it would be expected that the components of the angular momentum 
density are the elements of an antisymmetric tensor of the second rank. A suitable 
form for this angular momentum (i.e., “moment of momentum”) density tensor is 


Mhi = —(X;Tj9— X;Tio)s (12-46) 
with the total angular momentum of the field given by 


M,= fuar. 


In as much as ¢ and x, are completely independent variables, the time rate of 
change of M,, is 


dM ij _ AT ITio 
dt - ffs a) at ay 


or, from the continuity conditions, Eqs. (12-35), 


aM,;; aT, | aT 
-f ~ “Tax, 


Jav, 


Integration by parts converts this expression to 


dM,, d . 
“i Fa (x;y, — xT) dV + f — T) dV. (12-47) 


The first integral on the right is in the form of a volume integral of a divergence. It 
is therefore equal to an integral over the bounding surface, which vanishes for a 
closed nonradiating system. Finally, if T;; = Ty, the second integral is also zero. 
Thus the total angular momentum of the field is conserved if T is symmetric. 
For the example chosen, the stress tensor is indeed symmetric. There is no 
guarantee that this will always be so, and there are well-known fields for which the 
stress tensor as obtained directly is not symmetric. However the desirable 
conservation property can often be rescued by noting that just like Y, the stress- 
energy tensor T,, is not uniquely defined.* The form of T,,, Eq. (12-34), was 
originally chosen because it satisfied the divergence conditions, Eq. (12-33). 


* This should not be unexpected. In electromagnetic theory, for example, it has long been 
understood (and has been a source of controversy) that expressions for densities of the 
energy or for energy current (Poynting’s vector) are uncertain to within quantities that are 
space divergences. Added quantities of this nature contribute nothing to the observable 
integrals such as the total energy or the total energy current. 
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Therefore T,,, is indeterminate to any function whose 4-divergence vanishes. A 
quite general candidate is a quantity of the form 


di ava 
dx,’ 


where y,,, is an arbitrary set of functions of the field variables, but with the 
antisymmetry property that 


Ypa T — Ppa 


In evaluating the 4-divergence, v and å will be dummy indices, and the 4- 
divergence will consist of pairs such as (no summation convention!) 


Php PY pr 
dx, dx, dx, dx; 


which vanishes identically because of the antisymmetry condition. This 
ambiguity in T,, thus often makes it possible to “symmetrize” the stress-energy 
tensor, a process that is almost always carried out in constructing classical fields. 
Examples will be given later. 


12-4 HAMILTONIAN FORMULATION, POISSON BRACKETS AND 
THE MOMENTUM REPRESENTATION 


It is possible to obtain a Hamiltonian formulation for systems with a continuous 
set of coordinates much as was done in Chapter 8 for discrete systems. To indicate 
the method of approach, we return briefly to the linear chain of mass points 
discussed in Section 12—1. Conjugate to each n; there is a canonical momentum 


ôL 4 OL; akg 
a on; On, SOA 
The Hamiltonian for the system is therefore 
: OL;. 
H=py—-L= h" =L, 
or 
OL, 
H= Fh — 11}. (12-49) 
on; 


It will be remembered that in the limit of the continuous rod, when a goes to zero, 
L; > Z and the summation in Eq. (12-49) becomes an integral: 


H= fol Fa — a) (12-50) 
on 
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The individual canonical momenta p,, as given by Eq. (12-48), vanish in the 
continuous limit, but we can define a momentum density, n, that remains finite: 


lim # =x =—. (12-51) 


Equation (12-50) is in the form of a space integral over a Hamiltonian density, #, 
defined by 


H = nr — F. (12-52) 


While a Hamiltonian formulation can thus be introduced in a 
straightforward manner for classical fields, it will be noticed that the procedure 
singles out the time variable for special treatment. It is therefore in contrast to the 
development we have given for the Lagrangian formulation where the 
independent variables of time and space were handled. symmetrically. For this 
reason the Hamiltonian approach, at least as introduced here, lends itself less 
easily to incorporation in a relativistically covariant description of fields. The 
Hamiltonian way of looking at fields has therefore not proved as useful as the 
Lagrangian method, and a rather brief description should suffice here. 

The obvious route for generalizing to a three-dimensionál field described by 
field quantities 7, is to define, analogously to Eq. (12-51), the canonical 
momentum densities 


z (12-53) 


The quantities 1,(x,,t), =,(x,,t) together define the infinite-dimensional phase 
space describing the classical field and its time development. A conservation 
theorem can be found for z, that is roughly similar to that for the canonical 
momentum in discrete systems. If a given field quantity y, is cyclic in the sense 
that Z does not contain y, explicitly (as in the case of Eq. 12-10) then the 
Lagrange field equation looks like an existence statement for a conserved 
current: 


ee es 
dx, Ong, = 
or 


p 


dr d L 0 
dt dx; én, ; 


(12-54) 
It follows that if 17, is cyclic, there is an integral conserved quantity 
II, = favnen. 


The obvious generalization of Eq. (12—52) for a Hamiltonian density is 


H (Npp, i> Tp Xp) = T, — F, (12-55) 
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where it is assumed that functional dependence on #, can be eliminated by 


inversion of the defining equations (12-53). From this definition it follows that : 


at, dm af Oh, maT 
ôn, lo ton, ON, On, 1o ean 
by Eq. (12-53). The other half of the canonical field equation is more 
cumbersome. When expressed in terms of the canonical variables, #7 is a function 
of y, through the explicit dependence of ¥, and through 4,. Hence 


a oh, OL dn, BF ag 


(12-57) 


— =r - — = ——. 
on, +n, on, On, on, on, 
Using the Lagrange equations this can be written 
H d jo) _ 7 d [0g ae 
in, dx, \an,,)"® dx, ET pesan 


Because of the appearance of ¥ we still don’t have a useful form. By an exactly 
similar derivation, however, we find that 


ax: on, OL oH, OL ag 


Sy aen dne Zn s (12-59) 
On, On, i din, On, i On, On, i 
Hence we can write as the second half of the canonical equations 
OHR d JOH) P (12-60) 
On, dx; \ônpi 7 Bi j 


Equations (12-56) and (12-60) can be put in a notation more closely 
approaching Hamilton’s equations for a discrete system by introducing the 
notion of a functional derivative defined as 
ô 0 d @ 
ow ôy dx, aw i 
pi Eqs. (12-56) and (12-60) can be written as 


. of : OH? 
Nh = on” T,= E7 ; (12-62) 
p P 


(12-61) 


Since # is not a function of z 


Note that in the same symbolism the Lagrange equations, Eq. (12-23), take the 
form 
doe) L 
dt\ôñ |) dn, 
About the only advantage of the functional derivative, however, is that of the 


resultant similarity with discrete system. It supresses, on the other hand, the 
parallel treatment of time and space variables. 


(12-63) 
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Other properties of # can be obtained by expanding the total time derivative 
of Eq. (12-55), recalling that 7, is to be considered a function of 77,, 17, ;, Tp, and 
x,- We therefore have that 


dH 


EERS Of , oL dù, OL dnp OF 
dt P 


dt n, P of, dt Ôn, dt at 

The second and fourth terms on the right cancel by virtue of the defining 

equations (12-53), so the derivative simplifies to 
dx, Of . OL dyn,; Of 
de {ele an, lo ôn, dt ôt ` 


(12-64) 


On the other hand, considering # as a function of 7,, 4, ;, Tp» and x,,, the total 
time derivative is l 
dH =, 0H F DEA F OH dn, i a OH 
=f i ; 
dt "dn, ôn, ° On,, dt © at 


(12-65) 


The expression on the right has been written so as to facilitate comparison with 
the right-hand side of Eq. (12-64). Thus the first terms of both expressions are the 
same, by virtue of Eq. (12-56). The second pair similarly match by Eq. (12-57), 
and Eq. (12-59) shows the equivalence of the third pair. Hence the final pair of 
terms must be equal: 


OH OL 
ae oe eres) 


which corresponds to Eq. (8-13) for discrete systems. 

On the other hand, the analog of Eq. (8-35) does not hold, i.e., the total and 
partial time derivatives of # are not in general the same. By use of Hamilton’s 
equations of motion, Eqs. (12—56) and (12-60), and with an interchange in the 
order of differentiations, Eq. (12-65) can be written 


dÆ OH d (0H) OL dij, ax 
dt an, dx; ônp i AX, Ot” 


Ong i 
Using Eq. (12-56) and combining terms we have finally 
dx dl, OH 0H? 

z Ip ON: ot’ 


12-67 
dt dx; ( ) 
which is as close as one can get to Eq. (8-35). 

However, Eq. (12—67) is really an old friend in slight disguise. It surely 
occasions no surprise that #, Eq. (12-55), is identical with Too, Eq. (12-35), 
which had already been identified with the energy density. Further, it follows by 
Eq. (12-59) that 

OH? OL 


7 — = -ý — = — Ty. 
Np ON» i Toan; Qi 
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When Y does not contain t explicitly, by Eq. (12—66) neither does #, and in that 
case, Eq. (12—67) reduces to 

dho ET; 

a” dx, 


t 


which is the first of the divergence conservation equations, Eq. (12—35). We have 
seen that the existence of a conserved current implies the conservation of an 
integral quantity, here 


P =H= fæar. (12-68) 


Thus, if 7 is not an explicit function of time, the conserved quantity is not #, but 
the integral quantity H. 

The total Hamiltonian H is but one example of functions that are volume 
integrals of densities. A general formalism for the time derivative of such integral 
quantities can be formulated directly. Consider some density Y that is a function 
of the phase space coordinates (7,, z,), their spatial gradients, and possibly of x, : 


Y= UN ps Ty sMp,i2Mp,i> Xp)- (12-69) 


The corresponding integral quantity is 
= fæ dy, (12-70) 


where the volume integral extends over all space encompassed by the bounding 
surface on which y, and z, vanish. Differentiating U with respect to time we have, 


in general, 
dU av OU OU oe gate, ss OU et a OU E 
T7] ôn, m eT On, i loa + ôn, ® Ong t BEY (2-1) 


Consider a term such as 


au au di 
Fl pial E f g Ae 
f any; e" On, AX; 


An integration by parts, remembering that 1, and derivatives vanish on the 
bounding surfaces, yields 
OU d | U 
—ġ = — | Vvi,——|——}. 
en pi Í "lo dx, Z | 


A similar reduction holds for the term in z, ,. Collecting coefficients of ġ, and x, 
respectively, we see then that in terms of the ô notation (Eq. 12—61), Eq. a2- 71) 


reduces to : 
dU Ou . ÒU. OU 
— = 3 12-72) 
t fans Ip + dn, T m ( 
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Finally, inserting the canonical equations of motion (12-62) for 4, and z, we have 
d J ÔH ô ð 
dU _ fav OU ÖH ÖH ÖU + fave U (12-73) 
t én, On, On, ÔT, 


The first integral on the right clearly corresponds to the Poisson bracket form. If 
U and W are two density functions, then these considerations suggest defining 
the Poisson bracket of the integral quantities by 


i OW SW a 


Ôn, ÔT, On, ÔT 


Let us also define what is to be meant by the partial derivative of U with respect to 
t in the obvious fashion as 


(12-74) 
p 


ðU OU 
— = | dvV—. 2-75 
ôt f ôt a ) 
Equation (12-73) can then be written as 
7 cs 
— = [U,H] Ta (12-76) 


which corresponds precisely, in this notation, to Eq. (9—94) for discrete systems. 
Since by definition the Poisson bracket of H with itself vanishes, Eq. (12-76) then 
specializes to 


ge oi (12-77) 
dt ôt 

which is the integral form of Eq. (12—67) and the field-theory version of Eq. 
(8-35). 

A -Poisson bracket formalism for classical fields thus appears as a natural 
outgrowth of the Hamiltonian formulation. But one cannot carry out a Poisson 
bracket description of field theory in step-by-step correspondence with that for 
discrete systems. Notice, for example, that the Poisson brackets are defined here 
only in terms of a pair of densities. One cannot therefore easily set up Poisson 
brackets corresponding to the fundamental Poisson brackets in discrete 
mechanics. It is true that z, is a density, but 77, is not. Further, if x; plays the role of 
continuous indices on the mechanical variables, then fundamental Poisson 
brackets should involve functions at different values of x;, which is not easily 
brought into the present formulation. For this reason there has been little 
exploration of canonical transformations for classical fields, a subject that for 
discrete systems proved to beso rich and consequential. It is also difficult to carry 
through the steps for quantization, which usually involve the replacement of the 
fundamental Poisson brackets by the quantum commutators. 

There is, however, one way of treating classical fields that provides for almost 
all of the Hamiltonian and Poisson bracket formulation of discrete mechanics. 


so 
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Indeed the main idea behind this treatment is replacing the continuous space 
variable or index by a denumerable discrete index. We can see how to do this by 
referring again to the longitudinal oscillations of the elastic rod. Suppose the rod 
is of finite length L = x, — x,. The requirement that 7 vanish at the extremities is 
a boundary condition that could be provided physically by placing the rod 
between two perfectly rigid walls. Then the amplitude of oscillation can be 
represented by a Fourier series: 
2 _ 2nn(x — X,) 
n(x) = D q, sin T ; (12-78) 
Instead of the continuous index x we have the discrete index n. We are allowed to 
use this representation for all x only when y(x) is a well-behaved function, which 
most physical field quantities are. 
For simplicity in illustrating how the scheme may be carried out it will be 
assumed there is only one real field quantity 7 that can be expanded in a three- 
dimensional Fourier series of the form 


y(t, t) = a J atte": (12-79) 


Here k is a wave vector that can take on only discrete magnitudes and directions, 
such that only an integral (or sometimes, half-integral) number of wavelengths fit 
into a given linear dimension. We say that k has a discrete spectrum. The scalar 
index k stands for some ordering of the set of integer indices used to denumerate 
the discrete values of k, and V is the volume of the system, appearing in a 
normalization factor. Because y is real we must have qg = q-,. 

The orthogonality of the exponentials over the volume can be stated as the 
relation 


UE A 
slew VdV = by g- (12-80) 


In effect, the allowed values of k are those for which the condition (12-80) is 


satisfied (as can be seen by looking at the one-dimensional Fourier series). It 
follows that the coefficients of expansion, q,(t), are given by 


1 ; 
q(t) = fen, t)dV. (12-81) 
In similar fashion the canonical momentum density can be expanded as 
1 i 
a(r, t) = Fe D Pall) mes (12-82) 
k 


again with p* = p_,. Correspondingly, the expansion coefficients, p,(t), are to be 
found from ; - 


i ta 
p,{t) = ve [etre nav. (12-83) 
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Both q, and p, are integral quantities in the pattern of Eq. (12-70). We can 
therefore ask for the Poisson brackets of such quantities. Since the exponentials do 
not involve the field quantities we have, by Eq. (12-74), 


1 ww- fôn n ôn ôn 
tnt i(k SK) Sb oh as 
[xs Pe] a V [ave fa ont ôn ÔT 


1 agi 
rie dv i(k “her 
al : 


or, by Eq. (12-80), 


[ar Pr] = ke- (12-84) 
It is further obvious from the definition of the Poisson bracket, Eq. (12-74), that 
Lae du] = 0 = [Pr Ped- (12-85) 


Thus the Poisson brackets for q,, p, form a set of fundamental Poisson brackets, 
which suggests that we look upon them as canonical coordinates. The form of the 
equations of motion they obey thus becomes of considerable interest. 

By Eq. (12-76) the time dependence of q, is to be found from 


i = a 1 ~lik-r ôn òH OH On 
4.(t) = [q,, H] = wa {ave on on On 


or 
i 1 EEA 
il) =r | aVe i a (12-86) 


On the other hand we have that 
ðH f OH On 
—= jd —. 
ôP, ôn Op, 


Inasmuch as ¥ is not a function of the gradient of z, the partial derivative is the 
same as the functional derivative. Further, from Eq. (12-82) we have 


(12-87) 


on J gir, (12-88) 
OP, 7 
Then (12-87) is identical with (12-86) and we have 
ôH 
1, ==. (12-89) 
Qk OP, 


The equation of motion for p, can be obtained similarly, with but one extra 
step. We again have 


1 a OM 
Paes Pee 17 | iker 
Pk [Pps H] =| Ve ôn 2 
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but now 


ôH OH On OH ôn, 
= |dV L, 
aq, ôn Og, On ; Ody 

However, by carrying out an integration by parts on the term involving the 


components of the gradient of y, the integral can be reduced to one involving the 
functional derivative, 


= | ôH ôn 


aq, ôn 04," 
and then by Eq. (12-77) it follows that 
š oH 
b= Fy," (12-90) 


The quantities q, and p, thus obey Hamilton’s equations of motion. 

In a sense we have come about full circle. We started off this chapter with a 
discrete system employing a denumerable number of generalized coordinates. By 
then going to the limit of a continuous set of variables we could see how to treat 
continuous systems. Finally, we have introduced a description of the continuous 
system in terms of a denumerable, discrete, set of coordinates that obey the same 
type of mechanics as the discrete system we started with. Because of the formal 
correspondence with the variables of discrete systems, the q, and p, quantities are 
the obvious candidates for quantization when we go from classical to quantum 
field theory. Indeed the q, correspond to what are spoken of as the “occupation 
numbers” for the field. 

We could describe the field in terms of discrete coordinates because the finite 
size of the system, and the boundary conditions, permitted a discrete Fourier 
expansion. Equivalently we can say that the expansion is made over a discrete 
spectrum of plane waves. Since the wave vector k is in quantum mechanics 
directly proportional to the momentum of the particle associated with the plane 
wave, the expansions used here are often spoken ofas the momentum representation. 
We need not be restricted to plane wave expansions. A denumerable set of 
coordinates can be found whenever the field functions can be ex panded in terms of 
a discrete set of orthonormal eigenfunctions. The development for such general 
expansions parallels the steps followed here for plane wave functions and is 
discussed in detail in some of the literature referenced at the end of the chapter. 
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We saw in Chapter 7 that there is considerable difficulty in constructing 
relativistically covariant Lagrangian and Hamiltonian descriptions of particle 
mechanics. Part of the problem can be traced to the separate roles played by 
space and time coordinates. For point particles the space coordinates are 
mechanical variables while time is a monotonic parameter. But in classical field 
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theory there is a natural similarity in handling space and time coordinates. They 
are all parameters, together defining a point in space-time continuum at which 
the field variables are to be determined. While the four-dimensional space-time 
system has been used so far only for reasons of notational simplicity, the easy and 
natural way it fitted into the formulation suggests a relativistically covariant 
description is quite feasible for classical fields. Indeed only relatively minor 
tinkering has to be done to the formulation already presented so that it can 
handle relativistic fields in a manner that is manifestly Lorentz covariant. 

Three points require specific attention: (1) the nature (and metric) of the four- 
dimensional space used, (2) the Lorentz transformation properties of the field 
quantities, Lagrangian densities, and related functions, and (3) the covariant 
description of the limits of integration. The simple Cartesian four-space with 
coordinates t, x, y, z that we have implicitly used so far is not convenient for 
exhibiting Lorentz invariance. Of the various metrics and spaces that appear in 
theories of special relativity (cf. Sections 7—2, 7-3) we shall prefer to use 
Minkowski space. Admittedly it results in the occasional appearance, in 
otherwise real physical quantities, of factors involving i, but it has the virtues of 
familiarity and transparent notational simplicity. (Translation of the formulation 
into other metrics is considered in some of the exercises.) Accordingly, the Greek 
letter indices will now be considered to run from 1 to 4, with x, = ict. It will be 
noted that the Lagrange equations (12-23) are unaffected by this change. Indeed, 
the term 


d | OL | 
dx, \ônp,v 
remains unaltered by a scale change of any of the x,, and the other term in the 
Lagrange equation does not involve the coordinates at all. Further, the change in 
space does not affect the formulation of Hamilton’s principle in Eq. (12-20), since 
it only introduces a multiplicative constant. 

All of the quantities related to the field and associated equations must now 
have some definite Lorentz covariant properties. The field quantities must 
therefore consist of world tensors of some given rank—world scalar, world vector, 
etc. In principle, n, need not be restricted to any one of these categories but may 
stand for a set of such; e.g., two world scalars. The Lagrangian and Hamiltonian 
densities must also be covariant. In Hamilton’s principle the volume element (dx,) 
of four-space is invariant under Lorentz transformation. Since we usually think of 
the action J as a scalar this means that the Lagrangian density (and therefore #) 
should be world scalars. That is to say, they must be functions ofthe field quantities 
(possibly along with external covariant quantities) in such manner as to form 
world scalars. It then follows that the stress-energy tensor, Ti», as defined by Eq. 
(12-34) is automatically a world tensor of the second rank. The change in the four- 
space, however, means that the components of T,, may be altered in value. Of 
course, T;; is unaffected by the switch from (£, x, y, z) to (x, y, z, ict) —providing 
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Lagrangian density is the same. For the other components we can see from Eqs. 
(12-34) and (12—34’) that under the same conditions the correspondences are 


Ta > icT p, (12-91) 


The Lagrangian density is of course uncertain to a multiplicative constant 
factor. It is customary to choose the factor such that T}, (or its symmetrized form) 
directly represents the energy density in the field. In the chosen four-space the 
quantities R,, Eq. (12-36), are now defined as 


Ris f'Ta: (12-92) 
Consider a related set P, defined as 
i 
P, =R, (12-93) 


It follows then, from Eq. (12—91) and the interpretation given above (cf. p. 560) for 
Tio, that P, represents the components of the total linear momentum of the field, 
and P, is (iE)/c, where E is the total energy in the field. This suggests that P, forms 
the relativistic world vector of energy—-momentum for the field (cf. p. 307). 
However, one has to show still that R, and P, transform like world vectors under 
a Lorentz transformation. To prove this property we have to examine what is 
meant by an integration over three-space in a covariant formulation and indeed 
how the integration limits are to be treated in general. 

The first instance where the covariance of the limits of integration may be 
questioned is in Hamilton’s principle. In Eq. (12-20) the integral appears 
manifestly covariant, but the limits of integration derived from Eq. (12-12) are 
not. The spatial integration is over some fixed volume in three-space followed by 
an integration over time between t, and t,. But an integration over V for fixed t is 
not a covariant concept, for simultaneity (“constant time”) is not necessarily 
preserved under Lorentz transformation. A suitable covariant description is to 
say the integration is conducted over a hypersurface of three dimensions that is 
space-like. By a space-like surface we mean one in which all world vectors lying in 
it are space-like (cf. p. 301). The vectors normal to such a surface are time-like. 
Now, any vector connecting two world points on a surface of constant time is 
certainly space-like, for its x, component vanishes. Hence a surface at constant 
time is a particular example of a space-like surface. But such a surface retains its 
character in all Lorentz frames, because the space-like or time-like quality of a 
vector is not affected by the Lorentz transformation. In a similar fashion what is 
in one frame an integration over t at a fixed point can be described covariantly as 
an integration over a time-like surface. With a system of one dimension (in 
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physical space), the integration in Hamilton’s principle as given in Eq. (12-12) is 
over the rectangle shown in Fig. 12-4. A Lorentz transformation is a rotation in 
Minkowski space, and the sides of the rectangle will not be parallel to the axes in 
the transformed space. But we can describe the integration in all Lorentz frames 
as being over a region in four-space contained between two space-like 
hypersurface surfaces and bounded by intersecting time-like surfaces. 

The appropriate covariant description of integral quantities such as Peis 
then given as 


i 
R=; Í Tpx dS, (12-94) 


where the integration is over a region on a space-like hypersurface for which the 
vector elements of surface, in the direction of the surface normal, are dS,. As T, is 
a world tensor of the second rank, it is obvious that P, so defined is a world vector. 
But now we can show that the components of P, given by (12-94) reduce to a 
volume integral in ordinary three-space, providing it is divergenceless, i.e., satisfies 
Eq. (12-33). Imagine a region in four-space defined by three surfaces: S} and S, 
that are space-like, and S, that is time-like (cf. Fig. 12-5). By a four-dimensional 
divergence theorem a volume integral of a divergence can be replaced by a surface 
integral: 

ae (ax,) = f T, dS,- (12-95) 

va Xy S1 +S2+S3 

The integration over S, corresponds to an integration over t at constant r. By 
allowing the volume to expand sufficiently, the integral over this surface will 
involve r outside the system, where all field quantities vanish. Because of the 
assumed divergenceless property of T, the integral on the left-hand side also 
vanishes. Therefore, if the normals to the space-like surfaces are taken in the same 


sense, 


f Teds, = | Tav dS,- (12-96) 


FIGURE 12-4 

Regions of integration in Hamilton’s 
principle for a system extending in only one 
dimension. 
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FIGURE 12-5 
Schematic integration volume in four- 
space 


If S, is any arbitrary space-like surface, and S, is a particular surface for which x,, 
or t, is constant, then by Eq. (12—96) 


f T„ dS, = fTaar, (12-97) 


The four-vector transformation property of the left-hand side is obvious; hence, 
the right-hand side, i.e., R, according to Eq. (12-92) also transforms as a four- 
vector. Further, if both S, and S, are surfaces at constant t, say t; and t3, 
respectively, then Eq. (12-96) is equivalent to 


R, (1) = Ry (tz), 


which is thus the covariant way proving that R, is conserved in time. 

With some care, therefore, the conserved integral quantities can still be used 
within the framework of a relativistic theory of classical fields. We shall not 
always carry through the detailed correspondence but will let it suffice in most 
instances that the volume integration refers to a particular Lorentz frame in 
which the space-like hypersurface is a region in three-space at constant t. For the 
angular momentum density, it may be noted that the covariant analog of ./%,, Eq. 
(12-46), is a four-tensor of third rank: 


i 
Mava = Out = xX, Tya) (12-98) 


which is antisymmetric in p and v. The corresponding global or integral quantity 
is 


H 


Mp = f „dS, (12-99) 


where the integration is over a space-like hypersurface. If the Lorentz frame is 
chosen such that the surface is one at constant t, then 


Mp > fAs dV, 
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which corresponds to the previous definition. The rest of the argument on the 
conservation of M,, for symmetrical stress-energy tensors then can be carried out 
as before by considering this particular Lorentz frame. 

As constructed in the previous section, the Hamiltonian formulation sharply 
distinguishes between the time coordinate and the space coordinates. This is not 
to say that it is necessarily nonrelativistic, merely that the formulation is not 
manifestly covariant. We must imagine the Hamiltonian framework as 
constructed in terms of the time as seen by each particular observer. Providing the 
field quantities and derived functions have suitable transformation properties, 
this construction for each Lorentz frame is not in violation of special relativity. 

One further point needs to be made here. By allowing y, to stand for a set of 
covariant field quantities, we allow for the possibility that the system consists of 
two or more fields that interact with each other. The complete Lagrangian 
density may consist of a sum of Lagrangian densities representing the free fields 
plus terms that describe the interactions between the fields. It will be remembered 
that one of the difficulties of relativistic point mechanics was the problem of 
considering interactions between particles that necessarily implied action-at-a- 
distance. However, interactions between fields can be at a point and, therefore, 
consistent with special relativity. One can often go further and treat the 
interaction between a field and a particle at a given point in space-time. There is 
thus the possibility of considering relativistically a system consisting of a 
continuous field, a discrete particle, and the interaction between them. How this 
can be done in a specific case will be shown in the next section, which provides 
illustrations of relativistic field theories. 
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Three examples, of increasing complexity, will be discussed. 


A. Complex scalar field. Any complex field will be described by two independent 
parts, which can be expressed either as the real and imaginary part of the field or 
as the complex field itself and its complex conjugate. We shall follow the latter 
alternative. Accordingly, the Lagrangian density and associated functions will 
here be given in terms of two independent field variables, @ and ġ*, each of which 
are world scalars.* For this particular example we choose the Lagrangian density 


L= eh p" a po, (12-100) 


where py is a constant. Notice, that as required, ¥ is a world scalar. Expressed in 
terms of space and time variables, is written as 


L = bb* — Vb -VG* — pepo. (12-100') 


* As will beseen in the next section, complex fields lead naturally to an associated chargeand 
current density, and this is the main reason for their introduction in physical theories. 
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To obtain the field equation for which 7, = ġ* note that 


oL 3 OL 


ad* on =O 53 ao* T — uoc o. 


Hence the Lagrange—Euler field equation is 


O w— Hod =0, (12-101) 
or, in equivalent forms, 
ad 5 
z — mo = 0 (12-102) 
and 
2, DED 
"P — =z TT Ho? =U. 2-102’ 
Vb — 3 Gr — 1b = 0 (12-102') 


In terms of the D’Alembertian (defined above, p. 303), the field equation can also 
be written covariantly as 


(07 — u5)¢ = 0. (12-103) 
Similarly, from the symmetry of 2, the field equation obtained when n, = ¢* is 
(O° — uo)” = 0. (12-103) 


The basic field equation satisfied by both @ and ¢* is known as the 

Klein—Gordon equation* and, as given here, represents the relativistic analog of 

the Schrödinger equation for a charged zero-spin particle of rest mass energy jp. 
The stress-energy tensor defined by Eq. (12—34) has components 


Ti = —co a?” 6 = c*b* ” + (ob AP F HGDD*)O yy (12-104) 


and is clearly symmetrical. As the Lagrangian density describes a free field, 
without interactions to the outside world, Z does not contain x, explicitly and 
the conservation theorem (12-33) holds for T,,,, as can be verified directly. To 
introduce the Hamiltonian formulation we have to distinguish between the time 
and space coordinates in some particular Lorentz frame. The conjugate 
momenta, according to Eq. (12-53), are then 


of ; of 
=—~- = S * =e = o. 2- 
T ag o*, T ag (o) (12-105) 


* In some of the modern literature the Klein—Gordon equation in the form of Eq. (12-103) 
is given with a plus sign for thé 18@ term. The reason stems from the use of the metric 
given by Eq. (7-53) with a corresponding change of sign in the definition of the 
D’Alembertian. See Exercise 7. 
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It follows that the Hamiltonian density (which has the same magnitude as T}4) 
take the form 


H = nh + n*6* — &, 
= an* + Vd: Vd* + pac? bd*. (12-106) 


We leave to the exercises the verification that the Hamilton equations of motion 
reduce to Eqs. (12-105) and the Klein—Gordon equations. For the moment, all 
that will be done here is to illustrate the transformation to the momentum 
representation. The expansions (12-79) and (12-82) may be introduced into the 
Hamiltonian density. Since the field is not real, we do not have that q* = q_,.In 
effect, q, and q* now stand for two independent sets of discrete coordinates, one 
representing @ and the other ġ*. The total Hamiltonian is a sum of volume 
integrals over the three terms in Eq. (12—106). As a typical example, consider 


2 lg i(k—k’)-r 
Ho fos dV = ay faee mrdy, 
kk’ 
which by Eq. (12-80) reduces to 


Mode - 


The only other term requiring any special note at all is that involving the 
divergences, which introduce a factor (ik) - (—ik’) in the integrand. The final form 
for H can be written as 


H = p,p + Of a.4%» (12-107) 
where 


wp = c7k? + yo. (12-108) 


Each of the terms of the summation in Eq. (12—107) is in the form of a harmonic 
oscillator of unit mass with frequency w,. This can be seen explicitly by evaluating 
the Hamilton’s equations of motion, (12—89) and (12—90). In the momentum or 
plane wave representations, the fields @ and ¢* are thus replaced by discrete 
systems of harmonic oscillators, much in the same manner that the sound field in 
a finite solid is looked on as a collection of “phonons.” The discrete spectrum of 
“vibrations” of our scalar charged field is given by Eq. (12-108). Quantization of 
the field (i.e., the so-called second quantization) is done most simply via the 
momentum representation. In effect, the motion of each of the harmonic 
oscillators is quantized as would be done for an actual harmonic oscillator. But 
this subject certainly lies outside our province. 


B. The Sine-Gordon equation and associated field. If the scalar field in the 
previous example were taken as real (i.e., 6* = ġ) and to exist in only one spatial 


Se 


578 CONTINUOUS SYSTEMS AND FIELDS 


dimension, then the obvious corresponding Lagrangian density along the model 
of Eq. (12-100) would be 


P= s[e = (se) = we), (12-109) 


(The factor ofis introduced for convenience; it clearly does not affect the form of 
the equations of motion.) The associated field equation is 


8? 1 ao 
aE 120, (12-110) 


which is the one-dimensional Klein—Gordon equation. Note that it is linear in the 
field (x, t). 

We can look upon the Lagrangian density of Eq. (12-109) as a small-field 
approximation to a Lagrangian density of the form 


g= aia $ 


~ Oc? (ôx 


2 
| | — p2c?(1 — cos @), (12-111) 


which has the corresponding field equation 


2 2 

a — 3 Eg = posin ġ. (12-112) 
Inevitably, if perhaps frivolously, Eq. (12—112) has come to be known as the 
sine-Gordon equation. If the Klein—-Gordon equation, Eq. (12-110), is 
reminiscent of the harmonic oscillator, then the “potential” term in the 
Lagrangian Eq. (12-111) recalls the potential term of the linear pendulum. 
Indeed, Eq. (12-112) has also been called, perhaps more appropriately, the 
pendulum equation. 

In this one-dimensional world the stress-energy tensor has only four 
components. As x and t again do not appear explicitly in X, the elements of the 
tensor satisfy conservation equations, which are here two in number. Details will 
be left to the exercises, but of particular interest is the energy density T44: 


1f: apy 
Taa =3(6 $ aba | + poc (1 — cos 6), 
which is of course the same in magnitude as the Hamiltonian density 
2 
H -37 + aes | + p2c?(1 — cos ġ), (12-113) 


where the conjugate momentum is 


n(x, t) = @. 


i ae inne PAKU occ 
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The momentum representation for the Klein—Gordon field as the sum over 
harmonic oscillators means that in the one-dimensional case the field can be built 
up as a superposition of plane waves of the form 


q(t) eikr = Alk) gr TOD 


where k and œ, are related by the dispersion relation, Eq. (12—108). For the field 
obeying the sine-Gordon equation, it is much more difficult to apply a 
momentum representation, because of the presence of the cos @ term in #. But 
one can still solve the sine-Gordon equation by something resembling a traveling 
wave. A solution for @ in Eq. (12—112) that has the form ofa disturbance traveling 
with a speed v, but otherwise keeping its shape, must be a function only. of 
t = t — xjv. In that case Eq. (12—112) reduces to 


g? 
T Asin ġ = 0, 
where 
2 252 
Hoc V 
A= aS (12-114) 


In terms of the variable t the equation of motion is indeed that for a simple 
pendulum of finite amplitude. For very small amplitude, we know that ¢isasimple 
harmonic motion in t with œ given by Eq. (12—108) for a wave number k = a/v, 
independent of the amplitude. With finite amplitude, we also know from our study 
of the pendulum, that while @ will still be periodic, the frequency w will also 
depend on the amplitude. That is to say, the dispersion relation will be amplitude 
dependent. This is a characteristic, of course, of nonlinear equations, of which the 
sine—Gordon equation is one example. The Klein—Gordon equation is linear, but 
the dispersion equation, Eq. (12—108), is said to be nonlinear, i.e., œ is not a linear 
function of k. It becomes linear only when po — 0, when the Klein—Gordon 
equation reduces the usual linear wave equation. 

We can thus describe the sine-Gordon equation as being nonlinear, with a 
nonlinear amplitude-dependent dispersion relation. Further examination reveals 
that it can have solutions with properties shared by only a few other nonlinear 
equations. These solutions are traveling wave disturbances that can interact with 
each other—pass through each other—and emerge with unchanged shape except 
perhaps for a phase shift. Such solutions are also found, for example, for the 
nonlinear Korteweg—deVries equation, 


dp 
ot 


ao = 


ox? 


a) 
+a +y 0, 12-115 
o (12-115) 
where « and v are constants. These solitary waves that preserve their shape even 
through interactions have been termed “solitons” and are finding an expanding 
area of application throughout physics, from elementary particles through solid- 
state physics. The pendulum sine-Gordon equation, for example, has been used 
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to describe families of elementary particles and also shows up in connection with 
the theory of the Josephson junction. 


C. Classical field of a Dirac particle. Here the field consists of four complex scalar 
quantities appearing in two arrays, y and yt. For present purposes, Wy can be 
considered as a four-element column matrix and Wi as the adjoint matrix. A 
suitable Lagrangian density is 


L = ity, + myy. (12-16) 


Here m is a constant equal to the mass of the particle being represented (in certain 
units) and y, is a set of four 4 x 4 Dirac matrices that are generalizations of the 
Pauli2 x 2 matrices o,, used in Chapter 4 (cf. Eq. 4-74).* The field thus has eight 
components, four for and four for w'. If y, represents an element of y, and yt 
one of the elements of yt, then Y in Eq. (12-116) could be written in expanded 
form as 


L = Y aW an F mpip,. 


Here (y,),, is the vA element of y,. It is much more convenient however, and 
equally unambiguous, to retain the matrix notation for Wy and W' throughout. 

Since Z does not contain Wi the Euler-Lagrange equations for the wt 
variables are particularly simple to obtain: 


of. 
aut = iy, a Foy = 0. (12-117) 


For the y variables the corresponding Euler-Lagrange equations have almost as 
simple a form: 


d | ag | OL ipt Ya — myt =0. (12-118) 


ax, \OW p ow 
Equations (12-117) constitute the well-known Dirac wave equation, and Eqs. 


(12-118) correspond to the adjoint form. 
The formal stress-energy tensor is easily found to be 


Tis = aptly wir: Lb nys 


as can be verified directly by explicit representation of y and yt as matrices. 
However T, is not symmetric as it stands. Further the Hamiltonian formulation 
of Section 12—4 cannot be carried out because ¥ is at most linear in the time 


* Represented as matrices of 2 x 2 matrices, the Dirac matrices can be defined as 
0 c; 1 (a) 
= : = 3 12-116 
Yi | -6; A Ya ( —1 | ( ) 


The explicit representations are not needed for the illustration of Y, i as an example ofa 
classical field. 
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derivatives of the field quantities. Thus z does not involve either W or Wt and, asin 
particle mechanics, one cannot then invert the defining equations to eliminate the 
time derivatives. The Dirac field does have other interesting aspects, which will 
appear toward the end of this section and in the next section. 


D. The electromagnetic field. Probably the most familiar example of a classical 
field not built upon a mechanical system is the electromagnetic field. Yet its 
formulation is considerably more complicated than the illustrations already 
considered and is at times ambiguous. We cannot expect to go into all the 
ramifications here but will touch on some of the highlights. 

Maxwell’s equations, Eqs. (1-60), in microscopic form (i.e., not in a 
macroscopic medium) consist of two homogeneous equations, 


V-B=0, VxE+~—-=0, (12-119) 
and two inhomogeneous equations, 


V-E=4rp, VxB--—= (12-120) 


The homogeneous equations imply that E and B can be expressed in terms of a 
scalar ġ and vector potential A, which together form a four-vector A,,. However, 
the equations (1-62) and (1-63), which define the relations between A, and 
(E,B), do not completely fix the values of the potentials. Indeed, A, is 
undetermined to within the four-gradient of any scalar function. An additional 
relation, the gauge condition, must be added. In most of our considerations it will 
not be necessary to fix the gauge explicitly. Whenever a specific gauge condition is 
required we shall use the Lorentz gauge (cf. p. 303), which leads to particularly 
simple forms for the wave equations and can be stated in the obviously covariant 
form 


Hg, (12-121) 


Equations (1-62) and (1—63) can also be expressed covariantly through an 
antisymmetric world tensor of the second rank, the field tensor F,,, defined as 


Fa =a — Ht BAL, — Age (12-122) 


The gauge uncertainty in A, appears in the fact that if A is any scalar function, 
then 


dA 


A 12-123 
Tx, (12-123) 


H 


Ul 
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can be added to A, without affecting the value of F,,. Clearly F, is a sort of four- 
dimensional curl of the vector A,. The purely spatial elements, F, are indeed the 
components of the curl of A and therefore are given in terms of B. For the elements 
F,; we have 


j PIE ad = iE 
Faj ôx, ôx; c ôt "Ox; ap 
by Eq. (1—63). Hence the full form of the field tensor is 
0 B, —B, —iE, 
- B, 0 B, —iE, 
= H 12-124 
F B, —B, 0 —iE, ( ) 


iE, iE, iE, 0 
It would be expected that the homogeneous equations, (12—119), would be 
satisfied identically in terms of F, as it is these equations that led to the 


potentials. Indeed, it is not difficult to see that equations (12—119) can be written 
as the four equations 
ôx, Ox, Ox, 


where pu, v, 4 are any three cyclic set out of the four indices.* (When p, v, å are 
chosen as 1, 2, 3, we obviously have the V - B equation.) But in terms of A, Eqs. 
(12-125) are identically true, for they can then be written as 


A pe Apuva + Anav EN Az uy + Aa vn -A oe 0, 


= 0, (no summation!) (12-125) 


vh 


which vanishes by cancellation of pairs. It is therefore only the inhomogeneous 

equations that define the field in terms ofits sources, and that are to be considered 

as the field equations. In terms of the field tensor, Eqs. (12—120) can be written as 
dF, 2 Anj, 
dx, c 


¥ 


(12-126) 


where, as before, j, is the four-vector (j, ipc). For example, when y = 4, Eq. 
(12-123) is obviously the V-E equation. Equations (12-125) and (12-126) 
together are the covariant form of Maxwell’s equations. When we seek a 
Lagrangian formulation of the electromagnetic field we need concern ourselves 
only with Eqs. (12-126), as the others are satisfied by definition. 


* Equation (12~125)can be written moreeconomically (with thesummation convention)as 


a =0 (12-125) 


Envap ôx, ? 


where e 


uvap 18 the four-dimensional permutation symbol (cf. p. 172). 
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If the potential components A, are treated as the field quantities* then a 
suitable Lagrangian density for the electromagnetic field is 


EE 7A 
Gu "ee + L (12-127) 


To obtain the Euler-Lagrange equations we note that 


OF ji OL F,, OF 3 
dA, c? 0A, y 8x Apv 
Now, from the defining equations (12-122), the derivative of F,, vanishes oxeee 
when 2 = p, p =v and J = v, p = u. Hence, 
oY F, F, E 
— HY ve Y a 
dA,, 8a 8x 4x” aeaa) 


and the Euler-Lagrange equations are 


A dy _ du 2g 
4x dx, e ° 


identical with Eqn. (12-126). 
The Lagrangian density in Eq. (12-127) is clearly in the form of a free-field 
term plus a term describing the interaction with the outside world in terms of the 
four-vector of current density. In general Z will therefore be an explicit function 
of x, through the spatial and time dependence of the charges and currents. Only 
for the free-field case will there be conserved currents in terms of the stress-energy 
tensor. Discussion of the stress-energy tensor will therefore be confined to free 
fields. From Eq. (12—128) it follows that Ty then becomes 
OL _ Aruta 
~ 4n 


£6 


Try = Ain aA, = HY 


— Lôn 


In this form T, is not symmetric. But if we subtract from it a term involving the 
sum A, ,F,, then we could obtain a symmetrized form: 


a Ap aEa  _ EaP 
Ty a T H paa H 


v= dw An re Lôn (12-129) 


* Part of the difficulty in handling the electromagnetic field arises from the fact that the 
components A, are not entirely independent—to be unique they must be connected 
through some gauge condition, such as Eq. (12-121). However, it will be sufficient for 


present purposes if we treat the gauge condition as a “weak” constraint in the sense of p. 
329. 


7 The second term in Z, Eq. (12—127), often appears in the literature with a minus sign, 
which is a consequence of using a different metric for the four-space. See Exercise 14 below. 
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As noted before this is a legitimate procedure, without effect on conservation laws 
or integral quantities, only if the added term has a specific form, as described on p. 
562. To see that the term does conform to the prescription, note that 


d dF, 
Apafi = dx, (A, Fy) A, dx, f 


But, in the absence of external currents, 


a 
dx, dx, 


by Eq. (12-126). Further, A,F,, = —A,F,,, SO the symmetrizing term is indeed 
the four-divergence of a quantity with the required antisymmetry properties. 
Consider now Êa which should be an energy density. By Eq. (12—129) 


p EPa ahi F 


pve py 
Taa = 4n 16x ` 
From the explicit form of the field tensor we see that F,,F,, = —E?, and F,,F,,, 


which is just the sum of the squares of all terms in the tensor, is 2(B? — E?). Hence, 


E? B? a E? E? + B? 
= (12-130) 


Tag = 4n 82 8x ’ 


the usual expression for the energy density in the electromagnetic field. From Eq. 
(12-91) it should also be expected that icT,; should be the components of an 
energy flux density vector. Consider, for example, 


fata 
—I1C Ant = 


A ic 
icl,, = 4n (iE,B; — iE3B,) 


or 


a c 
icla; = me x B),, 


which is the 1-component of the customary Poynting’s vector for energy flow of 
the electromagnetic field. The remaining components of Th also conform to the 
familiar interpretation of the electromagnetic field properties, as will be shown in 
the exercises at the end of the chapter. Note that if Tiv had been used instead of the 
symmetrical form neither the energy density nor the energy flux density would 
have the usual form. But integral quantities over volumes or enclosing surfaces 
would remain the same, and these after all are the observables. 

A few further points can be made. The Lagrangian density can be expressed 
directly in terms of A, by expanding F,,. We have from Eq. (12-122) that 


FF ip = 2(A,,A,2 ~ A, pAg,1)- 
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But the second term in the parentheses can be further manipulated: 


dA, dA d d d ld 
Ar php = 1—2 = [a 2) 2 | 4a), 

%7 dx, dx} dx,\ “dx, dx, \ dx, 
Of the terms on the extreme right the first contributes nothing to the action 
integral because it is a four-divergence leading to an integral over a surface on 
which A, vanishes. If the Lorentz gauge Eq. (12-121) is assumed, then the 
remaining term vanishes identically. Hence, for the Lorentz gauge, the 
Lagrangian density is equivalent to 

A, A j, 


ate aces rae (12-131) 


For this Lagrangian density the terms entering the Euler-Lagrange equations 
are 


Oe Oy Ju 
OA 4n’ 0A c 


BY u 


Hence, Eq. (12-131) implies the field equations 


Anj,, p 


2 
A 
DAt- 


0, 
which are the well-known wave equations for the four-vector potential, Eq. 
(7-81), when the Lorentz gauge is used. 

Finally, it has already been noted that Y for an electromagnetic field, Eq. 
(12-131), consists of a free-field Lagrangian density plus a term describing the 
interaction of a continuous charge and current density with the field. It is 
tempting to see how far we can go toward introducing field-particle interactions, 
by localizing the charge to a point. This is most easily done by considering the 
physical situation in some particular Lorentz frame, i.e., as seen by a particular 
observer. Manifest covariance is thereby abandoned, but the result still conforms 
to special relativity, as it derives from a clearly relativistic theory. The current 
density is a measure of the motion of the charges, and in any given system j is 
defined in terms of the charge density p by the relation 


j(r, t) = p(r, t)v (r, t). 


Here v is the velocity “field” of the continuous charge distribution. The 
localization can be carried out through the use of the well-known Dirac 6- 
function. In three-dimensional form the 6-function has the property that if f(r) is 
any function of space, then 


f dV f(r) 6(r — s(t)) = f(s), 
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where s(t) is the spatial position, say, of a particle at time t (so long assis inside the 


volume of integration). Thus, the spatial charge and current density 


corresponding to a particle of charge q at point s is 
p=qô(r — s) 
and 
j = gô(r — s)v(r). 


If we write Z of Eq. (12-127) as the sum of a free-field term Y, and an interaction 
term,.the Lagrangian as seen in the given Lorentz frame is 


1 : 
ie favs- faved +5 [avai 
= fave, — qh +74 v. (12-132) 


The interaction terms in Eq. (12—132) are exactly the same as those in Eq. (7-141) 
for the Lagrangian of a single particle in an electromagnetic field. This suggests 
that a single Lagrangian can be formed for the complete system of particle and 
field that, analogous to Eq. (7-141), would look like 


L= —me?/1 — p? —a¢ +408 + fave. (12-133) 


Considered as a function of the field tensor or potentials, this Lagrangian implies 
the field equations; considered as a function of the particle coordinates, L leads to 
the particle equations of motion. The mechanical descriptions of the continuous 
field and the discrete particle have in effect been put under one wing, expressed in 
a common formalism! 

To describe the field-particle interaction covariantly runs into much the same 
difficulties experienced in Section 7-9 when seeking a covariant Lagrangian 
formulation for the free particle. It is much simpler if the particle itself is described 
by a field (as in relativistic quantum mechanics) for field—field interactions 
naturally fall into a covariant picture. Thus the complex Dirac field, illustrated in 
the previous example, is the relativistic quantum representation of an electron 
with spin 4. In Dirac theory there is a four-vector of charge current density given 
by ` 


ju = -a4 YW, (12-134) 
so that the interaction Lagrangian density is 
j,A 


q 
e —aply,Ay Mp (12-135) 
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A complete Lagrangian density for the two fields and their mutual interactions 
would, for Lorentz gauge, have the form 


AA 
g= -le Sut Ay + pty + pty. (12-136) 


With wi as the field variables, the resultant field equation can be written 


Y= FAW + my =0 (12-137) 


or 
eso a ree er (12-137') 
et oe any = m 
Ya ‘dx, cor Y ? 


which is the Dirac equation with electromagnetic interaction. The expression in 
the bracket in Eq. (12—137’) has a familiar form, for i times the derivative operator 
is the wave-mechanical representation of the momentum operator (in the 
notation used here, which sets A = 1). Hence, the bracket is the Dirac quantum 
analog of the expression p, — q/cA,,, which we have encountered so many times 
before. With A, as the field variables the field equations are 


4nq 
017A, = PAANS (12-138) 


which is the electromagnetic vector potential wave equation interacting with the 
Dirac field. 

A considerable branch of modern physics is concerned with the construction 
of fields to represent various types of elementary particles. Of course, all such 
theories are quantum-mechanical, but many features of quantum field theories 
will have concomitant or nearly corresponding classical analogs. There is little a 
priori physical guidance in the construction of possible Lagrangian densities and 
interaction terms for the various particles. Some constraint on the form of these 
functions comes from covariance limitations. For example, the terms in # must 
be combinations of field and other quantities in such a manner as to produce a 
world scalar. Usually, ¥ is also restricted to the field quantities or their first 
derivatives, although Lagrangian densities with higher derivatives (cf. Exercise 9) 
have also been explored. Additional requirements on the form of the terms are 
also provided, or suggested, by conservation and invariance properties, implicit 
in the Lagrangians. These properties go beyond the conservation conditions 
contained in the stress-energy tensor and are usually to be found by the 
application of a powerful procedure known as Noether’s theorem, which forms 
the subject of the next section. 
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12-7 NOETHER’S THEOREM* 


A recurring theme throughout has been that symmetry properties of the- 


Lagrangian (or Hamiltonian) imply the existence of conserved quantities. Thus, if 
the Lagrangian does not contain explicitly a particular coordinate of 
displacement, then the corresponding canonical momentum is conserved. The 
absence of explicit dependence on the coordinate means the Lagrangian is 
unaffected by a transformation that alters the value of that coordinate; it is said to 
be invariant, or symmetric under the given transformation. Similarly, invariance 
of the Lagrangian under time displacement implies conservation of energy. The 
formal description of the connection between invariance or symmetry properties 
and conserved quantities is contained in Noether’s theorem. It is in the four-space 
of classical field theory that the theorem attains its most sophisticated and fertile 
form. For that reason explicit discussion of the theorem has been reserved for the 
treatment of fields, although a discrete-system version can also be derived. 

Symmetry under coordinate transformation refers to the effects of an 
infinitesimal transformation of the form 


Xy > Xp = Xp + OX, (12-139) 


where the infinitesimal change ox, may be a function of all the other x,. Noether’s 
theorem also considers the effect of a transformation in the field quantities 
themselves, which may be described by 


NolXp) > Np(Xp) = NX) + On, (Xp). (12-140) 


Here 61,(x,,) measures the effect of both the changes in x, and in 7, and may bea 
function of all the other field quantities 7. Note that the change in one of the field 
variables at a particular point in x, space is a different quantity 61,: 


nX) = Xa) + On (X,)- (12-141) 


The description of the transformations in terms of infinitesimal changes from the 
untransformed quantities indicates we are dealing only with continuous 
transformations. Thus, symmetry under inversion in three dimensions (parity 
symmetry) is not one of the symmetries for which Noether’s theorem can be 
applied. As a consequence of the transformations of both the coordinates and the 
field quantities the Lagrangian appears, in general, as a different function of both 
the field variables and the space-time coordinates: 


PAg) nor E) Xp) > L'a) Np, Xa) Xp). (12-142) 


The version of Noether’s theorem that will be presented now is not the most 
general form possible but is such as to facilitate the derivation without 


* Emmy Noether, 1882—1935, one of the leading mathematicians of this century, has been 
properly described as “the greatest of women mathematicians.” The original publication of 
the theorem was in the Nachrichten Gesell. Wissenschaft. Gottingen 2, 235 (1918). See the 
article on Noether by C. H. Kimberling, Am. Math. Monthly 79, 136 (1972). 
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significantly restricting the scope of the theorem or the usefulness of the 
conclusions. Three conditions will be assumed to hold: 

1. The four-space is euclidean. This requirement is dispensible but will be 
assumed here for simplicity. It restricts the relativistic space-time to Minkowski 
space, which is complex but euclidean. 

2. The Lagrangian density displays the same functional form in terms of the 
transformed quantities as it does of the original quantities, that is, 


Lg). Mp 2) = LAO), hx (12-143) 


This type of condition has not previously entered our discussions of conserved 
quantities, mainly because it has been automatically satisfied under the 
transformations considered. When cyclic coordinates are transformed by 
displacement the functional dependence of the Lagrangian on the variables is 
unaltered by the implied shift in origin. But in our present extended types of 
transformation it becomes a symmetry property that needs study. Thus the free- 
field version of the Lagrangian density for the electromagnetic field, Eq. (12-127), 
retains its functional form when A , 18 subject to a gauge transformation, while the 
corresponding version of Eq. (12-131) obviously does not, even though both are 
cyclic in A,. The requirement expressed by Eq. (12-143) is known as form- 
invariance. Note also that Eq. (12-143) ensures that the equations of motion have 
the same form whether expressed in terms of the old or the new variables. The 
condition of form-invariance is not the most general circumstance under which 
this is true; the original and transformed Lagrangian densities may also differ by 
a four-divergence without modifying the equations of motion. Indeed, it is 
possible to carry out the derivation of Noether’s theorem with such an extended 
version of form-invariance because the volume integral of the four-divergence 
term vanishes. But for simplicity we shall restrict ourselves to Eq. (12-143). 

3. The magnitude of the action integral is invariant under the 
transformation, that is to say, 


Fa] Aegon lps) = | ADLA) 0214 
w 2 


Again, this represents an extension of, and includes, our previous symmetry 
properties for cyclic coordinates. The Lagrangian does not change numerically 
under translation of a cyclic coordinate, nor does the value of the action integral. 
Equation (12-144) will be called the condition of scale-invariance. Our second 
and third conditions thus represent generalizations of the symmetry or invariance 
conditions that led to the existence of conserved quantities for discrete systems. 


Combination of Eqs. (12-143) and (12-144) gives the requirement 


f Lp), (x) (dx) — f Pihos) x) (dx) = 0. 
w Q 
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In the first integral xj, now represents merely a dummy variable of integration and 
can therefore be relabeled x,- But of course there remains a change in the domain 
of integration, so the condition becomes 


Í LN Eph o(%p)%,) (Axu) — Í LNE) Eph dx,) = 0. (12-145) 
w 2 


The sequence of transformations of space and of integration region is illustrated 
in Fig. 12-6 for a space of two dimensions. Equation (12-145) says that if in the 
action integral over (x,) space we replace the original field variables by the 
transformed quantities, and transform the region of integration, then the action 
integral remains unaltered. 

Under the infinitesimal transformations of Eqs. (12—139) and (12—140) the 
first-order difference between the integrals in Eq. (12-145) thus consists of two 
parts, one being an integral over Q and the other an integral over the difference 
volume Q’ — Q. An example in one-dimension will show how the terms are to be 
formed. Consider the difference of two integrals: 


b+ db b 
L) + fdr- | fleas 
a+ ôa a 
b b+ ôb a+ ôa 
= Í Of (x) dx + i (f(x) + 6f(x)] dx — [f(x) + 6f(x)]dx. (12-146) 
a b a 
To first order in small quantities the last two terms on the right can be written as 
b+ 5b a+ da 
f(x)dx — f(x)dx = dbf (b) — ôa f (a). 
To this approximation, Eq. (12-146) becomes 
b+ 6b b b b 
Lf (x) + ôf(x)] dx — f f(x)dx = i Of (x) dx + f(x) 6x] , (12-147) 
at+déa a a a 
or 
i d 
= f Ee +h ason] dx. (12-148) 
Xx x5 
Q 
xi 
FIGURE 12-6 


Schematic illustration of the transformation of the invariant action integral. 
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The multidimensional analog of Eq. (12—147) then says that the invariance 
condition of Eq. (12-145) takes the form 


Í Ler'.x,)acx,) — | L(y, x,) ax, 
cou 2 


= f [P(n',x,) — Ln, x,)](dx,) + f L(n)dx,dS, = 0. (12-149) 
Q s 


Here, Y(y,x,) is shorthand for the full functional dependence, S is the three- 
dimensional surface of the region Q (corresponding to the endpoints a and b in 
the one-dimensional case), and 6x f is in effect the difference vector between points 
on S and corresponding points on the transformed surface S’ (cf. Fig. 12-7). 
Corresponding to Eq. (12-148), the last integral can be transformed by the four- 
dimensional divergence theorem so for the invariance condition we have 


= f (x, EP x,) — 2 (n, x,)] + £ (20, T; (12-150) 
2 wy 


Now, by Eq. (12-141), the difference term in the square brackets can be written to 
first order as 


A OL 
LN, ah Ng Ea) Xp) ENa) p,a) Xp) = =— Oy + TA 
The important property of the change is that it is a change of 7 at a fixed pointin 


x, space (unlike the 6 variation, Eq. (12-140)). Hence, it commutes with the 
spatial differentiation operator, i.e., the order of 


= d 
Ò and TA 
can be interchanged. Symbolically, 
OL = aL ddn 
L(y’ -L = £ 
(n, X,) — 2 (nx) an, on, + on. dx” 
xa 
FIGURE 12-7 


Illustration, in two dimensions, of 
the integration regions involved in the 
transformation of the action integral. 


l. 
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or, using the Lagrange field equations, 


a 


d 
L(1',X,) = L(y, x) = HF Np: 
v psy 


Hence the invariance condition, Eq. (12-150), appears as 


d {(0f = 
dx, )——<—— ô L ôx, = 0, 12-151 
J ( XW Te, Fe i x) i l 
which is already in the form of a conserved current equation. 
It is helpful, however, to develop the condition further by specifying the form 
of the infinitesimal transformation in terms of R infinitesimal parameters «,, 
r= 1,2,...,R, such that the change in x, and y, is linear in the «,: 


Ox, = X 


r ry? 


on, = & ¥,,- (12-152) 


The functions X, and ¥,, may depend on the other coordinates and field 
variables, respectively. If the transformation symmetry related to the coordinates 
only, and corresponded to a displacement of a single coordinate x,, then these 
functions are simply 


De = Dyas ee = 0. (12-153) 


Thus, the transformations contained in the form of Eq. (12-152) constitute a far 
more extensive test for symmetries than we have so far used. From Eqs. (12—140) 
and (12-141) it follows that to first order 6y and ôy are related by 


= ð 
ôn, = on, + Sie ôx, (12-154) 
Hence, 
on, m= Abra i Noosa) (12-155) 


Substituting Eqs. (12-152) and (12-155) in the invariance condition, Eq. 
(12-151), we have 


d OL OL 
L lX, — =, (dx) = 0. 
| “dx, 5 1 p,o A ro ôn p,» a Xp) 


Since the «e parameters are arbitrary, there exist r conserved currents with 
differential conservation theorems: 


av 
i na L bu) Xr = veh =0. (12-156) 


4] 
po 
dx, (\On,.y ae 


Equations (12—156) form the main conclusion of Noether’s theorem, which thus 
says that if the system (or the Lagrangian density) has symmetry properties such 
that conditions (2) and (3) above hold for transformations of the type of Eqs. 
(12-152), then there exist r conserved quantities. 
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The conservation of the stress-energy tensor is easily recovered as a special 
case of Eq. (12-151). If Y does not contain any of the x,„, then it and therefore the 
action integral will be invariant under transformations such as Eq. (12-153), 
where 4 takes on all the values u. Equation (12-156) then reduces to 


d OL d | 0FL 
ila Te — L. i i} aed za os #5), 


which is identical with Eqs. (12-33) with T, given by Eq. (12-34). 

A large number of other symmetries are covered by transformations of the 
form of Eq. (12-152). One of the most interesting is a family of transformations of 
the field variables only, called gauge transformations of the first kind,* and such 
that 


ox, = 0, On, = Cpp (no summation on p), (12-157) 


where the c, are constants. If the Lagrangian density, and therefore the action 
integral, is invariant under this transformation, then there is a conservation 
equation of the form 


dO, = 0, (12-158) 
dx, 
where 
oO, = 2 12-159 
yo “Gn, 7 Hp ( sa ) 


Equation (12-158) is in the form of an equation of continuity with ©, in the role 
ofa current density j,. Hence, invariance under a gauge transformation of the first 
kind leads to the identification of a conserved current that would be appropriate 
for an electric charge and current density to be associated with the field. 

As an illustration consider the first example of Section (12-6), the complex 
scalar field. A transformation of the type 


p =p, ot = pte ™ (12-160) 


corresponds in infinitesimal form to a gauge transformation of the first type, Eq. 
(12-157), with 


It is obvious that the Lagrangian density of Eq. (12—100) is invariant under the 
transformation (12-160). Hence, there is an associated current density for the 
Klein—Gordon field that can be given as 


i, = u| 2 e* -o (12-161) 


dx, 


a 


dx, 


* The familiar gauge transformation of the electromagnetic field, which adds a four-gradient 
A „to A,, is part of a gauge transformation of the second kind and is not considered here. 
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which is in agreement with the conventional quantum mechanical current 
density. Note that the entire derivation of the conserved charge current density 


depends on the fact that the field is complex. Thus, as mentioned above, a real` 


field does not lead to a charge or current density associated with the field. To 
describe fields associated with charged particles, one must use a pair of complex 
fields, f and $* for the (spin-less) Klein—Gordon particle, y and yt for the spin 
Dirac electron. 

The Lagrangian density for the Dirac field, Eq. (12—116), is invariant under 
the same transformation if we replace @ and ġ* in Eqs. (12-160) by the four- 
element field variables y and W*. Accordingly, there is a conserved current 
associated with the gauge invariance given by 


= OL 
B ay J 
inasmuch as Y does not contain w',. Following the pattern of the 


Klein—Gordon field, we would expect then that the Dirac field has an electric 
current density 


© y, 


j, = igiv'y, Wb = aY. 


Indeed, this is exactly the form for j, stated in Eq. (12-134) and used in exhibiting 
the interaction between the Dirac and the electromagnetic fields. The choice of 
Eq. (12-134), apparently pulled out of the air at that time, is now seen to be a 
consequence, via Noether’s theorem, of the gauge invariance of the Lagrangian 
density. 

It should be remarked that while Noether’s theorem proves that a continuous 
symmetry property of the Lagrangian density leads to a conservation condition, 
the converse is not true. There appear to be conservation conditions that cannot 
correspond to any symmetry property. The most prominent examples at the 
moment are the fields that have soliton solutions, e.g., are described by the sine- 
Gordon equation or the Korteweg—deVries equation (cf. p. 577). 

Consider, for example, the Lagrangian density for the sine-Gordon equation, 
Eq. (12-109). As x and t do not appear explicitly, the Lagrangian density is 
invariant under translations of space and time in the manner fulfilling the 
conditions of Noether’s theorem. In addition, there is a symmetry under a 
Lorentz transformation (in x,t space). No other symmetry is apparent. One 
would therefore expect no more than three conserved quantities from application 
of Noether’s theorem. Yet it has been demonstrated, by methods lying outside the 
Lagrangian description of fields, that there exists an infinite number of conserved 
quantities. That is to say, an infinite number of distinct functions F, and G; that are 
polynomials of ¢ and its derivatives can be found for which 


dF, i dG; _ 
dt dx 
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so that the volume integrals of the F, are constant in time. It appears that the 
presence of such an infinite set of conserved quantities is a necessary condition in 
order for the field to describe solitons. Research on solitons is in a vigorous state 
of development so that the last word has probably not yet been said on the 
relation between conserved quantities and the nature of the field. 

Finally, we can easily deduce the version of Noether’s theorem that should 
apply to discrete systems. Here the four coordinates of space time are no longer 
parametric variables on equal footing—the space coordinates revert to their 
status as mechanical variables (or functions thereof) and only time remains to fill 
the role of a parameter. The action integral instead of being a four-dimensional 
volume integral, 


[= f L (dx,), 


is a one-dimensional integral in t: 


I= f Lat 


Instead of the continuously indexed field variables y,(x,) we have the discrete 
generalized coordinates q,(t). It is straightforward enough to recapitulate with 
these translations the steps that led to Noether’s theorem. One could repeat in 
this manner the arguments contained in Eqs. (12-139) through (12—156) as 
applied to discrete systems. But the effect of the conversion is sufficiently obvious 
and clear, that one can readily see the translation need be done directly only on 
the final result, Eq. (12—156). 
The rules for the translation can be summarized as 


£-L, 
xX, OF X, >f, 
(12-162) 
Np z? dks 
Nov SY Åy- 


Further, all sums over four-valued Greek indices reduce to one term, in t. Asa 
result, the transformations, Eq. (12—152), under which the Lagrangian is to 
exhibit form and scale invariance become 


ôt = «X 6g, = & Ey (12-163) 


rer? 


Equation (12-156), the statement of the conservation theorems resulting from 
the invariance, now becomes 


d oL OL 
* — LIX, -<-'¥,,$ = 0. 12-164 
alo | r J core 


Equation (12—164) is the statement of the conclusions of Noether’s theorem for a 
discrete mechanical system. 
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The expression in the parentheses in Eq. (12—164) is our old friend the Jacobi 
integral h of Eq. (2—53), or equivalently in terms of (q, p), the Hamiltonian. Indeed, 
we can recover the conservation of h by considering a transformation that involves 
a displacement of time only: 

X,=6,, Y=. (12-165) 


If the Lagrangian is not an explicit function of time, then clearly the form of the 
Lagrangian and the value of the action integral are unaffected by this 
transformation. But Noether’s theorem, Eq. (12—64), then says that as a result 
there is a conservation theorem 


d{oL 
oe = r) =0, 


which is identical with the familiar conclusion of Section (2-6). 
Suppose further that a particular coordinate q, is cyclic. Then the Lagrangian 
and the action is invariant under a transformation for which 


X,=0, Py =u. (12-166) 


Equation (12—164) then immediately implies the single conservation statement 
l d J ðL 
EEDA E bee 0, 
dt \ dq, 


b, = 0. 


or 


Thus, the theorems on the conservation both of Jacobi’s integral and of the 
generalized momentum conjugate to a cyclic coordinate are subsumed under 
Noether’s theorem as stated in Eq. (12-164). The connection between symmetry 
properties of a mechanical system and conserved quantities has run as a thread 
throughout formulations of mechanics as presented here. Having come full circle, 
as it were, and rederived by sophisticated techniques symmetry theorems found in 
the first chapters, it seems an appropriate point at which to end our discussions. 
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J. D. Jackson, Classical Electrodynamics. As has been mentioned, the second edition has 
converted from Minkowski space to one with trace —2. However the procedures for 
handling quantities in such a space are described in detail in Chapter 11 on special 
relativity. The classical field formalism is treated in Chapter 12, naturally with great 
emphasis on the electromagnetic field, which is discussed in all aspects. Especially 
noteworthy is a description of the Proca Lagrangian, which is a suggested form of the 
Lagrangian density for the electromagnetic field if the photon has a mass. The overall 
discussion is painstaking and distinguished by great clarity. 


EXERCISES 


1. a) The transverse vibrations of a stretched string can be approximated by a discrete 
system consisting of equally spaced mass points located on a weightless string. Show that if 
the spacing is allowed to go to zero, the Lagrangian approaches the limit 


Í a éy\? : 
L= 3 ffri r2) Jo 


for the continuous string, where Tis the fixed tension. What is the equation of motion ifthe 
density is a function of position? ‘ 

b) Obtain the Lagrangian for the continuous string by finding the kinetic and 
potential energies corresponding to transverse motion. The potential energy can be 


obtained from the work done by the tension force in stretching the string in the course of . 


the transverse vibration. 
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2. a) Describe the field of sound vibrations in a gas in the Hamiltonian formalism and 
obtain the corresponding Hamilton equations of motion. 
b) Generalizing the momentum expansion to a vector field, express the Hamiltonian 
for the acoustic modes of a gas in the momentum representation. 


3. Obtain Hamilton’s equations of motion for a continuous system from the modified 
Hamilton’s principle, following the procedure of Section 8—5. 


4. Show that if y and y* are taken as two independent field variables, the Lagrangian 
density 


h? h 


Vy Vy + Vary + h pi) 


812m 
leads to the Schrödinger equation 
h? ih ð 
iyi 


8r?m T On at’ 


and its complex conjugate. What are the canonical momenta? Obtain the Hamiltonian 
density corresponding to Z. 


5. Show that 


ð 
G= — fastar 


is a constant of the motion if the Hamiltonian density is not an explicit function of position. 
The quantity G; can be identified as the total linear momentum of the field along the x, 
direction. The similarity of this theorem with the usual conservation theorem for linear 
momentum of discrete systems is obvious. 


6. a) In a four-space that is not Euclidean, the D’Alembertian is defined as 
ð? 
ôx! əx” 


g0? = g” 


Here g*” is the contravariant metric tensor, which in the flat space of special relativity is 
indeed the same as g,» (c.f. Section 7-3). For the metric tensor of trace — 2, Eq. (7-53), find 
the explicit form of the D’Alembertian so defined. 

b) A suitable Lagrangian for the charged scalar meson field in this metric is 


L| ,, 9b ag* 


L= 
2 2 Ox" @x” 


Hob¢* |. 


Show that one of the corresponding field equations is 


(O° + moe = 0. 
Show also that in light of part (a) this equation is actually identical with Eq. (12-103). 
7. To the Lagrangian density for the scalar charged meson, Eq. (12—100), add the 
following term to represent the interaction with an electromagnetic field: 


JxAx 
Cc 
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where 

J, = (GO*, o a9"). 
What are the field equations for ¢ and ¢*? What happens to the conserved currents and 
associated conservation theorems? 


8. Suppose the Lagrangian density in Hamilton’s principle is a function of higher 
derivatives of the field quantities 77,: f 


L = L (Np Npn pav Xa) 
Assuming the vanishing of the variation at the endpoints, what is the form of the field 
equations corresponding to such a Lagrangian density? 

9. Consider a scalar field quantity y that, for simplicity, is a function only of x and t. 
Suppose now that the Hamiltonian density is a function of higher spatial derivatives of n 
and z, that is, 

H =A (HN T xT 3) 
What are the corresponding Hamilton equations of motion? 


10. Show that the Korteweg—deVries equation corresponds to the field equation for a 
scalar field y with Lagrangian density 


1 æ a Vio 
L = hath T gus Fx 


where the subscripts indicate derivatives with respect to the variables indicated, provided 
yw is a potential function for the quantity @ of Eq. (12—115): 


11. Consider a Hamiltonian density in (x,t) space: 
3 1 2 3 1 2 
H =y +50 mgd Tt. tr xx" 


Show that the Hamilton equations of motion correspond to a form of the 
Korteweg—deVries equation, Eq. (12—115), if 


n = (x,t) 
t= i b(x’, t) dx’. 


12. Evaluate explicitly iT,,/c and T;, for the symmetrized stress-energy tensor of the free 
electromagnetic field as given by Eq. (12-129). What can be said about the physical 
meaning of these components? 


13. a) Ina four-space with metric g,, of trace —2 as defined by Eq. (7—53) in Section 7-3, 
evaluate explicitly the elements of the covariant (mathematically speaking) tensor F,, of 
the electromagnetic field. Also give the elements of the matrix with one index lifted and 
with two indices lifted: 


À . 2p — v 
Fi = g*F..; F”? = gF g”. 
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b) Show that in this metric a Lagrangian density leading to Maxwell’s equations with 
external currents is given by 


T gd oP AZ fA, 


B= 3 
16r c 


c) Find the elements of the symmetric stress-energy tensor in the same metric. 


14. Equation (12-131) presents an alternative Lagrangian density for the electromagnetic 
field. Find the corresponding stress-energy tensor. Can you give physical meaning to the 
components? For the free field what are the conservation equations? 


APPENDIX A 


- Proof of 
Bertrand’s Theorem* 


The orbit equation under a conservative central force, Eq. (3-34), may be written 


d*u 
a + u = J(u), (A-1) 
where 
md ji m 1 
=a ee oe a See = -2 
a) P zy|:) zi) so 


The condition for a circular orbit of radius rọ = ug ', Eq. (3—41), now takes the 
form 


Ug = J (uo). (A-3) 


In addition, of course, the energy must satisfy the condition of Eq. (3—42). If the 
energy is slightly above that needed for circularity, and the potential is such that 
the motion is stable, then u will remain bounded and vary only slightly from uo 
and J(u) can be expressed in terms of the first term in a Taylor series expansion 
about J(ug): 


J(u) = uo + (u — ee + O((u — uo)”). (A-4) 
duty 
As is customary, the derivative appearing in Eq. (A—4) is a shorthand symbol for 
the derivative of J with respect to u evaluated at u = ug. If the difference u — tg is 
represented by x, the orbit equation for motion in the vicinity of the circularity 
conditions is then 


x ou dJ 
age T * * au,” 
or 
dx 
— 2x = A-5 
d0? + B x 0, ( ) 


* See Section 3—6. 
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where 
dJ 
2= 1- A- 
B 1 dae (A-6) 


In order for x to describe a bounded stable oscillation, 8? must be positive 
definite. From the definition, Eq. (A—2), we have 


dJ 2m J1 m d fl 2J m d ji 
du s] Pu? zf ~ u Pu uA, 
In view of the circularity conditions, Eq. (3—41) or Eq. (A—3), it then follows that 
f dJ uo df 
duo Jo dug’ 


where, in addition to the convention employed for the derivatives, fg stands for 
f(1/ug). Hence f? is given by 


(A-7) 


which is the same as Eq. (3—46), and the stability condition, 8? > 0, thus reduces 
to Eq. (3-43). 

By a suitable choice of origin of 0, the solution to Eq. (A—5) for B? positive 
definite can be written 


x = acos p0 (A-8) 


(cf. Eq. (3—45)). In order for the orbit to remain closed when the energy and 
angular momentum are thus slightly disturbed from circularity, the quantity 8 
must be a rational number. We are concerned with finding force laws such that for 
a wide range of initial conditions, i.e., for a wide range of ug, the orbits deviating 
slightly from circularity remain closed. Under these circumstances, as argued in 
the main text, $ must have the same value over the entire domain of uy, and Eq. 
(A~7) can be looked on as a differential equation for f(1/u) or f(r). The desired 
force law must therefore conform to a dependence on r given in Eq. (3-48): 


k 
f(r)= eye (A-8) 


where k is some constant and is a rational number. 

The force law of Eq. (A-8) still permits a wide variety of behavior for the 
force. However we seek more stringent conditions on the force law, by requiring 
that even when the deviations from circularity are considerable the orbit remain 
closed. We must therefore at least deal with deviations of u from uy so large that 
we must keep more terms than the first in the Taylor series expansion of J(u). 
Equation (A—4) may therefore be replaced by 

x2 x3 
J(u) = Ug + xJ’ + z7 + al + O(x*), (A-9) 
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where it is understood the derivatives are evaluated at u = ua. In terms of this 
expansion of J(u) the orbit equation becomes 


d?x E e E 
es = ; A-10 
702 + Brx 7 + G (A-10) 


We seek to find the nature of the source law such that even when the deviation 
from the circular orbit, x, is large enough that the terms on the right cannot be 
neglected, the solution to Eq. (A—10) still represents a closed orbit. For small 
perturbations from circularity we know x has the behavior described by Eq. 
(A-8), which represents the fundamental term in a Fourier expansion in terms of 
b8. We seek therefore a closed-orbit solution by including a few more terms in the 
Fourier expansion: 


x = dy + a, cos BO + a, cos 20 + a, cos 380. (A-11) 


The amplitudes a, and a, must be of smaller magnitude than a, because they 
vanish faster than a, as circularity is approached. As will be seen a, must be of 
even lower order of magnitude than a, or a,, which is why terms in cos 486 and so 
on can be neglected. Consequently in the x? term on the right of Eq. (A—10) the 
factors in cos 386 are dropped, and in the x? term only factors in cos $0 are kept. 
In evaluating the right-hand side powers and products of the cosine functions are 
reduced by means of such identities as 
cos 80 cos 286 = 4(cos BO + cos 380) 
and 
cos 280 = 4(3 cos BO + cos 380). 


Consistently keeping terms through the order of a} in this manner, Eq. 
(A-10) with the solution (A—11) can be reduced to 


B?a, — 37a, cos 280 — 86a, cos 380 
o 2 


2 J” 3 
= ay J" 4 | ae a,a, J" + a eos po (A~12) 


4 


2 m 3 
ai âa, Jay 
-1 J" cos 280 J” +—— |cos 3f6. 
+ 4 J" cos 286 + | 5 + z4 | B 
In order for the solution to be valid, the coefficient of each cosine term must 


separately vanish, leading to four conditions on the amplitude and the derivatives 
of J: 


2 a 
aiJ 
a, => A-13a 
0 4p? ( ) 
2 ynu 
gan (A-13b) 


128” 
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Qayagtaya,_ Ja} 
5 J” + a (A-13c) 
Mite ye (A-13d 
43 = ~953| 2 24 | ) 


It should be remembered that we already have shown, on the basis of slight 
deviations from circularity, that for closed orbits the force law must have the form 
of Eq. (A-8) or that J(u) is given by 


k 
J= +e, (A-14) 


Keeping in mind the circularity condition, Eq. (A—3), the various derivatives at Ug 
can be evaluated as 
2 1 — R2 
pa ie 


Up (A—15a) 
and 


-8° -pU +f) 


t 
J” = 7 
ug 


. (A-15b) 
Equations (A-13a, b) thus say that ao/a, and a,/a, are of the order of a,/ug, 
which is by supposition a small number. Further, Eq. (A—13d) shows that a,/a, is 
of the order of (a,/i)”, which justifies the earlier statement that a, is of lower order 
of magnitude than dy or ay. 

Equation (A—13c) is a condition on $ only, the condition that in fact is the 
principal conclusion of Bertrand’s theorem. Substituting Eqs. (A—13a,b) and 
(A-15) into Eq. (A~13c) yields the condition 


PA- B’)(4 — p) =0. (A-16) 
For deviations from a circular orbit, that is, B 4 0, the only solutions are 
k 
Bal f= =z (A-17a) 
and 
B=4, f(r)=—k. (A-17b) 


Thus the only two possible force laws consistent with the solution are either the 
gravitational inverse-square law or Hooke’s law! 

We started out with orbits that were circular. These are possible for all 
attractive force laws over a wide range of / and E, whose values in turn fix the 
orbital radius. The requirement that the circular orbit be stable for all radii 
already restricts the form of the force law through the inequality condition of 
p? > 0 (Eq. (3-48)). If we further seek force laws such that orbits that deviate only 
slightly from a circular orbit are still closed, no matter what the radius of the 
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reference orbit, then the force laws are restricted to the discrete set given by Eq. 
(A-8) with rational values of $. In order for the orbits to remain closed for larger 
deviations from circularity, no matter what the initial conditions of the reference 
orbit, only two of these rational values are permitted: [8] = 1 and |f| = 2. Since we 
know that these attractive force laws do in fact give closed orbits for all E and | 
leading to bounded motion, they must be the only force laws leading to closed 
orbits for all bounded motion. 


APPENDIX B 


Euler Angles in 
Alternate Conventions* 


The Euler angles as defined in the text are specified by an initial rotation about 
the original z axis through an angle ¢, a second rotation about the intermediate x 


axis through an angle 6, anda third rotation about the final z axis through an angle ~ 


y. This sequence is here denoted as the “x convention,” referring to the choice of the 
second rotation. Other conventions are possible, and two in particular have found 
frequent application in particular fields. Formulas will be given here for properties 
ofa general rotation in terms of the Euler angles of these two alternate conventions. 


y CONVENTION 


As mentioned in the text, this convention has become almost standard practice in 
quantum mechanics and related fields. It differs from the x convention only in 
that the second rotation is about the intermediate y axis. Transcription from the 
x to the y convention is particularly simple because 0 retains its meaning in 
both conventions and the changes for the other angles are easily obtained. In the x 
convention, @ is the angle between the line of nodes and the x axis; in the y 
convention, it is the same angle measure to the y axis. Similarly in the x convention, 
Wis the angle between the line ofnodes and the x’ axis; whilein the y convention, it is 
the same angle relative to the y’ axis. Temporarily using subscripts to indicate the 
convention used, these relations imply the connection (cf. Fig. 4-7) 


T 
papt 
z (B-ly) 
Ver Uys 
or 
sin $, = cos $., sin, = —cosy,, 
: : (B-2y) 
cos ġ, = —sing,, cos y, = sin Y. 


* See Section 4—4. 
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With this recipe one obtains the following formulas in terms of the Euler angles in 
the y convention: 


Rotation matrix: 


—sinysing + cosĝcosøcosy siny cosg + cos8sin cosy —cosy sin 
= | —coswsing — cos cos siny cosycos@—cosOsingsiny siny sin@ 


sin 6 cos Yy sin ĝ sin y cos 0 
(B-3y) 


The same result can be obtained by noting that the exchange of y for x 
corresponds to a rotation of the reference frames about the z axis through an 
angle of —z/2 or 32/2. One can therefore translate the A matrix from x 
convention to y convention by a similarity transformation by the orthogonal 
matrix G: 


0 -i 0 
G= {1 0 0}, 
0 0 1 


again leading to Eq. (B-3). 


Cayley—Klein parameters. As before, the Q matrix can be obtained as the 
product of the Q matrices for each rotation, the only difference being in the Q, 
matrix, which is now 


Q, = "2 =1 E + io, sin— 
2 2 


cos J sin : 
2 2 

= 9 (B~4y) 
—sin— cos 


From the matrix product Q = Q, Q, Q, (or by the translation equations (B-3)) 
one then obtains the Cayley—Klein parameters as 


E =] 
l iz] 
a=e'? ' coss, p=e sinz, 


(B-5y) 
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Euler Parameters. It immediately follows from Eq. (4-65) and Eq. (B—5y) that in 
the y convention the Euler parameters are given by 


8 3 
eo = cos + Ê cose, Daco 5 sind, 
(B-6y) 
e, = sin SU ge e oa Aa een 
1 2 2 3 2 2. 


Components of angutar velocity. Either by direct use of the translation equations, 
(B—2), or by following through the physical meanings of the component parts of 
©, one can obtain the following components of œ along the(body axes in the y 
convention: 


w,. = —ġsin 8 cosy + Osiny, 

w, = dsin Osiny + Ë cos Y, (B-7y) 
wo, = ġcosð + W. 

Similarly the components of œ along the space axes are 
w, = —Osin o + ý sin 0 cos 4, 
oO, = Öcos + ý sin 8 sin @, (B-8y) 
w, = ý cos 0 + ĝ. 

Finally, note that 


y 5 $ cos, (B-9y) 


© 
cos |] = ĉo = cos 


which is the same as Eq. (4-97) for x convention. 


xyz CONVENTION 


In this convention each rotation is about a differently labeled axis. Obviously, 
various sequences of rotations are still possible. It appears that most U.S. and 
British aerodynamicists prefer* the sequence in which the first rotation is the yaw 
angle @ about a z axis, the second is the pitch angle 0 about an intermediary y axis, 
and the third is a bank or roll angle y about the final x axis (or figure axis of the 
vehicle).t Of the three elementary rotation matrices D remains the same as Eq. 
(4—43), C appears as 

cos? 0 —sin 

C= 0O i 0 : (B-10xyz) 

sinô 0  cosé 
* See R. L. Pio, “Euler Angle Transformations,” IEEE Transactions on Automatic Control 
AC11, 707 (1966). ` 


t In the engineering literature this is sometimes referred to as the 321 sequence, i.e., the first 
rotation is about the 3 axis, etc. 


EULER ANGLES IN ALTERNATE CONVENTIONS 609 


and B is the same as Eq. (4-44) (with y in place of 8, of course). The product BCD 
gives the 


Rotation matrix 
cos 8 cos ġ cos ĝ sin ġ —sin @ 
A= |sinwsinOcos@ —coswsing sinwsin@sing +coswcosd cos @siny 
\coswsin@cos@ +sinwsing cosysinOsing — siny cos cos 8 cosy 


(B-11xyż) 
Cayley—Klein parameters. The Q matrix is given by 
Í 0 f l 
OS cos £ i sint cos= sins eti o 
Q = Q; QQ; = i a = 
isin 5 cos} \— sins cos 0 eid? 


On carrying out the multiplication it is found that the Cayley—Klein parameters 
have the form 


f A. 
a = dt = [cos coss _ isin sins] @lbl2 
j (B-12 xyz) 
YW. 0 oe -iġ12 
cy Rees a ca i so if /2 
p=-y cos = sinz + isin; cos5] e 
Euler parameters. From Eqs. (B—11xyz) it follows that the Euler parameters are 
De! _ WY 0 ọọ, aoe Mee Die 
COS = = Eo = COS 7 COS, COS 7 + sin; sin; sin—, 
. Yy 6 @ wy. 0. @ 
e, = sin 5 Cos; cos5 — cos, sin sin, 
(B-13 xyz) 
= ae eee + ain eee Ga 
$ EO ee ae eae 
0 6. 
e; = sin” sins; cos + cos cos sin S. 


Note that the cosine of the total angle of rotation now has a different form from 
either the x or the y convention. 


Components of angular velocity. Clearly œ lies along the body x axis, œ along the 
space z axis, and œ along theintermediate y axis, and therefore in the final yz plane. 
The resulting components along body axes are 


w= ý- ġsin 0, 
Oy = dcosw + cos O@sin y, (B-14xyz) 
oO. = —Osiny + dé cos @ cosy. 
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Similarly the components of œ along the space axes are 
w, = Ņ cosb cos ġ — sin ¢, 
@, = Ņ cos O sin ġ + bcos 4, 
Oo, = $ — sin 6. 


PS 


(B—15xyz) 


APPENDIX C 
Transformation Properties of dQ* 


The components dQ, are the elements of the 3 x 3 antisymmetric matrix €e, Eq. 
(4-105), and are formally given in terms of the permutation symbol by the 
relation 


Emn = Emn; dO. (C-1) 


Under an orthogonal transformation whose matrix is B, the matrix e transforms 
by a similarity transformation 


€ = BeB™! = BeB, (C—2) 
with typical component 
Eki = DimPin€mn- (C-3) 


The antisymmetry property is preserved under a similarity transformation; hence 


the elements of €’ can also be written as 


Eki = Si dQ; . (C-4) 


With these representations of the antisymmetric matrices the transformation 
properties of dQ, are thus given by 


eki dQ; = BrmbinEmnj dQ;. (C-5) 
If A is any 3 x 3 matrix, then the determinant of A is given byt 
|A| TA Epqi 2pm gn @ij> (C-6) 


* See Section 4-8. 

t Most books on linear algebra or “college algebra” give the equivalent of this expansion for 
the determinant; e.g., R. R. Stoll, Linear Algebra and Matrix Theory, p. 92; S. Lipschutz, 
Theory and Problems of Linear Algebra, p. 172; and G. Strang, Linear Algebra and its 
Applications, p. 157. Indeed, many of the older books use Eq. (C—6) as the definition of a 
determinant, e.g., the comprehensive monograph by H. W. Turnbull, The Theory of 
Determinants, Matrices and Invariants, p. 12. (The more modern approach is to define a 
determinant in terms of its manipulative properties.) See also Chapter 4 in G. Arfken, 
Mathematical Methods for Physicists; T. C. Bradbury, Theoretical Mechanics, pp. 26—28; 
and G. Goertzel and N. Tralli, Some Mathematical Methods of Physics, Appendix 1A. 
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providing mnj is a cyclic permutation of 1,2, 3. Interchange of m with n, so that the 


permutation is not cyclic, clearly changes the sign of the expression, for the _ 


operation is equivalent to interchanging two columns in a determinant. Further, 
the expression vanishes if any two of the indices mnj are equal, for a determinant 
with two equal columns is zero. These properties with respect to the indices are 
exactly those of the permutation symbol. Hence Eq. (C—6) can be written more 


generally as 
EnnjlAl = € i*pm 4 gn 4 (C-7) 


pai pm qn ij? 


without restriction on the indices mnj. We can apply Eq. (C—7) to the orthogonal 
matrix B, and remembering that the square of the determinant of an orthogonal 
matrix is always +1, we obtain 


Emnj =F €pqi pm Danbijl BI. (C-8) 
Equation (C-5) can now be rewritten as 


Erti dQ; = epgiD jm? 


pqi pmb inb gn ijl B |. (C-9) 
By the orthogonality property of B we have 

Dim? pm E Ôkp> binPan = 6 
so that Eq. (C-9) reduces to 


& AQ = «1i1BIB;; dQ,. (C-10) 


lq? 


It follows that 
d% = |B|b;; dQ,, (C-11) 
which is the result, Eq. (4-110), that we wanted to prove. 


APPENDIX D 


The Staeckel Conditions for 
Separability of the 
Hamilton-Jacobi Equation 


We show here that the Staeckel conditions (see above p. 453) provide sufficient 
conditions for the separability of the Hamilton-Jacobi equation, i.e., if they are 
satisfied the variables in the Hamilton-Jacobi equation can be separated. A proof 
of the necessity of the Staeckel conditions (within certain limits) will be found in 
Pars.* The proof given here roughly follows the procedure outlines by Garfinkel. t 
From Eqs. (10—44) and (10-45) it follows that the Hamiltonian for the system 
can be written in the form 
1 P: — a) 
H= 7% T, + V(q). (D-1) 
As the system is conservative, both forms of the Hamilton-Jacobi equation, with 
the help of Eq. (10—46), reduce to 


1.1] /aw 2 
Pts a + 2H] =a ais 


where g is the first of n constants of integration. Equation (D-2) can be written 
compactly by defining a number of n-dimensional vectors: 


1 
b with elements T 


; ow a 
c with elements a aa 


V with elements V:(q;). 
Equation (D-2) now appears as the scalar equation (in matrix notation) 


b(c+ 2V) = 2%. (D-3) 


*L. A. Pars, A Treatise on Analytical Dynamics, 1965, pp. 321-323. 


7 B. Garfinkel in Space Mathematics, Part I, (J. B. Rosser, ed.) 1966, pp. 52—45. (There are 
some obvious misprints: a factor of 2 in Eq. (82) and a minus sign in Eq. (87).) 
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The last of the Staeckel conditions, Eq. (10-47), can also be written in matrix 
form by defining a vector 6, with elements 


(6,);= Os): (D-4) 


that is, the first element is 1 and all the rest are zero. Then Eq. (10-47) appears in 
our present notation as 


b=6,07?. (D-5) 
It is now claimed that a solution to (D-3) is contained in the form 
c + 2V = 267, (D-6) 


. C 
where y is a vector with constant, but otherwise unspecified, elements. For Eq. 
(D-3) to hold, it must then follow that 


boy = «,, 
or by Eq. (D-5) 
öy = %. (D-7) 
The nature of the 8, vector, as defined by Eq. (D-4), is such that Eq. (D-7) 
reduces to 
W1=%, (D-7’) 


that is, the first element of y must be the integration constant «,. 
Equation (D-6) is equivalent to the set of equations 
ow 
pi = aa] = —2V,(q;) + 25 ORCA (D-8) 
i j 
As all other terms in the ith equation depend only on q;, a complete solution for W 
can be found in a separated form, 


W(dis-+-24n) = 2 Wila) (D-9) 
so that we finally have 
OW (gq; 2 
(Ze = asad] = —2V,(q;) + 2 È bult); (D-10) 


which is equivalent to Eq. (10—48). 

Note that the matrix @ depends only on the diagonal elements of the T matrix 
and on the nature of the coordinate system, and not at all on the “potential 
vector” V. As an example, consider a suitable form for @ to be used in problems 
with a single particle in spherical polar coordinates. We can deduce the elements 


_of ọ by considering a simple problem of this nature in which the 


Hamilton—Jacobi equation is directly separable. Motion in space under the 
influence of a central force provides such a problem. If we designate ther, 6, and @ 
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coordinates by the subscript indices 1, 2, and 3, respectively, then the separated 
equations (10-59), (10—58), and (10-56) can be written as 


aw, \? 

| 5 = —2mV(r) + 2ma, — “i, (D-11a) 
ow, 5 2 ay 

do) 2 sin?0” oe 
OW, \? 
Fe | = o. (D-11c) 


Because we know that each element of the first row of b~’ is to have the factor 
1/m, then we would expect that each element of @ should have the factor m. 
Comparison of Eqs. (D—11) with Eqs. (D—10) suggest then the following elements 
for y and ọ : 


=u Het Ea D-12 
Yı 1> P= Fm Ba Im (D-12) 
and 
1 -= 0 
3 
= . D--13 
yam 0 1 —csc?@ i ) 
0 0 1 
Direct evaluation then shows that the inverse matrix ~+ is 
1 1 
1 7? r°sin?ð 
-1 _ 4 7 
al m\ 0 1 cs |]? ne) 
00 1 


and it is clear that both @ and ~t have the properties required of them. 


APPENDIX E 
Lagrangian Formulation of the 


Acoustic Field in 
Gases 


To study the field equations describing sound vibrations in gases, the 
displacement of each particle of the gas from its normal position will be denoted 
by the vector ņ, with components ;, i = 1, 2, 3. Each point xyz in space will thus 
have three generalized coordinates associated with it. It will be assumed that the 
disturbance is always small, so that the pressure P and density 4 differ only 
slightly from their equilibrium values Po and po, respectively. 

In a discrete system the problem is set up in the Lagrangian formulation by 
finding the kinetic and potential energies and writing the Lagrangian as the 
difference of these quantities. Here the Lagrangian we seek is the volume integral 
of a density Z. The kinetic and potential energies can similarly be obtained as 
volume integrals of densities 7 and / respectively, with the relation 


L=7 -Y. (E-1) 


The kinetic energy density presents no problem; bearing in mind that the 
displacements from equilibrium are small, we have 


T =a = SUH + + ÀG) (E-2) 


To obtain the potential energy density is a more difficult task. The potential 
energy of the gas is a measure of the work the gas can do in expanding against the 
pressure. Essentially, it arises from what the seventeenth-century scientists were 
fond of calling the “spring” of the gas. Consider a mass of gas M with equilibrium 
volume 


Ga (E-3) 


sufficiently small that Y is constant over the volume. Then ¥V, represents the 
potential energy of the quantity of gas. As a result of the sound disturbance, the 
volume changes from V to V + AV. Now, in a change in volume dV the work 
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performed on the system, i.e., the increase in the potential energy, is — P dV.* 
Hence the potential energy corresponding to a volume change from V to 
Vo + AV is 


VotAV 
VYV=- f PdV. 

Vo 
It might be thought that since AV is small, the integral can be approximated by 
P, AV. As we shall see, this term actually does not contribute to the equations of 
motion. It is therefore necessary to go to the next approximation, in which the 
zap of P vs. Vis replaced by a straight line in the region from V to W% + AV (cf. 

ig. E-1): 


Vot AV 1 ðP 
PdV=P, AV+—=|=] (AVF. — 
f o + OR v) (E-4) 

To evaluate the derivative of P with respect to V, we must digress for a 
moment into thermodynamics. The first inclination might be to use Boyle’s law, 


PV=C, (E-5) 


for the relation between the pressure and the volume, and this was the procedure 
followed by Newton. It leads to the wrong result, however, because Eq. (E-5) 
assumes that the changes in pressure and volume occur isothermally. Actually, the 
vibrations of sound are almost always so rapid that there is no time for conduction 
to remove the heat developed and equalize the temperatures. The contractions and 
expansions instead take place adiabatically, i.e., without loss of heat. Under these 
conditions the relation between P and V is 


Y 
PV =C, (E-6) 
P 
h 
R +(35) AV 
o Vey 
o 
FIGURE E-1 
Pressure-volume diagram for a gas. 
Vo Vit AV 
V 


* The customary elementary derivation is as follows. The force exerted on an element of 
surface dA by theexternal system is PdA, pointing inwards. In expanding, the surface moves 
adistance dx outward along the normal, and theexternal work doneis — P dA dx = — P dV. 
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where y is the constant ratio of the specific heats at constant pressure and 
volume.* Hence the desired derivative is 


= 229, (E-7) 


It is convenient to express the change in volume in terms of the associated 
density change. Since V = M/p, the change in V is given by 


M r 
AV = -Au = — Wo, (E-8) 
Ho 
: C 
where the fractional change in the density has been denoted by c: 
H = Holl + 0). (E-9) 


Combining Eqs. (E—3, 4, 7, and 9) the potential energy density appears as 


5 Po 2 
1 = Pao + "yo (E-10) 


This is still not in the form useful for the Lagrangian; we have yet to express o in 


terms of n. Consider any finite volume V in space. The mass flowing out of this 
volume due to the small disturbance from equilibrium is given by 


Ho fwa, 


evaluated over the surface of the volume. The volume integral of the change in 
density must be exactly equal to this mass transport: 


— Ho foav=n fara, (E-11) 
By the divergence theorem the relation (E-11) can be written 


-[oav= [v-nay, 


and since the equality holds for any arbitrary volume, we must havet 


c= -Ven (E-12) 


* For derivation see M. W. Zemansky, H eat and Thermodynamics, 5th ed. (New York: 
McGraw-Hill, 1968), Section 5-5. 


7 Equation (E-12) may be recognized from its more familiar form, 
f= -V> uñ, 


as the equation of continuity for the gas flow. 
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With this connection, the final form of the potential energy density is 
P 2 
V= —PV-qt+ TV-n. (E-13) 


It can now be seen that the term in / linear in o cannot contribute to the total 
potential energy. By Eq. (E-11) the volume integral of o is minus the surface 
integral of ņ, and if the surface completely encloses the system this must be zero, 
i.e., there is no transport of mass out of the system. That this term has a vanishing 
contribution to L is not yet sufficient reason to omit it from ”. Conceivably, the 
functional behavior of the term might still have an effect on the equation of 
motion. (It will be remembered that the covariant Hamiltonian of a system may 
be zero, but the equations of motion, of course, do not vanish.) The term will 
therefore be retained for the moment. The complete Lagrangian density can 
therefore be written as: 


Lis, £25 
L = S(t? + 2P, V:n = pPo(V-n)”), (E-14) 


which is Eq. (12-24). 
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In choosing the various symbols, certain general principles have been fol- 
lowed whenever possible. Vectors have been denoted by bold-faced Roman 
characters, while tensors of second rank or higher, and matrices, are rep- 
resented by bold-faced sans serif letters. When a vector is specifically 
treated as a tensor of the first rank, or represented by a column (or row) 
matrix it is occasionally symbolized in bold-faced Roman letters, but most 
often the sans serif type face is used. For Greek symbols, the same bold 
face is used for vectors, matrices, and tensors. 

A dot above a letter invariably denotes differentiation with respect to 
time. Primes are frequently used to denote quantities that have been sub- 
jected to a transformation of some kind. In Chapter 4 primes on coordinates 
refer to body sets of axes, as distinguished from the unprimed space sets of 
axes, but not subsequently. Generally, primes are also used to mark symbols 
involving some quantity relative to the center of mass. There are in addition 
many other exceptional usages of the prime symbol, which will be clear 
within the context of the given argument. Two instances may however be 
noted .specifically. Scattering cross sections in terms of the angle in the 
laboratory system (nor the angle in the center of mass system) are marked 
by a prime (see p. 117). And in Section 7-9 a prime on a character denotes 
differentiation with respect to a parameter 0 used in place of time. 

To simplify the appearance of many of the formulas, various subscript 
notations are used from time to time to indicate differentiation with respect 
to the subscripted variable (or its index). See, for example, p. 399f, the 
footnote on p. 441, and all of Chapter 12 after p. 551. 

In discussing canonical transformations, lower case letters are often 
used for the original variables, and capitals for the transformed variables. 
Subscripts 0 frequently denote initial or equilibrium values. As is customary, 
complex conjugates are denoted by an asterisk. Contrary usage of the 
asterisk is always specifically noted. 

This index of symbols is not intended to be complete. Indexing is 
hardly necessary for commonly used symbols, e:g., Cartesian coordinates 
(x, y, z); plane polar coordinates (r, 6) (or variants: (r, $), (r, wh) etc.); 
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spherical polar coordinates (r, 6, ¢), or the notation of vector analysis. 
Generally speaking, the index omits (except where there may be ambiguity) 
“scratch” symbols, which are used only within a page or two of their 
definition, and not reused again elsewhere in the same meaning. 

Symbols defined in exercises are not normally indexed except when 
they are of wider usefulness or may give rise to ambiguity; such references 
are indicated by page numbers in italics. When two or more page numbers 
are listed the first is to an initial, often incidental, reference. Subsequent 
page numbers indicate fuller definitions or descriptions. 


A area, 73 
A(r) measure of wave amplitude, 
488 


A,  four-vector of the electromag- 
netic potential, 303 


A electromagnetic vector poten- 
tial, 22 

A,A Laplace-Runge-Lenz vec- 
tor, and its magnitude, 103 

A transformation matrix, gen- 


eral, 134 

A, B, C, etc. orthogonal matrices, 
137 

A complete 3 x 3 matrix of rota- 
tion, 145 


A square matrix formed of ei- 
genvectors a; of small oscilla- 
tions, 249 


A two-dimensional tensor of sec- 
ond rank, invariant of two-di- 
mensional harmonic oscillator, 
423 


A~ inverse of A matrix, 138 

A transpose of A matrix, 140 

A’ adjoint A matrix, 142 

|A| determinant of matrix A, 143 

a semimajor axis, 97 

a,b constants of motion for heavy 
symmetrical top, 215 


a time-dependent parameter in 


theory of adiabatic invariants, 
531 

a equilibrium separation, linear 
chain molecule, 546 

ay elements of matrix of orthogo- 
nal transformation, 133 


4i, a; amplitudes of small oscilla- 
tions in normal modes, 246, 
248 


a‘ Fourier series expansion coef- 
ficients of qx, 466 

do, 41, A2, . . > amplitudes in 

Fourier expansion of oscilla- 

tions about circular orbit, 603 


acceleration, 2 


eigenvector of amplitudes of 
small oscillation, 247 


a, column (or row) matrix corre- 
sponding to eigenvector for 
kth eigenvalue of small oscil- 
lation, 247 

a column (or row) matrix corre- 
sponding to eigenvector a of 
small oscillations, 267 

a translation vector of origin in 
Poincaré transformation, 283 

a column (or row) matrix of 
coefficients of velocities in 
Lagrangian, 344 

a,b,c 2s x 2s matrices in linear- 
ized form of Routhian, 354 


magnetic induction (flux den- 
sity, intensity), 22 


rotation matrix corresponding 
to the Euler angle w, 145 


capacity, 52 


C, C;,. scale factors in small oscil- 


Cp 


(= 


E 


lations, 246, 254 
structure constants, 420 


coefficients in Fourier series 
expansion of H, 522 


normalized Laplace-Runge- 
Lenz vector for unbound mo- 
tion, 422 


column (or row) matrix of Cy, 
246 


rotation matrix corresponding 
to the Euler angle 6, 145 
speed of light, 22 

constants of rigid body con- 
straint, 12 


2n independent functions of 
the a;, 8; canonical variables, 
505 


constants of gauge transfor- 
mation of first kind, 593 


density in phase space, 426 
electric displacement, 22 
conserved quantity, magnetic 
monopole, 124 

normalized Laplace-Runge- 
Lenz vector, bound motion, 
421 

rotation matrix corresponding 
to the Euler angle ¢, 145 
total system energy, 62, 74 
electromotive force, 52 
constant total energy, equiva- 


lent one-dimensional problem 
for heavy symmetrical top, 215 


electric field strength, 22 
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€ relativistic kinetic energy in 
units of mc”, 316 


e eccentricity, 94, 96 

e electron charge, 108 

ĉo €1, €2, €3 Euler parameters, 
153 

e vector with components e4, 
€9, E3, 165 

F(q, t), arbitrary differentiable 
function, 21 

F eccentric anomaly, hyperbolic 
motion, 124 

F, F,, Fə, F3, Fs generating func- 
tions, 380, 382f 

F; driving force in small oscilla- 
tions, 263, 267 

F,, F* components of covariant 
and contravariant vectors, re- 
spectively, 290 


Fuv, F electromagnetic field ten- 


sor, 581 

F force, 2 

F square matrix of dissipation 
coefficients ¥;;, 267 

¥# dissipation function, 24 

¥, coefficients of diagonal form 
of dissipation function, 266 

F; coefficients of dissipation 


function, 264 


Ff), f(r) force in central force 
field, magnitude and vector 
of, 73 

f'(@) magnitude of force in equiva- 
lent one-dimensional poten- 
tial, 76 

f(u) function in problem of heavy 
symmetric top, 218 

fiq, t), f functions of point trans- 
formation and associated col- 
umn (or row) matrix, 386f 
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f; force of constraint, 16 


G universal constant of gravita- 
tion, 101 


G(q, p) generating function of in- 
finitesimal canonical transfor- 
mation, 395 


G; components of total linear 
field momentum, 598 


G metric tensor, 250 


g, g acceleration of gravity, 28, 
178 


ix elements of the metric tensor, 
250 


H Hamiltonian, 61, 341 
H, unperturbed Hamiltonian, 500 
AH perturbation Hamiltonian, 500 


H, H, H3,... perturbation ad- 
ditions to the Hamiltonian, 
516, 520 


H magnetic field strength, 22 

IH covariant Hamiltonian, 360 

# Hamiltonian density, 563 

h energy function, Jacobi’s inte- 
gral, 61 

Planck’s constant, 337, 483 


Planck’s constant divided by 
27, 401 

h perturbation parameter, Ke- 
pler problem for bound mo- 

tion, 509 

angular momentum per unit 

mass, 539 


æ 


> 


I action, action integral, 36 

I intensity, flux density, 105 

I moment of inertia, 195 

L, L, I} principal moments of in- 
ertia, eigenvalues of the iner- 
tia tensor, 198, 201 


I, T' exact invariant for time- 
dependent linear harmonic 
oscillator, 538f 

I, elements of moment of inertia 
matrix, or of inertia tensor, 
191 

l inertia tensor, 192 

i inclination, 472, 479 

i,j,k unit vectors of Cartesian 
axes, 130 

J(u) intermediate function in Ber- 
trand’s theorem, 601 

J, Poincaré integral invariants, 
403 


J; action variables, 460, 463 


J, J2, J3 nondegenerate, trans- 
formed ‘‘action’’ variables for 
the Kepler problems, 476 


Je; Ja, J, action variables for the 
Kepler problem, 472 

J vector (row or column matrix) 
of action variables, 520 

Jo | vector (row or column matrix) 
of unperturbed action varia- 
bles, 520 

J antisymmetric 2n X 2n matrix 
of symplectic formulation, 347 

ją four-vector of current density, 
302 

j,j current density, 22 

j vector (column or row matrix) 
of integer indices, 466 


K transformed Hamiltonian, Ka- 
miltonian, 380 

K relativistic kinetic energy, 307 

K,  four-vector of Minkowski 


force, 304 

K; matrix generators of infinitesi- 
mal pure Lorentz transforma- 
tions, 297 


e 


k force constant, inverse square 
law of force, 77 


k force constant, Hooke’s law, 
81 


k Bollzmann constant, 84 


k azimuthal quantum number, 
483 


wave number, 488 

wave number vector, 487 
Lagrangian, 20, 21 
eikonal, 488 


Ly, Li, La homogeneous function 
components of the Lagran- 
gian, 61 


L; _ self-inductance coefficients, 52 


Ly, elements of Lorentz transfor- 
mation in Minkowski space, 
281 


L, L angular momentum, 2 


L matrix of Lorentz transforma- 
tion, chiefly in Minkowski 
space, 281 


£ Lagrangian density, 548 


o  free-field Lagrangian density, 
586 


l magnitude (orbital) angular 
momentum, 73 


l distance of center of gravity 
from fixed point of heavy 
symmetrical top, 213 


l length of simple pendulum, 
459, 506 


M total mass of system, 5 
M mass of the sun or moon, 226 


M mass of an artificial satellite, 
231 


M mass of the earth, 513 


Mo, M;,M;, kinetic energy coeffi- 
cients, 25 


SON OF > 
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M;, mutual-inductance coeffi- 
cients, 52 

M; elements of tensor of total 
field angular momentum, 561 

M,, total angular momentum four- 
tensor, of a system, 318 

M magnetic dipole moment, 189, 
233 

M; elementary matrix generators 
of infinitesimal rotation, 173 

M Jacobian matrix of canonical 
transformation, the new varia- 
bles with respect to the old, 
392 

My elements of density tensor of 
field angular momentum, 561 

Mun four-tensor of third rank, an- 
gular momentum density, 574 

m mass, 1 

m mass of the earth, 228 


m mass of an artificial satellite, 
$12f 


m magnetic quantum number, 
484 

M; coefficients in quadratic veloc- 
ity form of kinetic energy, 245 

My, angular momentum four-ten- 
sor for a single particle, 318 

N number of particles in system, 
13 

Nu» four-tensor of relativistic 
torque, 318 

N torque, moment of force, 2 

N antisymmetric matrix of com- 
ponents of unit vector, 173 

N; matrix generators of infinitesi- 
mal rotation in x-x, plane, 422 

n number of independent coor- 


dinates (degrees of freedom), 
18 


eens 
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exponent of central force 
power law, 85, 88 


exponent of central force po- 
tential law, 91 


index of refraction, 125, 487 


principal quantum number, 
483 


unit vector, 57 
pressure, 84 


Legendre polynomial of order 
n, 226 

total four-momentum of a sys- 
tem, 308 

integral quantities in relativis- 
tic field theory, 572 

total linear momentum, 6 
complex 2 x 2 matrix of coor- 
dinates, 150 

matrix of pure Lorentz trans- 
formation, 285 

column (or row) matrix of 
transformed momenta, 387 
canonical or conjugate mo- 
mentum, 54 

four-vector of momentum, 306 
expansion coefficients of mo- 
mentum density in momentum 
space, 568 

linear momentum, 1 

vector of momenta conjugate 
to Cartesian coordinates of 
single particle, 345 

column (or row) matrix of 
canonical momenta, 344 


Pjs pa canonical momentum (Sec- 


tions 7-8 and 7-9 only), 322, 
330 


vector of momenta conjugate 
to Cartesian coordinates of 


single particle (Section 7-9 
only), 331 

Q generalized force, 19 

Q reaction energy, 117, 312 


Qi, P; transformed canonical vari- 
ables, 379 


Q unitary 2 x 2 matrix associ- 
ated with rotation matrix, 148 


Q unimodular 2 x 2 matrix asso- 
ciated with the Lorentz trans- 
formation, 294 


Q,,Q,,Q, unitary 2 x 2 matrices 
associated with Euler angle 
rotations, 154 


q charge, 22 
q; generalized coordinate, 13 


qo reference amplitude, per- 
turbed harmonic oscillator, 
524 


dx expansion coefficients of field 
quantity in momentum space, 
568 


q,p constants in problems of 
heavy symmetrical top, 219 

8,, Sp, Ön; infinitesimal changes in 
canonical variables, 394 


q column (or row) matrix of 
generalized coordinates, 344 


R radius of the earth, 232 
R Routhian, 352 

R disturbing function, 506 
R 


gravitational radius of the sun, 
511 


R, radius of gyration, 202 

R; resistance, 52 

R; spatial coordinates of relativ- 
istic center-of-energy, 320 


R, conserved integral quantities, 
556 


A 
cane 


R position vector, center of 
mass, 5 


R,R eigenvector (and its column 
or row matrix), 159 


R spatial rotation part of matrix 
of Lorentz transformation, 283 


r number of cyclic coordinates 
in Routh’s procedure, 352 


rọ radius of circular orbit, 91 


r,s,t subscripts referring to parti- 
cles, 310 


r position vector, 1 


S impulse of generalized force, 
66 


S Hamilton’s principal function, 
439 


S,, S2, S constants of the motion, 
two-dimensional harmonic os- 
cillator, 424 


dS, element of surface in four- 
space, 573 


S inversion matrix, 144 


S complex 2 x 2 matrix of coor- 
dinates in real four-space, 293 


RY number of noncyclic coordi- 
nates in Routh’s procedure, 
352 


Ss impact parameter, 106 


s,ds path or arc length, and dif- 
ferential of, 3 


s; generalized coordinates, 33 

T kinetic energy, 3 

T temperature, 84 

T time of perihelion passage, 99 

T relativistic total energy (of 
free particle), 307 

To, T;, Ta homogeneous function 


components of kinetic energy, 
25 
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T; constant coefficients in kinetic 
energy expansion about equi- 
librium, 245 

Tz, elements of stress-energy 
tensor, 556, 559 

Tą» symmetrized stress-energy 
tensor, 583 

Tix... components of tensor T, 
192 

T, current densities, 556ff 

T square matrix of Ty kinetic 
energy coefficients, 247 


T square matrix of coefficients 
of terms quadratic in veloci- 
ties in L, 344 

T general tensor of Nth rank, 

192 

stress tensor, 558 

kinetic energy density, 556 

time, 1 

generalized potential, 21 


U,W volume integral of Y, W, 
566f 

M4, W functions of field canonical 
quantities, 566f 


u reciprocal ofr, the radial co- 
ordinate, 86 

u equal to cos 0, variable in 
problem of heavy symmetric 
top, 216 


u wave velocity, 485 


a™* Ya 


u,v, w independent functions of 
generalized variables, 399 


u,  four-velocity, world velocity, 
302 


V potential, potential energy, 4 
V volume, 84 


V' potential in equivalent one- 
dimensional problem, 76 


; 
| 
j 
| 
! 


638 


Vij 


INDEX OF SYMBOLS 


potential energy coefficients 
about equilibrium, 245 


V,V velocity, and speed, of the 


V square matrix of V; coeffi- 
cients, 247 

Y potential energy density, 556 
velocity vector, 1 

v speed, 3 

W work, 3 

W Hamilton’s characteristic 
function, 443, 445f 

W* Hamilton’s characteristic 
function in terms of @, w), 
532 

W; separated Hamilton’s charac- 
teristic function, 451, 454 

W Jacobian matrix of canonical 
momenta with respect to co- 
ordinates, 359 

w; angle variables, 460, 464 

W1, W2, W3 transformed angle vari- 


center of mass, 115 


ables of the Kepler problem, 
476 


Wos Jo unperturbed action-angle 


Ww 


Wo 


variables, 515f 


vector (column or row matrix) 


of angle variables, 465 


vector (column or row matrix) 


of unperturbed angle varia- 


bles, 520 


X, Y, Z; or X,, X2, Xa Compo- 
nents of eigenvectors, 158f 

X,, function describing transfor- 
mation of x, in Noether’s 
theorem, 592 


X square matrix of eigenvector 
components, 160 


x,y variables in problem of heavy 
symmetrical top, 219 


x deviation of orbit from circu- 
larity, uw — uo, 601 

Xi = Xıs X2, X3 Cartesian coordi- 
nates in ordinary space, 132 

Xp = X1, X2, Xg, X4 Cartesian coor- 
dinates in Minkowski space, 
280 

Xp = Xis X2, X3, Xo Coordinates in 
real four-space, 288 


x column or row matrix of a 
vector, 138 


Y generating function in pertur- 
bation theory, 516 


Y  Young’s modules, 546 


Y; expansion functions of pertur- 
bation generating function, 
516, 520 


Z,Z' atomic number, 108 
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œ parameter in varied path, 38 


@ continuous parameter of can- 
onical transformation, 413 

@ constant energy in conserva- 
tive systems (mainly in pertur- 
bation theory), 443, 516 

a, B constants in problem of heavy 
symmetric top, 216 


a, B, y direction cosines, 130 


a, B, yY, Cayley-Klein parame- 
ters, 148 
Qos Oj, %,... expansion terms 


for energy in perturbation the- 
ory, 516, 520 


a, constant momenta conjugate 
to cyclic coordinates, 378, 446 


Œi, Bi canonical variables gener- 
ated by Hamilton’s principal 
function, 439 

a, constant value of Hamiltonian 
or energy, 446 


Qg, &y separation constants, each 
equal to total angular momen- 
tum in central force problem, 
454, 456 


Q angular momentum conjugate 
to ġ, 455 

ak, P real and imaginary column 
or row matrices making up a, 
(q.v.), 248 


B parameter in simple harmonic 
oscillation about circular or- 
bit, 92 


B ratio of v/c, 278 


B: integration constants in proce- 
dure of Hamilton’s character- 
istic function, 446 


B vector ratio v/c, 280 


p 


= 


oI 


O1m 


vector (column or row matrix) 
of constants of integration, 
466 

gyromagnetic ratio, 233 
frequency of small oscillation, 
w, divided by i, 267 

constant in Lorentz transfor- 
mation, equal to (1 — B?)-1?, 
280 

a photon, Eq. (7-109), p. 313 
only! 

ratio of specific heats at con- 
stant pressure and volume, 
552 


transformed constant canoni- 
cal momenta, 441 


column (or row matrix) of the 
a;, Bi canonical variables, 501 
Dirac matrices, 580 

variation operator, principle 
of least action, 365 
infinitesimal operator of vir- 
tual displacement, 16 
variation operator, Hamilton’s 
principle, 39 

a general infinitesimal differ- 
ence operator, 394, 588 
infinitesimal difference opera- 
tor for field quantities at a 
point, 588 

infinitesimal difference opera- 
tor, for change of function un- 
der I.C.T., 409f 

Dirac 6-function, 585 

phase factors, 254 

Kronecker symbol, 132 
matrix of infinitesimal pure 
Lorentz transformation, 296 
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€ eccentricity (only pp. 108-109) 


€ infinitesimal parameter of 
transformation, 395 


€ expansion parameter in per- 
turbation theory, 516 


€, parameters of infinitesimal 
change, Noether’s theorem, 
592 


€; permutation symbol (Levi- 
Civita density), 172 


€ antisymmetric matrix of infini- 
tesimal rotation, 168 


č( ) varied path function, 549, 551 


¢; normal coordinates of small 
oscillations, 255 


4 column (or row) matrix of 
normal coordinates, 255 


C column (or row) matrix of 
transformed canonical varia- 
bles, 392 

n( ) varied path function, 38 

nı generalized coordinates of dis- 
placement from equilibrium, 
244 

n(x, t), nxa), n(x) field quan- 
tities, 548, 550f 

n column or row matrix of 1; 
coordinates relative to equilib- 
rium, 248 

q column (or row) matrix of 
canonical variables, 346 


© scattering angle in the center 
of mass system, 106, 114 

©, conserved current densities of 
gauge transformations, 593 

0,4, Euler angles, 145 

0 nutation angle of heavy sym- 
metrical top, 213, 217 

0 Lorentz-invariant parameter 


for progress of world point, 
327 


8' 


0, 


H 


constant of integration for 0 
coordinate, elliptic orbit, 94 


parameter in pendulum of fi- 
nite amplitude, 507 


scattering angle in the labora- 
tory system, 114 


damping factor in small oscil- 
lations with dissipation, 267 


normalized relativistic force 
constant, 324 


unit vector in direction of rel- 
ative motion, 295 
Lorentz-invariant Lagrangian, 
327 


elements of Lorentz transfor- 
mation in real four-space, 289 


matrix of Lorentz transforma- 
tion in real four-space, 289 


eigenvalue, 159 


expansion parameter, pendu- 
lum of finite amplitude, 507 


scale parameter of extended 
canonical transformation, 381 


wave length, 488 

reduced wavelength, 491 
Lagrange undetermined multi- 
plier, 46 

diagonal matrix of eigenval- 
ues, 160 


reduced mass, 71 
mass per unit length, 546 


H, Ho Volume mass density, 552 


Ho 


Vi 


Vin V 


constant (mass) in Klein- 
Gordon equation, 575f 


frequency, 266 


time derivatives of Q; gener- 
ated by Hamilton’s character- 
istic function, 447 


“‘frequencies’’ in action- 


angle variable formalism, 461, 
464 


Vo, Vo unperturbed frequencies, 
515f, 520 


xz momentum density, 563 

P» Pe charge density, 22, 233 

p reduced mass ratio in scatter- 
ing, 116, 117 

P, Pm Mass density, 121, 191, 233 


p subscript index of field quan- 
tities, 550 


pı coordinates of displacement 
from equilibrium in small os- 
cillations about steady mo- 
tion, 353 


dp element of path length in cur- 
vilinear configuration space, 
369 


p with components p,, po, ps, 


vector defining inertia ellip- 
soid, 202 


© fractional change in density, 
553 

o(@) differential scattering cross 
section, 106 


or total scattering cross section, 
109 


© ‘‘vector’’ of Pauli spin mat- 
rices, 156 


O unit 2 x 2 matrix, 293 
Ois 02,03 Pauli spin matrices, 156 


On = O01, O2, 03, Co ‘‘four-vector’’ 
of Pauli spin matrices, 293 


T, t; period, 100 

t proper time, 299f 

® deflection angle, 112 
® angle of recoil, 127 
® 


angle of rotation of proper or- 
thogonal transformation, 162 
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®; functions in time-independent 

perturbation theory, 521 

electromagnetic scalar poten- 

tial, 22 

precession angle, heavy sym- 

metrical top, 213, 217 

imaginary rotation angle in 

Minkowski space, 282 

scalar field of light wave, 487 

(q, Q) canonical momentum p as 
function of q and Q, 403 

$, @* complex scalar fields, 575 

b matrix in Staeckel conditions, 
453 

Y angle between directions of 
incoming asymptote and per- 
iapsis, 107 

Y, function describing transfor- 
mation of 7, in Noether’s 
theorem, 592 

w eccentric anomaly, 99 

wy imaginary part of rotation an- 
gle in Minkowski space, 282 

Ųų angle of the orbital radius vec- 
tor relative to periapsis, true 
anomaly, 513 

Ww wave function, 490 

Wq, Q) transformed canonical 
momentum as function of q 
and Q, 403 

Y, y? complex Dirac field quan- 
tities, 580 

Q precession angular frequency, 
210 

Q longitude of the ascending 
node, 479 

Q four-dimensional domain of 
integration, 588 

dQ element of solid angle, 106 

© unit vector of direction, 106 
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Q vector of precession, 210 w argument of the perihelion, ~ 
dQ differential vector of infinitesi- 479 
mal rotation, 169 œ angular velocity vector, 175 


w, w; angular velocity of rotation, o 
angular frequency, 29, 101 


frequency of Thomas preces- 
sion, 288 


w, @, normal frequencies of small , cyclotron or gyration fre- 
oscillation, 246 quency, 535 


w angular frequency of the lin- @,, @, Larmor frequency, 234 
ear harmonic oscillator, 389 


MISCELLANEOUS SYMBOLS 


0 matrix with zero elements, C? D’Alembertian, 303 


347 [,] commutator, Lie bracket, 173, 
unit matrix, 139 401 


unit dyadic, 194 [ , | Poisson bracket, 397 
' marks derivative with respect {,} Lagrange bracket, 401 


to 6 (q.v.), 327 : ô functional derivative (with re- 
V gradient operator, 4 dy spect to y), 564 


= four-dimensional gradient op- 
erator, 303 


INDEX 
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Abbreviated action, 368, 447, 460, 532 
Abraham, R., and E. Marsden, 541 


Abramowitz, M., and I. A. Stegun, 124 


Acceleration, centripetal, 27, 29, 79 
linear, 2, 322f 
Accelerators, 333, 372, 484, 531, 537 
Acoustics, 53, 243, 264, 552f, 596, 598, 
616ff 
Action, 36, 366, 368 
Action and reaction, laws of, not 
satisfied between moving 
charges, 7f 
strong law of, 7, 10 
weak law of, 5 
Action at a distance, 331f, 334, 575 


Action integral, 36, 327, 365f, 368, 442, 


588, 595 
over four-dimensional space, 551 
scale-invariance, 589 
transformations of, 590f 
as world scalar in relativistic field 
theory, 571 
Action variables, 457, 460, 463 
adiabatic invariance of, 484, 531ff 
corresponding to cyclic coordinates, 
463f, 472 


definition in celestial mechanics, 461, 


493 

dimensions of angular momentum, 
461 

evaluated by method of residues, 
474f, 493 

proper, 476, 483, 497 

quantum conditions in terms of, 483 


Action-angle variables, 457ff, 460, 


463ff, 492f 
degenerate frequencies in, 469f, 525f 
examples of, 462, 467f£, 472ff, 496f 


frequencies of periodic motion from, 
461, 465f, 468 
Hamiltonian function only of action 
variables, 460, 464, 471 
for harmonic oscillator in three 
dimensions, 497 
for Kepler problem, 472ff, 492, 497, 
498 
application to Bohr’s theory of the 
atom, 483f 
assuming closed, plane orbit, 477 
degeneracy in, 473f, 475 
Hamiltonian in terms of, 475, 476 
orbit elements in terms of, 479f 
for linear harmonic oscillator, 462, 
508 
mean frequencies of multiply-periodic 
motion from, 468 
multiply-periodic generating function 
for, 469 
for normal modes of small 
oscillation, 496, 498 
in perturbation theory of celestial 
mechanics, 483f, 493 
point transformations to reduce 
degeneracies, 470f, 476, 496f 
separation of variables required for, 
463 
for systems of many degrees of 
freedom, 463ff 
for systems of one degree of 
freedom, 457ff 
two-dimensional anisotropic 
harmonic oscillator, 467f, 496f 
when motion simply periodic, 467 
zero frequencies in, 471, 525 


Adiabatic invariance, 484, 531ff, 540, 


542 
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Adiabatic invariance (cont.) 
of action variables, 531ff 
in harmonic oscillator, 533f, 538f 
of magnetic moment, 536f 
and simple pendulum, 531, 543 
Adiabatic vs. isothermal vibrations in 
gases, 596, 617f 
Aharoni, J., 237 
Aircraft, 147 
Alpha particle, scattering of, 109f 
Alternating tensor, 172 
Alvager, T., 277 
Ames, J. S., and F. D. Murnaghan, 55 
Analytical mechanics, 1 
Angle coordinate, cyclic, 464 
Angle of line of nodes. See Longitude 
of the ascending node 
Angle of rotation, ambiguity in, 163 
of orthogonal matrix, 136 
of rigid body, independent of origin, 
189f 
in terms of eigenvalues, 163 
in terms of Euler angles, 166, 608, 
609 . 
Angle variables, 460 
change over complete cycles, 465f 
“fast and ‘‘slow,’’ 525 
Fourier expansion in terms of, 466 
for Kepler problem, related to orbital 
elements, 480f, 497, 509 
perturbed form of, 509f, 516, 520f, 
525f 
time dependence of, 460, 464, 466, 
509f 
Angular momentum, 2, 72 
conservation theorems for, 3, 7, 30, 
58f, 72, 318f, 411f, 474, 539 
density tensor for fields, 561 
for electromagnetic field, 8 
for fields, 561, 574 
generator of spatial rotation, 412f, 
417£ 
mechanical, 8 
Poisson bracket relations for, 416ff, 
418, 435 
relation to magnetic moment, 233 
relative to center of mass, 8, 319f 
relativistic definition of, 318f 
resolution theorems for, 8, 188, 319 
restrictions as canonical variables, 
419 f 
rigid body, for motion about a point, 
188f£ 


related to angular velocity, 191 
transformation properties of, 171 
Angular velocity, definition for rigid 

body, 175 
precession in torque-free motion, 
208, 211f, 222, 240 
of rigid body, independent of origin, 
189f 
in terms of Euler angles, 176, 186, 
608, 610 
Anharmonic oscillator, 519, 523f 
Anomalistic year, 124 
Antecedent (of dyad), 194 
Antiproton, 312 
Antisymmetric matrix, 141, 169 
as corresponding to pseudovector, 
169f 
Apsidal distances, 78, 97f 
Apsidal vector, symmetry of central 
force orbit about, 87 
Areal velocity, 73, 100 
Arfken, G., 182, 200, 226, 611 
Argument of the perihelion, 479, 509f, 
513f 
identification with wz, 482, 497 
Arnold, V. I., 530, 541 
Associative law, 399f 
Astronomical constants, 511 
Astronomical nutation, 231 
Astronomy, medieval, 99, 122, 478 
Attitude angle, 148 
Atwood’s machine, 27 
Axial vectors, 171f, 183 
Axiomatic treatment of mechanics, 
reference for, 30 
Axis of rotation, direction of, 162 
instantaneous, 175 
Azimuthal quantum number, 483 


Binet ellipsoid, 208f, 24] 

Badger, P. H., 371 

Baker, G. A., Jr., 425 

Bank, angle of, 148, 608 

Barger, V. D., and M. G. Olsson, 224, 
237 

Barut, A. O., 294, 333, 597 

Basis vectors, 129 

Beats, 271 

Bernoulli, James, 17 

Bernoulli, John, 43 

Bertrand, J., 93 

Bertrand’s theorem, 90ff, 120, App. A 

Bessel functions, 124 


Bifurcation, 460 

Bilinear expressions, 354, 364, 397 

Biot-Savart law, 7 

Bliss, G. A., 63 

Block, H. D., 403 

Bocher, M., 143 

Body cone, 207, 24] 

Body set of axes, 129ff 

Bohlin expansion, 526 

Bohr, N., 237 

Bohr theory of the atom, 97, 101, 105, 
471, 483f 

Boltzmann constant, 84 

Boltzmann factor, 121 

Boomerang, 236 

Boost (Lorentz transformation), 284 
296 ; 

Borisenko, A. I., and I. E. Tarapov 
183 

Born, M., 429, 469, 492f, 515, 540 

Born, M., and P. Jordan, 419 

Born, M., and E. Wolf, 489, 494 

Boyer, T. H., 597 

Boyle’s law, 617 

and the virial theorem, 84 

Brachistochrone, 42, 65 

Brachistochrone tunnel, 65 

Bradbury, T. C., 183, 611 

Brand, L., 235 

Breit-Darwin Lagrangian, 332 

Bridgman, P. W., 30 


2 


, 


‘Brillouin, L., 487, 494 


Brunet, P., 372 
Burgers, J. M., 531 
Byerly, W. E., 55, 64 


Calculus of variations, 37ff, 494. See 
also Variation 
applications, 40f 
fundamental lemma of, 39, 63 
parameter technique in, 38, 44, 365, 
549 
Canonical equations of Hamilton, 342. 
See also Hamilton’s equations 
Canonical invariants, 398, 401 
a a volume element, 402f, 
427 
Canonical momentum. See Momentum 
Canonical momentum density, 563 
Fourier series expansions of, 568f 
Canonical perturbation. See 
Perturbation theory 
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Canonical transformation (reference 
to), 430 
Canonical transformations, 354, 362, 
372, Chapter 9, 381 
active vs. passive view of, 408f, 413, 
416, 427 
applicable to all Hamiltonians, 380, j 
430, 500, 516 l 
change of function under, 409f, 413f 
connection between symplectic and 
generator formalisms, 396, 403f, 
429 
to constant coordinates and 
momenta, 408, 438ff 
continuous evolution of I.C.T., 395f, 
408, 413f 
differential equation for change of 
function under, 413f, 436, 529 
difficulties of, for fields, 567 
equations of, 378ff 
matrix form, 392 
examples of, 386ff, 543 
exchange, 387f, 431 
with explicit time dependence, 394, 
396, 406, 410 
extended, 381, 429, 434 
generating function for, 382ff, 516 
(see also Generating function) 
group properties of, 396, 420ff, 430, 
432 
to Hamiltonian cyclic in all 
coordinates, 379, 390, 408, 438, 
446ff 
to handle degeneracies, 470, 476, 
496f, 525f 
for harmonic oscillator problem, 389, 
433, 543 
identity, 386, 388, 395f, 431 , 452 
independent of mechanical problem, 
380, 430, 500, 516 
infinitesimal, 394ff (see also 
Infinitesimal canonical 
transformations) 
from initial conditions, 408, 438 
invariance of Lagrange brackets 
under, 401f 
invariance of phase space volume, 
402f, 427 
invariance of Poisson brackets under, 
398 
inverse, 396 
inversion of equations of, 383 
Jacobian matrix of, 392, 403, 434 i 
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Canonical transformations (cont.) 
Lie groups associated with, 420ff 
moves system point in phase space, 
408f, 413f, 427 
parametric, 394, 413f, 416, 429 
differential equation for, 413f 
formal solutions for, 414f 
symmetry group associated with, 
420ff 
to perturbed cyclic coordinates, 516f, 
520f 
point, 386f (see also Point 
transformations) 
restricted, 382, 391 
direct conditions, 391, 432 
symplectic conditions for, 393, 432 
for small oscillations about steady 
motion, 433f 
solving motion of system, 378f, 408, 
427, 438ff, 500 
symplectic approach, 391ff, 429 
symplectic character of matrix for, 
393, 396 
symplectic conditions valid for all, 
393, 396 
terminology in, 381f 
of time, 382, 430f 
transformed Hamiltonian and 
generating function, 382f 
Canonical variables, 340, 364f 
column matrix for, 346 
discrete field coordinates as, 569f 
independent status of coordinates 
and momenta, 364f, 387f 
interchangeability of coordinates and 
momenta, 387f 
Poisson brackets of, 398 
restrictions on angular momentum, 
419, 437 
time and Hamiltonian as, 360, 368, 
371f, 377, 382, 429, 431 
Canonoid transformation, reference to, 
430 
Carathéodory, C., 382, 403, 428, 492 
Carathéodory theorem, 403f, 429 
Cartesian coordinates, 250, 256, 291, 
conjugate momenta for, 345, 357 
Cartesian tensors, 192 
Casimir, H. B. G., 419 
Catenary, 42 
Causality, 302 
Cayley-Klein parameters, 148ff, 153, 
186, 236f 


and homographic transformation, 
183, 236 
and stereographic projection, 183 
in terms of Euler angles, 154f, 607, 
609 
Celestial mechanics, 120, 145, 461, 471, 
482f, 493, 500, 506, 526, 527ff, 
540f 
Center of energy, 320 
Center of force, 105 
Center of gravity, 5, 189 
Center of mass, 5, 31, 115, 189, 227 
motion of, independent of internal 
forces, 6 
relativistic analog, 310, 320 
as useful origin in rigid body 
problems, 188f, 203 
Center-of-momentum system, 310, 319 
transformation from laboratory 
system to, 311f, 314f 
Central force, 13 
strong law of action and reaction 
requires, 7 
Central force motion, Chapter 3, 447 
angular momentum constants for, 456 
closed orbits only for inverse-square 
law and Hooke’s law, 93, App. A 
conditions for stable circular orbits, 
92, 355, 601 
conservation of angular momentum 
in, 72f, 474 
constants of integration for, 75, 455 
degeneracy in, 474, 483 
differential equations of orbit, 86f, 
601f 
equivalent one-body problem for, 71 
equivalent one-dimensional problem 
for, 76ff, 355 
first integrals, 71ff 
formal solutions for, 75, 454f, 456 
Hamiltonian for, in three dimensions, 
345, 372, 455 
Hamilton-Jacobi solutions for, 454ff 
integrable power-law potentials for, 
85ff 
inverse square law of force (see 
Inverse square law of force) 
orbit is in plane, 72, 474 
orbits, classification of, 78ff 
expressible in elliptic functions, 
89f, 122 
perturbed Kepler problem, 509f, 528f 
scattering in, 105ff 


in spherical polar coordinates, 72, 
454ff 
Centrifugal barrier, 78 
Centrifugal force, 76, 178 
Centripetal acceleration, 178 
Chain rules, applications of, 18 
Chandler wobble, 212, 231, 236-238, 
240 
Characteristics, theory of, 492 
Charge and current density. See 
Electric current density; Density 
Charged particles, and complex fields, 
593f 
as localization of charge 
distributions, 586 
motion in magnetic field, 232ff, 325f, 
374, 432, 484, 495, 535f 
Chasles’ theorem, 163, 183, 188 
Chen, Y., 270 
Circuits, mechanical description of, 526 
Circular functions, orbits expressible in 
terms of, 88 
Circular orbits. See Central force 
motion; Orbits; Small 
oscillations 
Circulation, 458 
Classical mechanics, 1, 399 
from an engineering viewpoint, 237 
as kind of geometrical optics, 113, 
489 
Collision. See also Scattering 
in special relativity, 308f, 336f 
C-O-M system, 310 
Commensurability, 466, 468, 469, 523 
Commutation relations, 173, 186 
Complete degeneracy. See Degeneracy 
Complex fields, 575, 580, 598f 
associated with electric charge and 
current desnity, 593f 
Complex two-dimensional space, 148ff, 
293ff 
Compound pendulum, 240 
Compton scattering, wavelength, 337 
Computers, application to problem of 
molecular vibrations, 263 
Condon, E. U., and G. H. Shortley, 
419 
Configuration space, 35, 38, 250, 359, 
370, 485ff 
curvilinear, so system point velocity 
is V2T, 370, 487 
A-variation in, 365f 
including time as a variable, 327f 
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motion of system point in, 35, 367, 
485f, 494 
Riemannian, 250, 369f, 487 
Congruence transformation, 251, 255, 
289, 291 
Conic sections, orbits as, 96f 
Conjugate momentum. See Momentum 
Consequent (of dyad), 194 
Conservation of areal velocity, in 
central force problems, 73 
Conservation theorems, angular 
momentum, 3, 7, 30, 58f, 72f, 
318f, 348, 456, 561 
canonical momentum, 55, 322, 348f, 
411f, 446, 563, 588, 596 
corresponding to cyclic coordinates, 
55, 322, 347ff, 446, 596 
corresponding to cyclic field 
variables, 563 
energy, 4, 11, 60f, 349, 456, 588, 596 
for fields and continuous systems, 
55S5ff, 561, 588ff 
generated by I.C.T.’s, 411f 
for Hamiltonian, 348f, 596 
including electromagnetic forces, 56 
joint, for momentum and energy, 
308 
linear momentum, 2, 6, 57, 306, 348, 
411f 
Noether’s theorem, 588ff 
for a particle, 2f 
in Poisson bracket formulation, 406ff 
and system symmetries, 54ff, 59f, 
348, 411ff, 588ff, 596 
when law of action and reaction not 
valid, 56 
where not related to symmetries, 594 
Conservative system, 3, 11 
Conserved currents, 557, 563, 566, 592 
Conserved quantities, integral form, 
556f, 563, 566 
Constant force or acceleration, motion 
under, 323, 338, 415 
Constants of integration, 439f, 445f, 456 
Constants of the motion, 54, 104, 411ff. 
See also Conservation theorem 
central force problem, 104f 
as ensemble densities, 428 
generated by Jacobi’s identity, 407, 
419, 435 
generators of I.C.T. keeping 
Hamiltonian invariant, 411 
Poisson bracket test for, 406, 435 
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Constraints, 11f, 29 
bilateral, 12 
defining rigid body, 11f, 128f, 229 
differential, 15, 46 
differential equations for, 15 
difficulties produced by, 13 
examples of, 126, 31-32, 49, 350 
forces of, 16, 28, 48, 84, 350 
holonomic, 12, 45 
usually assumed, 16, 49, 51 
nonholonomic, 12, 32, 45, 203 
rolling as an example of, 14-15, 
31-32 ,.185, 240 
nonintegrable, 15, 32, 46 
rheonomous, 12, 29, 68, 350 
scleronomous, 12 
time-independent (see above, 
rheonomous) 
unilateral, 12 
vanishing virtual work for, 16, 17, 48 
weak, 329 
Contact transformation, 382, 428. See 
also Canonical transformations 
Continuous bodies, inertia elements 
for, 191 
Continuous sytems, 53, 269, Chapter 
12. See also Fields, classical 
theory of 
four-dimensional spaces used for, 
550f 
role of position coordinates as 
continuous index, 547f, 550 
transition to, from discrete systems, 
545ff, 562, 596 
Continuous transformations, of single 
> parameter, 168, 394, 413ff, 420 
Contravariant, 192, 270, 290f, 392 
Corben, H. C., and P. Steble, 270 
Coriolis deflection, 179f, 181, 187 
Coriolis forces, 21, 177ff, 183 
and circulation theorem of fluid 
dynamics, 184 
direction in North and South 
hemispheres, 179 
effects on meteorological 
phenomena, 180f, 184 
and molecular spectra, 182 
Correspondence principle, 399, 401, 
406, 416, 419 
Coulomb field, scattering of charged 
particles by, 108f : 
screen, 110 
truncated, /25 


Coulomb forces, 108f, 273, 332 
Courant, R., and D. Hilbert, 63, 340, 
371, 439, 492 
Covariance of physical laws, between 
inertial systems, 277, 298ff 
Covariant (of indices), 192, 270, 290f, 
299, 302, 392 
Covariant transformation behavior (in 
special relativity), 299, 571 
Cramer’s rule, 143, 268 
Critical inclinations, 514 
Cross section. See modifying adjective, 
as scattering, total, etc. 
Crowell’s method, 529 
Curvature of coordinates, effect on 
acceleration terms, 20 
Curvilinear configuration space. See 
Configuration space 
Cyclic coordinates, 55, 351ff 
in action-angle variables, 464 
canonical transformations to, 390, 
397f, 445f 
and conservation of conjugate 
momenta, 55, 322, 347ff, 596 
Lagrangian and Hamiltonian 
formulations contrasted, 351 
and oscillations about steady motion, 
353f 
in Routh’s procedure, 351ff 
separable in Hamilton-Jacobi 
equation, 451f 
solution for, 446f 
Cyclic field quantities, corresponding 
conserved quantities, 563 
Cycloid, 65, 496 
Cyclone patterns, 181 
Cyclotron frequency, 536 


D’ Alembert, Jean, 17 

D’Alembert characteristic, 526 

D’ Alembertian, 303, 576, 598 

D’Alembert’s principle, 16, 18f, 35, 45, 
321 

Damping factor, 266 

Danby, J. M. A., 120, 540 

Deflection angle, 112 

Degeneracy, 94, 120, 200, 249, 251f, 


469f 3 


complete, 469, 475, 483 

and condition for closed orbits, 105, 
425, 469 

corresponding to multiple roots of 
the secular equation, 249 


elimination by point transformation, 
470f, 476 
equivalent to zero frequencies, 471 
exact, or ‘‘proper,’’ 525f 
local, 470 
near, 526f 
in perturbation theory, 484, 523, 525f 
relation to form of potential, 94 
relation to separation of variables, 
469f, 493 
relation to system symmetries, 120, 
425, 430 
Degenerate frequencies, in action-angle 
variables, 469f, 475f 
of small oscillations, 246, 262, 270 
Degrees of freedom, 13 
infinite, 545 
of rigid bodies, 128f 
rigid body, in molecular vibrations, 
260 
Del Campo, A. R., 224 
Delaunay, C. E., 528f 
Delaunay variables, 483, 493, 504 
6-function, 585 
6-notation, 39, 549, 588 
6-notation, 588 
Density, charge, 233, 302, 575, 593f 
fractional change in gas vibrations, 
553, 618 
mass, 191, 227, 233, 546, 552, 616 
phase space, 426 
Déprit, A., 529 
Derivatives, special notation for, 399, 
441, 550f 
Determinant, equal to product of 
eigenvalues, 161 
invariant under similarity 
transformation, 143 
of matrix, 143, 611f 
properties of, 161, 611f 
secular, 160, 246 
Deutsch, R., 541 
Deuterium, 119 
Diabolo, 236 
Diagonalization, impossibility of, for 
three quadratic functions 
simultaneously, 265f 
of kinetic and potential energies, 247, 
251, 255f, 269 
in phase space, 354, 433 
of Routhian, 354 
simultaneous, of two matrices, 247, 
256, 269 
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Dicke, R., 514 
Differential geometry, reference to, 429 
Differential principle, 35 
Differential scattering cross section, 
106. See also Scattering cross 
section 
Dilatation of time, 300 
Dilatation symmetry, 381, 430 
Dirac, P. A. M., 158, 329, 360, 372 
Dirac 6-function, 585 
Dirac matrices, 182, 580 
Dirac particle, 580, 586f, 594 
Direction cosines, 129f, 185 
Direction of rotation of orthogonal 
matrix, dependent on 
interpretation of transformation, 
136f 
Discrete field coordinates, 568ff 
as canonical variables, 569 
equations of motion for, 570 
Poisson brackets of, 570 
Dispersion relation, sine~Gordon 
equation, 579 
Dissipation function, Rayleigh’s, 24, 30, 
34, 52, 62f, 64, 265f, 271 
in Lagrange’s equations, 24, 265 
rate of frictional energy dissipation in 
terms of, 24, 62f, 265 
Dissipation forces, 4, 210, 354 
Disturbing function, 506, 528 
Divergence conditions, 555f, 566 
Doppler effect, 336 
Double pendulum, 13, 34, 271, 373 
Double-valued property of spinor 
rotation matrices, 157, 425 
Dyad, 194, 235 
nonion form, 194 
Dyadic, 192ff, 194, 227, 233, 235, 334, 
418 
equivalence to tensor of second rank, 
194 
unit, 194 
Dynamical symmetries, and nature of 
orbits, 104f, 420ff, 425 
Dynamics, 1 


Earth, moments of inertia of, 212, 232 
shape of, 178 
torque-free precession of, 212, 240 
Eccentric anomaly, 99, 123 
Eccentricity, 96, 478 
Eigenvalue equation, 159, 201, 246ff, 
268 
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Eigenvalue problem, 159f, 246ff 
computational methods for, 263 
as diagonalizing a matrix, 160 
Eigenvalues, of inertia tensor, 198ff 
real for hermitean matrix, 200 
of real orthogonal matrix, 159f 
for small oscillations, 247£f 
always real, 248 
positive for stable equilibrium, 249 
stationary properties of (reference), 
271 
zero, 259f, 270, 272 
Eigenvectors,.159 
construction for equal eigenvalues, 
200, 252f 
construction of orthogonal, 200, 252f 
for linear triatomic molecule, 261f 
matrix of, 250 
orthonormal, 253 
for small oscillations, 247ff 
indeterminacy of, 248f 
Eikonal, 488f 
Eikonal equation, 489, 494 
Einstein, A., 277, 332, 531 
Einstein energy-mass relation, 308 
Einstein field equations, 511 
Einstein summation convention, 133 
Eisele, J. A., and R. M. Mason, 200 
Eisenhart, L. P., 420 
Elastic rod, discrete approximation to, 
545f, 562, 568, 596 
Fourier series representation of 
vibrations, 568 
Lagrangian and equations of motion 
for, 547 
. Stress-energy tensor components in, 
557£ 
Elastic solid, 550, 558f 
Electric circuits, 52f, 243, 269 
Electric current density, for Dirac field, 
594 
four-vector of, 302, 575 
for Klein-Gordon field, 593 
for localized charged particle, 586 
Electromagnetic field tensor, 581f, 599 
Electromagnetic fields, 53, 258, 330, 
560 
as example of relativistic field theory, 
581ff, 599f 
gauge uncertainty in potentials, 581, 
583 i 
interacting with Dirac particles, 586f 
interaction terms, 583, 585ff, 598f 


Lagrangian including particle and 
interaction, 586f 
potentials for, 22, 302, 487, 581 c og 
stress-energy tensors for, 583f, 599f : 
in terms of noneuclidean real four- 
dimensional space, 599f 
Electromagnetic forces, 7, 21, 242, 305, 
325, 346, 357, 361, 535 
Electron charge, 108 
Electron optics, 370, 494 i 
Elements of elliptic orbits, 
astronomical, 478, 497, 504 | 
in terms of action-angle variables, | 
479f, 497 | 
time variation of perturbed, 504f 
Eliezer, C. J., and A. Gray, 540 
Ellipsoidal coordinates, 495 
Elliptic functions and integrals, 89, 119, 
122, 205, 216, 236f, 24], 324, 
509 
Elliptic orbits, hodograph for, 125 
properties of, 97f, 122f, 125, 434, 
476, 478f 
Empty focus, in elliptic motion, /22 
Encke’s method, 529 
Energy. See also qualifying adjectives, 
as kinetic, potential, total 


as cononical momentum conjugate to 
time, 331 
conservation theorem for, 4, 11, 61f, 
74 
equivalent to mass, 308 
for inverse-square law orbits, 97 
loss after elastic scattering, 117, 316f 
of motion in C-O-M system, 311 
relation to frequency, 490 
relativistic, for a particle, 307, 309 
in special relativity, 303ff 
Energy current density, 557 
for elastic rod, 557 
for electromagnetic field, 584 
Energy density, 556f, 584 
for electromagnetic field, 584 
and Hamiltonian density, 565 
Energy equation, 9 
Energy function, 61, 322, 328, 344. 
See also Hamiltonian 
conditions for reduction to total 
energy, 62, 322, 343f 
relativistic, 322 
Ensemble, 426 
Enthalpy, 341 
Entropy, 341 


Equant, 122 
Equation-of-state, and virial theorem, 
84, 12] 
Equations of continuity, 302, 556, 618° 
Equations of motion. See also proper 
names, as Hamilton’s, 
Lagrange’s, Newton’s, etc. 
. for Euler and Cayley-Klein 
parameters, 186 
Hamilton’s, 342 
Poisson bracket formulation of, 405ff, 
415, 426, 567 
rigid body, Chapter 5 
in rotating coordinate system, 177f 
for small oscillations about 
equilibrium, 245f 
in special relativity, 306, 321 
for torque, 3, 7, 239 
Equatorial bulge, 212, 226 
Equilibrium, 16, 243ff, 305, 428 
indifferent, labile or neutral, 245 
stable, 91, 244 
conditions for, 244f 
Statistical, 428 
unstable, 244 
Equipartition theorem, 84 
Equivalence postulate, 277 
Equivalent one-body problem, for 
systems with relative forces, 70, 
114 
Equivalent one-dimensional problem, 
76ff, 12] 
fictitious potential for, 76f, 111 
for heavy symmetrical top, 215 
inverse-square law of force, 77 
Ergodic motion, 425, 530 
Escape velocity, 31 
Ether, 554 
Euler angles, 132, 143ff, 183f, 185, 236, 
606ff 
difficulty for numerical computation, 
148 
for heavy symmetrical top, 213 
matrix in terms of, 147, 607, 609 
in Poisson brackets, 434 
translation between conventions, 606f 
as used for aircraft and satellites, 
147£ 
used to express rolling constraint, 
185, 240 
various conventions for, 145, 147f, 
606ff 
Euler parameters, 153f, 165, 172, 186 
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relation to rotation angle and axis, 
165 
in terms of Euler angles, 155, 608, 
609 
Euler-Lagrange differential equations, 
44, 321, 327, 363 
Eulerian viewpoint, fluid flow, 427 
Euler’s equations of motion, 204f, 239, 
436 
generalization for nonrigid bodies, 
239 
torque-free, 205 
Euler’s theorem, for homogeneous 
functions, 62, 84, 328 
for rigid body motion, 158ff, 161f 
valid only in spaces of odd 
dimensionality, 161 
Event, in four-dimensional space, 299, 
319 
Exchange transformations, 387f 
Exponential of a matrix, 157 


Falling body, Coriolis deflections of, 
181 
Fermat’s principle, 369f, 489 
Field, covariant interactions with, 330, 
338 
Field angular momentum, 561 
Field momentum density, 558 
flux density for, 558 
Field quantities, 548, 550f, 554 
Fourier series expansion of, 568f 
infinitesimal transformations of, 588 
integrals of (see Integrals*of field 
densities) 
relativistic covariance. properties, 
571f 
scalar field, complex, 575f 
Field tensor. See Electromagnetic ‘field 
tensor 
Fields, classical theory of, Chapter 12, 
560 
canonical equations of, 564 
conservation theorems in, 588ff 
examples of, 560 
momentum representation, 570 
relativistic form of, 570ff (see also 
Relativistic field theory) 
Finite rotations, 164ff 
geometrical representation of, 164f 
not commutative, 167 
not vectors, 165f, 169 
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Figure axis locus, for heavy top, 217f 
First integrals, 54, 61, 71f 
Fluid flow, analogy to ensemble 
motion, 426f 
Flux density, 105 
Fock, V., 279, 333 
Force, 1 
of constraint, 16, 28, 48, 84, 350 
defined as time derivative of 
momentum, 1, 305f 
effective, in rotating system, 178 
electromagnetic, 7, 305 
external, 5- 
frictional, 4, 24, 51, 85 
generalized, 19, 27, 48, 243, 263f 
impulsive, 66 
internal, 5, 11 
do no work in rigid bodies, 11, 17 
Minkowski, 304, 318, 338 
motion under constant, 323, 338, 415 
reversed effective, 17 
Forced oscillations, 263ff 
amplitudes of, 264 
effect of friction, 267f, 274 
with nonsinusoidal forces, 264, 274 
sinusoidal driving forces for, 264f 
in terms of normal coordinates, 263f 
Ford, K. W., and J. A. Wheeler, 120 
Form-invariance, 589 
Foucault pendulum, 182, 187 
Four dimensional spaces, 280, 550f 
covariant (physical) transformation 
from, 299 
imaginary (Minkowski), 280 
real, 237, 288ff, 550f, 598, 599f 
Four-divergence, 302 
Four-gradient operator, 302f 
Four-momentum, 306 
Four-tensors, 299, 318 
construction as volume integrals in 
relativistic field theory, 574 
Four-vectors, 299, 572 
construction as volume integrals in 
relativistic field theory, 573f 
electric current density, 302, 582, 
593f 
of frequency and wave number, 336 
potential, electromagnetic, 303, 305, 
581, 585 
space- or time-like, 301 
velocity, 302 
Fourier series, effect of degeneracy on, 
471, 526 


expansion of motion about circular 
orbit, 603 
for field variables, 568 
for multiply-periodic motion, 466, 
516, 520, 526f, 530 
for rotation coordinates, 467 
Fradkin, D. M., 104 
Free frequencies of vibration, linear 
triatomic molecule, 259f, 27/f 
Free vibrations, 253f 
damping by friction, 265f 
effect of, on forced vibrations, 264 
French, A. P., 332 
Frequencies, from action-angle 
variables, 461, 465f 
commensurate, 466, 468, 469, 523 
degeneracy conditions for, 469 
mean, 468 
perturbed, 509, 518f, 521, 525, 542f 
reduction of degenerate, 470, 476, 
525f 
of small oscillation, 246, 249, 253ff, 
266f, 354f 
true, for small oscillation, 260 
of waves associated with classical 
motion, 489f 
zero, in degeneracy, 471, 525 
zero, in small oscillations, 259f, 270, 
272, 355 
Frequency, connection with energy, 
490 
cyclotron, or gyration, 536 
of Thomas precession, 288 
Friction, 4, 17, 24, 51, 121, 181, 224 
Functional derivative, 564 
Fundamental lemma of calculus of 
variations, 39, 63 


Galilean system, 2 


Galilean transformation, 276, 284, 303, 


350 
Gardner, M., 158 
Garfinkel, R., 468, 493, 541, 614 
Gas. See Perfect gas 
Gauge condition, 581, 583 
Gauge transformation, 34, 303, 593f 
Gauss~Legendre quadrature, 126 
General relativity, 511, 515 
Generalized coordinates, 13 
choices for, 14 
field variables as, 548, 550f 
relative to equilibrium, 244f 
for rigid bodies, 129, 145 


transformation equations for, 13, 25, 
349 
Generalized mechanics, 66 
Generalized momentum, 55, 340, 596. 
See also Momentum, canonical 
Generalized potential. See Potential 
Generalized velocities, 25 
Generating functions, 382ff 
construction of new types, 383f, 43] 
double-valued or singular 
transformations from, 390 
equations of transformation in terms 
of, 383 
examples of, 386ff 
of first kind, to action-angle 
variables, 532 
implied by symplectic condition, 396 
403f, 429 
to perturbed cyclic coordinates, 516f, 
520£ 
relation to transformed Hamiltonian, 
382f 
as solutions of the Hamilton-Jacobi 
equation, 439ff 
types of, 382ff 
connections through Legendre 
transformations, 384f, 43] 
mixed forms, 385f, 388f, 43] 
not all possible, 385, 388f, 404 
“‘universal,’’ reference to, 429 
when constants of the motion, 411, 
430 . 
Generators of infinitesimal pure 
Lorentz transformations, 297 
Generators of infinitesimal rotations, 
173f, 186, 297, 420f 
Geodesics, 65, 370, 406 
Geoid, 178 
Geometrical optics, 111, 369, 488 
compared with classical mechanics, 
113, 484ff, 489, 494 
eikonal equation of, 489, 494 
Fermat’s principle in, 369, 489 
and Hamilton-Jacobi theory, 484ff, 
489 
limit of wave motion, 489f, 494 
Geostrophic wind, 180 
Giacaglia, G. E. O., 526, 541 
Gibbs, J. W., 103, 165, 235 
Gibbs function, 341 
Glory scattering, 113, 120 
Goertzel, G., and N. Tralli, 611 
Goldschmidt solution, 65 


> 
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Gossick, B. R., 64 
Gradshtein, I. S., and I. W. Ryzhik, 95 
Gram-Schmidt orthogonalization 
procedure, 200, 253 
Gravitational acceleration, effective, 
178 
Gravitational field, 178 
Gravitational radius, 511 
Gravity field, 178, 184 
Gray, A., 207 
Groesberg, S. W., 237 
Group O*(3), 152 
Group R(3), 420, 424 
Group R(4) or SO(4), 421f 
Group SO(3), 152, 420, 424 
Group SU(2), 152, 425 
Group SU(n), 425 
Group property, 151, 284, 294, 335, 396 
Group theory, 151, 183, 420ff, 430 
application to finding normal modes 
of small oscillations, 263, 270 
Guillemin, E. A., 271 
Gwinn, W. D., 270 
Gyration frequency, 325, 326, 536 
Gyrocompass, 225, 237, 242 
Gyromagnetic ratio, 233 
Gyroscope, 224ff, 236-238 
precession equation for, 224 
precession phenomena of, 225 
Gyroscopic terms, 354 


Haar, D. Ter, 269, 364, 372, 492 
Hagedorn, R., 333 
Hagihara, Y., 541 
Hamel, G., 165, 183 
Hamilton, W. R., 103, 156, 342, 491 
Hamilton-Jacobi equation, 438ff. See 
also Separation of variables 
for central force motion, 454ff 
constants of integration in, 439f, 
443f, 445, 456, 464 
effect of degeneracy on separability, 
469, 493f 
and eikonal equation, 489f 
in ellipsoidal coordinates, 495 
for Hamilton’s characteristic 
function, 445ff 
for Hamilton’s principal function, 
438ff 
for harmonic oscillator, 442ff, 494 
as limit of Schrédinger equation, 490f 
methods of integration, 449f, 494 
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Hamilton—Jacobi equation (cont.) 
as partial differential equation of first 
order, 439f, 492 
separable, 449f, 613f 
solution for cyclic coordinates, 451f 
solution for Kepler problem, 472ff 
solution gives orbit equation, 447 
solution to, solves mechanical 
problem, 441 
Staeckel conditions, 453, App. D. 
transformation equations obtained 
from, 440, 445f 
when time not separable, 450, 495 
Hamilton-Jacobi theory, Chapter 10 
comparison of Hamilton’s principal 
and characteristic function, 447f 
and geometrical optics, 484ff, 489, 
494 
in perturbation theory, 500ff, 516ff 
Hamiltonian, 341. See also Hamiltonian 
formulation 
abbreviated construction procedure, 
343f 
as canonical momentum conjugate to 
time, 358, 377, 429, 446, 451 
for central force motion, 345, 372 
change under I.C.T., 410f 
change under scale transformation, 
381 
for charged particles in 
electromagnetic field, 346, 361 
for charged particle in uniform 
magnetic field, 374 
conserved, if Hamiltonian density 
doesn’t contain time, 566 
independent of whether or not 
equal to energy, 349, 372f 
if not an explicit function of time, 
348f, 445 
in principle of least action, 367 
diagonalization in phase space, 354 
for equivalent Lagrangian, 375f 
equivalent numerically to Jacobi’s 
integral, 61, 342 
examples of, 345f, 349f, 372ff 
fourth component of world 
momentum, 358, 361 
full procedure for construction, 343 
functional behavior, 343, 364f 
generator of system motion in time, 
408, 427 i 
harmonic oscillator, two-dimensional, 
423 


invariance of, and constants of the 
motion, 411f 
matrix form for, 344 . 
perturbation, 499, 516, 526 
relativistic, 357, 377 
with electromagnetic forces, 357, 
361 
single particle, 357 
time dependence, 342, 348, 361, 406 
transformed (under canonical 
transformation), 380, 406, 438f, 
446 
vanishes when time is coordinate, 
368 
when equal to total energy, 343f, 346, 
349 
when Lagrangian is sum of 
homogeneous functions, 343 
Hamiltonian density, 563 
complex scalar field, 577 
corresponding to sine-Gordon 
equation, 578 
equivalence with total energy 
density, 565 
with higher derivatives, 599 
time dependence, 565f 
as world scalar, 571 
Hamiltonian formulation, 328, Chapter 
8 
breaks down for Lagrangian 
homogeneous in first degree, 
358f 
connection with Poisson brackets, 
399 
conservation theorems in, 348f 
for continuous systems and fields, 
562ff, 598 
difficulties of covariant description, 
563 
coordinates and momenta as 
independent variables in, 340, 
364f, 371, 387f 
covariant, 358f 
effect of no-interaction theorem, 362 
and geometrical optics, 369 
and principle of least action, 367ff 
relativistic, 356ff, 360ff 
relativistic field theory, 575 
role of cyclic coordinates in, 351ff 
in terms of time derivatives of 
coordinates and momentum, 376 
when variables not all independent, 
368, 377 


Hamilton’s characteristic function, 
445ff, 450 


and abbreviated action, 447, 480, 532 


analogy to eikonal, 489 
compared with Hamilton’s principal 
function, 447f, 450 
generating function to transformed 
action variables, 471, 532 
multiply-periodic function derived 
from, 468f, 518, 532 
only for constant H, 445 
in time-independent perturbation 
theory, 516ff 
Hamilton’s equations, 342 
complete solution from Hamilton- 
Jacobi equation, 440f 
covariant, problems with, 361 
for cyclic coordinates in Routh’s 
procedure, 352 
for fields and continuous systems, 
564 
in er or symplectic form, 347, 
9 
in Poisson bracket form, 405f 
solution when all coordinates cyclic, 
378f 
transformed form, 380 
from variational principle, 362ff 
Hamilton’s modified principle. See 
Modified Hamilton’s principle 
Hamilton’s principal function, 439ff, 
447f, 450, 500 
and action integral, 442, 444f 
compared with Hamilton’s 
characteristic function, 447f, 450 
expansion in powers of h, 491 
propagation of, in configuration 
space, 485ff, 494 
Hamilton’s principle, 35ff, 51f, 321 
for continuous systems or fields, 
548f, 551, 554 
covariant, 327 
. modified, 362ff (see also Modified 
Hamilton’s principle) 
nonholonomic systems, 45ff, 63, 64 
and partial differential equations, 371 
in phase space, 362f 
in terms of four-dimensional integral, 
551 
in terms of Lorentz-invariant 
parameter, 328f, 358f 
Handedness convention, 172 
Hansen’s and Hill’s methods, 529, 541 
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Harmonic oscillations, small 
oscillations in terms of, 255f, 
258, 537 
Harmonic oscillator, 81, 120, 243, 437, 
458, 463, 470 
adiabatic invariance in, 533f 
application of perturbation theory, 
499, 501f, 523f, 540, 542f 
canonical transformations to solve, 
389, 423, 442f, 462 
constant of motion for one- 
dimensional, 435 
exact invariant for time-dependent, 
538f, 543f 
fields represented as systems of, 577 
on moving cart, 349f 
relativistic, 324f, 543 
solution in terms of action-angle 
variables, 462, 467f, 496f 
solved by Hamilton-Jacobi equation, 
442f 
symmetry groups, 423f, 425 
transformed Hamiltonian for, 390, 
435, 462 
with time-dependent parameter, 533, 
537f£ 
Hauser, W., 29 
Havas, P., 64 
Heading angle, 147 
Heavy symmetrical top. See Top 
Heisenberg picture (of quantum 
mechanics), 416 
Helmholtz, H., 64 
Hermitean property. See also Matrix 
invariant under unitary similarity 
transformation, 150, 184 
Herpolhode, 207 
Hertz’s principle of least curvature, 
370 
Herzberg, G., 184, 270f 
Hess, S. L., 184 
High energy physics, 310 
Higher derivatives, in variational 
principles, 44, 66 
Hildebrand, F. B., 344 
Hille, E., 359 
Hirschfelder, J. O.; D. F. Curtiss; and 
B. B. Bird, 120 
Hodograph, /25 
Holonomic constraints, 11, 339. See 
also Constraints 
Homogeneous problem, 328, 334, 358ff, 
368, 372 
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Homomorphic set of rotation matrices, 
151, 425 
Hooke’s law, 52, 94f, 105, 324, 546, 604 
Hori, G., 529 
Howland, R. A., Jr., 515 
Hydrodynamic derivative, 426 
Hydrogen, 119 
Hydrogen atom, quantum levels of, 483 
Hyperbolic motion, 323, 338 
Hyperbolic orbit, 96, 124 
Hypersurface of three dimensions, 544, 
572 
covariant description of, 573 
space- and time-like, 572 
transformations of, in Noether’s 
theorem, 591 
Hypocycloid, 65 


I.C.T. See Infinitesimal canonical 
transformations 
Identity transformation, 129, 158, 386, 
388, 395f, 431, 452 
Ignorable coordinates, 55, 351f. See 
also Cyclic coordinates . 
Impact parameter, 106 
relation to scattering cross section, 
107, 110 
Imperfect gases, 84, 121 
Implicit function theorem, 359 
Improper rotation, 144, 171 
Impulse, impulsive forces, 66, 122, 319 
Inclination (of orbit), 472, 479 
Indefinite metric, 289 
Index convention, four-dimensional 
spaces, 281, 288, 310 
Index of refraction, 487 
Indices, raising and lowering, 292 
Inelastic collision, 308, 336 
Inelastic reactions, 117, 308, 312f 
Inertia ellipsoid, 202, 206, 238, 256 
motion in absence of torques, 206f, 
240f 
Inertia tensor, 195ff, 226, 235, 237, 238, 
250 
analogous to quadrupole moment 
tensor, 229f 
construction of orthogonal 
eigenvectors for equal 
eigenvalues, 200 
diagonalization of, 199f, 256 
distinct eigenvectors orthogonal, 
199f, 250 
dyadic form of, 195, 227 


effect of shift of origin, 197f 
eigenvalues of, 198ff, 250, 253 
hermitean property, 198 
principal axes, 201, 256 
Inertial systems, 2, 30, 177, 275f, 279 
traveling with moving particles, 287f, 
300 
Inertial terms, 52 
Infinitesimal canonical transformation, 
399fF 
active interpretations of, 409 
change of function under, 409f 
change of Hamiltonian under, 410f 
change of vector under, 416ff 
equations of transformation of, 394f 
matrix form, 395, 407 
Poisson bracket form of, 407 
generated by Hamiltonian, 407f 
generating functions for, 395 
as constants of motion, 411 
Jacobian matrix of, 396 
parametric, Lie groups of, 420ff 
Poisson bracket formulation of, 407f 
of rotation, 412f, 417f, 420 
symplectic condition holds for, 396 
and system symmetries, 411f, 420ff 
time as parameter in, 407f 
used to generate finite canonical 
transformations, 413ff 
Infinitesimal pure Lorentz 
transformations, 296f 
matrix generators for, 297 
Infinitesimal rotations, 166ff, 173, 236, 
412f, 420ff, 611ff 
commutative property, 165 
generated by angular momentum, 413 
geometrical representation for, 170 
matrix for, 168f, 173, 412, 611 
matrix Zenerators for, 173f, 186, 297, 
420 
matrix generators in real four-spaces, 
422 
in a plane, 58f, 170 
proper only, 169 
of Thomas precession, 287 
vector properties of, 167, 169f, App. C 
Infinitesimal transformations, in 
Noether’s theorem, 588f, 592 
Integral principles, 35 
Integrals of field densities, 556, 563, 
566 
Fourier series expansion coefficients 
as, 569 


Poisson brackets of, 567 
time dependence, 566f 
total linear momentum of field, 598 
Integrating factor, 32 
Intensity, of beam of particles, 105 
Interactions, covariantly relativistic, 
330f, 338, 377 
Interactions, relativistic field theories, 
575, 583, 585ff, 598 
Intermolecular potentials, 111, 120 
Internal coordinates, 27] 
Invariable plane, 207 
Invariance of physical laws under 
Lorentz transformation. See 
Lorentz transformation 
Invariants of canonical transformations, 
397ff 
Invariants of Poincaré, 403 
Inverse square law of force, 77f, 80, 
85, 94ff, 122f, 338, 472£f, 604. 
See also Kepler problem 
Inversion, 144, 153, 171f, 185 
of momentum equations, 343, 358 
properties of scalar and vector 
quantities under, 171f 
Isobar, 180 
Isomorphic sets of matrices, 157 
Isotropic tensor of rank 3, 172 


J-matrix, properties and determinant 
of, 347, 376 
Jackson, J. D., 228, 233, 302f, 333, 597 
Jacobi, C. G. J., 342 
Jacobi integral, 61f, 69, 555, 596 
Jacobian determinant, 403, 441 
Jacobian matrix of transformation, 290, 
359, 392f, 403 
Jacobi’s form of least action principle, 
370, 489 
Jacobi’s identity, analog for Lagrange 
brackets, 435 
for matrix commutation, 401, 435 
for Poisson brackets, 399f 
used to generate constants of the 
motion, 406f, 419, 435 
for vector cross product, 401 
Jeffreys, H., 64 
Jeffreys, H., and B. S. Jeffreys, 182, 
269 
Jet propulsion, 6 
Jupiter, 101 


Kamiltonian, 380 
Kane, T. R., and D. A. Levinson, 237 
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Kaplan, W., 15, 18, 62, 403 
Kelvin, Lord. See Thomson 
Kepler problem, 94ff, 102ff, 104, 120, 
123, 472f€, 509f 
in action-angle variables, 472ff, 497£ 
circular orbits, condition for, 478 
constants of motion for, 104, 421f, 
475, 478f£ 
effect of perturbation on degeneracy, 
475f 
elements of the orbit, bound motion, 
418f, 504 
group for positive energy motion 
same as restricted Lorentz 
group, 297, 422 
motion in time, 98 
perturbation by central force power 
law potential, 509f 
perturbation by inverse cube law of 
force, 123, 475, 510 
perturbation by uniform mass 
distribution, 122 
relativistic (special) corrections to, 
338, 498 
in space, 472ff 
symmetry groups for, 421f 
and virial theorem for bound orbit, 
96f, 477£ 
Kepler’s equation, 101f, 119, 120, 723 
solution methods for, 123f 
Kepler’s laws of planetary motion, 73, 
100, 101, 230, 232, 476, 514 
Kerner, E. H., 334 
Kilmister, C. W., 12, 29, 429 
Kimberling, C. H., 588 
Kinematics of collisions, 115ff, 127, 
309ff, 314f. See also Scattering 
Kinematics of rigid bodies, 128ff - 
Kinetic energy, 3 
density, 552, 556, 616 
differential equation for, 31, 307 
matrix form for, 247, 344, 369 
in principle of least action, 369 
quadratic function of velocities, 25, 
61, 344, 369, 487 
reduces to square of velocity in 
special configuration space, 250, 
255f, 369f 
relation to fourth component of four- 
momentum, 307, 309 
resolution theorems for, 10, 71, 189 
or rigid body motion about a point, 
188ff, 195f 
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Kinetic energy (cont.) 
for small oscillations, 245, 255f, 369 
in special relativity, 307 
1 for systems of particles, 9 
Kinetic energy ellipsoid, 208f, 256, 263 
Kinetic theory of gases, 84, 426ff 
Kinosthenic coordinates, 55 
Klein, F., 148, 237 
Klein, F., and A. Sommerfeld, 216, 
220, 231, 236 
Klein~Gordon equation and field, 576, 
593 
Kolmogorov, A. N., 530 
Korteweg-deVries equation, 579, 594f, 
599 
Kovalevskaya, Sonya, 237 
Kronecker 6-symbol, 132 


Laboratory system, 2 
transformation to, 114ff, 311ff 
Lagrange, J. L., 527 
Lagrange brackets, 401, 506 
canonical invariance of, 401f 
fundamental, 402 
relation to Poisson brackets, 402, 435 
Lagrange perturbation equations, 506 
Lagrange undetermined multipliers, 46f, 
203, 240, 338, 377 
for continuous systems and fields, 
549f, 552, 564, 571 
for cyclic coordinates, 55 
derived from Hamilton’s principle, 
43ff 
with dissipation function, 24 
- with higher derivatives, 66 
for impulsive forces, 66 
initial conditions for, 339 
invariant under point 
transformations, 33 
Nielsen form, 32 
for nonconservative systems, 20, 67 
for noncyclic coordinates in Routh’s 
procedure, 352 
in special relativity, 321, 327f, 338 
Lagrangian, 20 
for charged particles in magnetic 
field, 239, 242, 322, 330, 360, 535 
for combined system of 
electromagnetic field and 
charged particle, 586 
for continuous systems, 548, 551 
for electric circuits, 526 


explicitly dependent on time, 60, 327 
Galilean transformation properties, 
276, 334 
from Hamiltonian, 360, 372 
homogeneous (to first degree in 
generalized velocities), 328, 338, 
358, 360 
including frictional effects, 67 
indefinite to total time derivative, 21, 
33, 51, 334 
matrix form for, 344 
non-unique, 21, 33, 373 
quadratic in generalized velocities, 
61, 344, 453 
relativistic, approximate, 332, 333 
charged particle in electromagnetic 
field, 322, 330, 360, 586 
covariant, 326ff, 338, 360 
form of interaction terms, 330f, 
338, 585f 
noncovariant, 321ff 
quadratic in velocities, 330 
separation of rigid body motion into 
translation and rotation, 203f 
for small oscillations, 245f 
as sum of homogeneous functions of 
generalized velocities, 61f, 343 
for systems of charged particles, 23, 
34, 55, 61, 330, 346 
as world scalar, 327, 329f 
Lagrangian density, 548, 556, 560 
complex scalar field, 575 
corresponding to sine-Gordon 
equation, 578 
Dirac field, 580, 586f 
for electromagnetic field, 583, 585, 
600 
form invariance, 589 
gauge invariance of, 593f 
with higher derivatives, 599 
Proca form for electromagnetic field 
(reference to), 597 
for Schrödinger wave function, 598 
for sound vibration in gases, 552f, 
556, App. E 
terms in, not affecting field 
equations, 552, 619 
uncertain to four-divergence, 553f 
as world scalar, 571 
Lagrangian formulation, advantages of, 
25, 51f 
for continuous systems and fields, 53, 
548ff 
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for interacting fields and particles, 
585ff 
for nonmechanical systems, 51ff 
reduction in number of degrees of 
freedom by Routh’s procedure, 
352 
relativistic, 320ff, 326f 
difficulties of, 328ff 
interactions in, 330f, 338, 377, 585f 
in terms of proper time, 329, 338 
Lagrangian points (reference to), 372 
Lagrangian viewpoint, fluid flow, 427 
Lanczos, C., 29, 35, 55, 63, 360, 371, 
429, 492 
Landau, L. D., and E. M. Lifshitz, 64, 
110, 120, 270, 368, 381 
Lang, S., 359 
Laplace, P. S., 103, 104 
Laplace-Runge-Lenz vector, 102ff, 
119, 120, 125, 421f, 437 
associated symmetry group, 421f 
and orbit in Kepler problem, 104 
Poisson brackets involving, 421, 437 
Laplace transforms, 269, 270, 274 
Larmor frequency, 234, 242, 326, 374, 
536 
Larmor’s theorem, 235, 326, 536 
Latitude fluctuations, 212 
Left-hand convention, for vectors, 172 
Legendre polynomials, 226f 
Legendre transformation, 339ff, 371, 
469 
applied to thermodynamics, 341, 371 
and generating functions, 384f, 43/, 
532 
reversible, 360, 372f 
Lehnert, B., 542 
Leimanis, E., 237 
Lenz, W., 103 
Levi-Civita density, 172, 418 
Lewis, G. N., and R. C. Tolman, 305f 
Lewis, H. R., Jr., 540 
Liapunov method (reference), 270 
Libration, 458, 463, 465f 
Lie algebra, 173, 183, 297, 400 
Lie bracket, 173, 297, 420, 529 
Lie groups, 420ff 
Lie, S., 394 
Lie series, 238, 529, 541 
Light. See Geometrical optics; Photon; 
Wave equation s 
Light-like, vectors, 313 
Light pressure, 543 
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Lindsay, R. B., and H. Margenau, 30, 
372 
Line of nodes, 145, 479, 513 
Linear infinite molecule, 545f 
Hamiltonian for, 562 
Lagrangian and equations of motion 
for, 546 
transverse vibrations, 596, 597 
Linear momentum, 1f 
conservation theorems for, 2, 6, 57, 
306, 348, 411f 
of fields, 598 
in special relativity, 306 
Linear transformation, 133ff 
from inclined to orthogonal axes, 251 
vector form for proper orthogonal, 
165 
Linear triatomic molecule, 258ff, 270, 
271£ 
Liouville equations, 239 
Liouville’s theorem, 426ff, 429 
Lipschutz, S., 611 
Lissajous figures, 82, 262, 425, 463, 468 
Loebl, E. M., 120, 430, 493 
Logarithmic potential, 88 
Longitude of the ascending node, 479, 
513 
identification with w,, 480f 
Lorentz, H. A., 531 
Lorentz- Fitzgerald contraction, 334 
Lorentz force, 22, 242, 305, 325, 535 
Lorentz gauge, 303, 581, 585 
Lorentz group, 422 
Lorentz-invariant interactions, 330f, 
338 
Lorentz invariants, in collision 
kinematics, 311f 
Lorentz system. See Inertial system 
Lorentz transformation, 277ff 
to accelerated particles, 287f 
behavior of Newton’s equations of 
motion under, 304 
conversion between Minkowski and 
real spaces, 289f ` 
derivations of, 332 
described by imaginary rotation 
angle, 282, 295f, 336 
determinant properties, 284 
formulas for, 278ff, 295f, 334 
group properties of, 284, 294, 333, 
335, 422 
homogeneous, 283 
including spatial rotation, 283, 296 
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Lorentz transformation (cont.) 


inhomogeneous, 283 
invariance of causal time 
connections, 302 
invariance of physical laws under, 
277, 298ff 
inverse, 281, 334f 
limits of integration under, 572f 
matrix representations, 281, 283, 
289f, 295f 
orthochronous, 284 
as orthogonal transformation, 280 
proper, 284 
properties, 279, 293ff 
properties of field quantities under, 
571f 
pure, 284 
dyadic form for, 334 
exponential representation of 2x2 
matrices for, 296 £ 
homomorphic matrices for, 295f, 
336 i 
infinitesimal, 296f (see also 
Infinitesimal pure Lorentz 
transformations) 
in real spaces, 288ff, 293ff, 300, 332- 
334 
restricted, 284 
exponential representation of 2x2 
matrices for, 296 
homomorphic to 2X2 unimodular 
matrices, 294 
possessing group property, 284, 
294, 333, 335, 422 
as product of pure transformation 
and spatial rotation, 285, 296, 
333, 335f 
spatial rotation from two pure 
transformations, 285f, 296, 336 
in transformation between C-O-M 


and laboratory system, 311f, 314f 


vector equation for, 280, 295, 336 
Ludford, G. S. S., and D. W. 
Yannitell, 394 


Macfarlane, J., 294 

Mach, E., 30 

Mach Principle, 30 

Macmillan, W. D., 119, 216, 236 


Magnetic dipole, forces and torques on, 


233 
Magnetic field intensity, 171, 181, 483f 


Magnetic field, motion of charges in, 
232ff, 325f, 432, 495, 535f 

Magnetic mirror, 537 

Magnetic moment, 189, 233f, 535 

Magnetic quantum number, 484 

Magnetic rigidity, 326 

Major axis of elliptic orbit, 97 

Mann, R. A., 334 

Many particle systems, 5f, 309ff, 321f, 
331, 487 

relativistic descriptions of, 320, 331f 


Margenau, H., and G. M. Murphy, 145, 


344 
Marion, J. B., 120, 171, 183 
Mass, 1 
associated with tachyons, 309 
longitudinal, 336 
rest, 308, 576 
transverse, 336 
Mass-weighted coordinates, 246, 263 
Material derivative, 426 
Mathews, J., and R. L. Walker, 226 
Matrix, addition, 138 
adjoint, 142, 184 
varying definitions of, 142, 344 
algebra of, 137ff 
antisymmetric, 141, 169 (see also 
Antisymmetric matrix) 
cofactor, 345 
column or row, 138, 140 
determinant (see Determinant) 
diagonalization of, 160f, 247f (see 
also Diagonalization) 
dimension of, 140 
eigenvalue problem for, 159 
exponential of, 157, 185 
hermitean, 142, 157 
inverse, 138f, 142, 344 
of diagonal matrix, 345, 376 
multiplication, 137f, 141, 184 
not commutative, 138 
orthogonal (see Orthogonal matrix) 
principal axes of, 201, 251 
rectangular, 140 
relation to tensor, 193 
representation by symmetric plus 
antisymmetric matrices, 141 
rotation, 146 (see also Rotation) 
row, 140 


secular or characteristic equation of, 


160 
self-adjoint, 142 
skew-symmetric, 141 


symmetric, 141 
symplectic, 393 
trace, or spur, 150 
of transformation, 134 
transpose, 140, 184 
unimodular, 149 
unit, 139, 156, 347 
Matrix mechanics, 484 
Maupertuis, Pierre de, 368, 372 
Maupertuis action, 368 
Maxwell’s equations, 22, 277, 303, 356, 
581 
in terms of field tensor, 582 
MacCullagh’s formula, 228 
McCuskey, S. W., 99, 120 
McIntosh, H. V., 120, 425, 430, 493 
Mean anomaly, 101, 434 
Mechanics. See qualifying adjective, as 
analytical, classical, quantum, 
relativistic, statistical 
Meirovitch, L., 237, 270 
Mercury, 123, 338, 512, 514f 
Merzbacher, E., 416 
Mesons, 277, 313, 337, 560 
Meteor orbit, 122 
Meteorological optics, 113 
Meteorology, and Coriolis effects, 180f, 
184 
Method of residues, 474, 493 
Metric tensor, 250f, 270, 288, 369f 
inverse, 292 
signature, or trace, 292, 332, 576, 583 
in terms of kinetic energy matrix 
elements, 250, 369 
Meyer, R. E., 538 
Michelson-Morley experiment, 277, 333 
Microcanonical ensemble, 428 
Minimum surface of revolution, 41f, 63, 
65 
Goldschmidt solution for, 65 
Minkowski force, 304, 318, 338 
on charged particles, 305, 330 
Minkowski space, 280, 332 
use disputed, 292f, 333 
Mirror confinement, 537, 542 
Misner, C. W.; K. S. Thorne; and J. 
A. Wheeler, 293, 332, 511f 
Moderator, 119 , 
Modified Hamilton’s principle, 362ff, 
372, 441, 598 
and canonical transformations, 380f 
with constraints, 364, 377 
endpoint variations in, 363f 
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Hamilton’s equations from, 363 
matrix form for, 376 
parameter replacing time, 368 
physical content of, 363 
variants of, 364 
Molecular spectra, 182, 184, 243, 270f 
Molecular vibrations, 258ff, 270f, 272 
symmetry considerations, 263, 270 
Moment of force, 2 
Moment of inertia, 196, 238 
about principal axes of the earth, 
212, 232 
parallel axis resolution theorem for, 
196f 
Moment of inertia coefficients, 191 
Moment of inertia tensor. See Inertia 
tensor 
Momentum. See also modifying 
adjective, as angular, 
generalized, linear 
canonical, or conjugate, 54, 322, 
330f, 340, 357 
action variables (see Action-angle 
variables) 
conservation theorems, 55, 348f, 
411f, 596 
density for fields, 563 
for electromagnetic forces, 55f, 
322, 330f, 346, 357, 360 
Hamiltonian as, 358, 377, 446 
from Hamilton-Jacobi equation, 
440, 441 
inversion of defining equations, 
343, 358f 
matrix form for, 344 
not all independent when time is 
coordinate, 359f, 377 
when represented by vector, 345f, 
357 . 
connection with wavelength, 490 
conservation of (see Conservation 
theorems) 
density in field, 558 
electromagnetic field, 56 
field, 558, 598 
mechanical, 55f, 330, 340, 413 
vector conjugate to Cartesian 
coordinates, 345f, 357 
Momentum representation, 568ff. See 
also Discrete field quantities 
complex scalar field, 577 
for field of sine~Gordon equation, 
579 
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Momentum representation (cont.) 
generalization to expansion in 
orthonormal functions, 570, 597 
sound field in gases, 598 
Monogenic, 35, 339 
Monopole, magnetic, 124, 435, 493 
conserved quantity for, 124f, 435 
Moon (of the earth), 229, 231, 500, 512, 
527f 
Morgenstern, D., and I. Szabó, 21 
Moser, J., 530, 541 
Multiparticle. See Many particle 
systems 
Multiple roots of secular equation, 
constructing orthogonal 
eigenvectors for, 200, 251f 
Multiply-periodic motion, 463, 493, 505 
associated frequencies, 464f, 468 
Fourier expansions for, 466, 471 
implies action-angle variables, 469 
mean frequencies in, 468 
Multiple expansion, of gravitational or 
electrostatic potential, 228 
Munk, W. H., and G.J. F. >- 
MacDonald, 238 


Napier’s rules, 481 
Nering, E. D., 344 
Neutrino, 30, 336f 
Neutron, 119, 312 
Newton, I., 102, 500, 527, 617 
Newton, R. G., 120 
Newton’s equations of motion, 1, 5, 
102, 203f, 303f, 535, 559 
Newton’s Second Law of Motion, 1, 5, 
102, 275 
behavior under Lorentz 
transformation, 304 
invariance under Galilean 
transformation, 276 
Newton’s Third Law of Motion, 5 
Noether, E., 588 
Noether’s theorem, 555, 588ff, 597 
conditions on symmetry operations, 
588f 
conserved currents from, 592 
conserved quantities not described 
from, 594f 
for discrete systems, 595f ; 
restricted to continuous symmetry 
transformations, 588 
No-interaction theorem, 332, 334, 362 


Nonholonomic constraints. See 
Constraints 
Nonholonomic systems, variational 
principles for, 45ff, 63 
Nonholonomic vector, 175 
Noninertial systems, 177ff, 225 
Nonlinear oscillations, 269, 270, 527 
Normal coordinates, 253ff, 255, 257 
in forced vibrations, 263f 
kinetic and potential energy in terms 
of, 255 
Lagrangian and equations of motion 
in terms of, 257 
Normal modes, 257f 
construction of orthogonal 
eigenvectors for, 200, 261 
corresponding to zero frequencies, 
259f 
effect of frictional forces on, 265f 
excitation in forced vibrations, 265 
of linear triatomic molecule, 258ff, 
271f 
Northrop, T. G., 541 
Notation for derivatives, 399, 441, 550f 
Nuclear explosions, 308 
Nuclear reactor, 119 
Nucleon, 312 
Nutation, 217f, 220, 231, 241, 242 


Oblate earth, free precession of, 210f, 
240 
gravitational potential of, 229, 513 
moments of inertia of, 210, 232 
precession induced by, 231f, 336, 
5126f 
Oblateness of the sun, and planetary 
orbits, 514f 
Occupation numbers, 258, 570 
Olson, H. F., 53, 64 
Onofri, E., and M. Pauri, 470 
Operational calculus, 274 
Optical path length, 488 
Optics, scalar wave equation for, 487. 
See also Geometrical optics 
Orbit, differential equation for, 86ff 
formal solution for, in central force 
motion, 87f, 455 
from Hamilton-Jacobi equation, 447, 
455 
of the moon, effect of earth’s 
oblateness on, 231, 500, 512 
osculating, 504, 529 
perturbed, 504 


position at given time, 101f 
satellite (see Satellite) 
symmetry about apsidal vectors, 87 
Orbiting, 112, 120 
Orbits. See also Central force motion 
astronomical elements of, 478f, 504 
bounded, 78 


circular, conditions for, 79f, 91, 121, 


478, 601 

classification of, for central force 
motion, 78f 

classification of, for inverse-square 
law of force, 96 

closed, conditions for, 90ff, 92, 105, 
469, 602, 604f 


described by integrals of the motion, 


104, 478f 
elliptic, precession of, 123, 509f 
elliptic, properties of, 97f, 122, 123, 
125, 434, 476, 478f 
for inverse cube force laws, 88 
for inverse fourth law of force, 81 
for inverse-square law of force, 77f, 
80, 88, 95ff, 104 
stability about circular motion, 91ff, 
353, 355f, 601 
unbounded, 79 
Order of finite rotations, 165 
Orthogonal matrix, 134, 250 
determinant of, 143f, 612 
eigenvalues for real, 159f 


Lorentz transformation in Minkowski 


space, 280, 283 ; 
of rigid body orientation, 135, 147 
as rotation operator, 135f 
transpose as the inverse, 140 
when group property applies, 151 
Orthogonal transformations, 132ff 
homomorphic unitary unimodular 
matrices for, 151f, 425 
improper, 144, 154 
invariance of physical laws under 
three dimensional, 299 
proper, 144 
properties of tensors under, 192f 
Orthogonality condition, 134, 140, 143, 
150, 250 
in Riemannian spaces, 250, 289 
Orthogonality of eigenvectors, of 
inertia tensor, 199f 
for small oscillations, 247, 252 
Orthogonalization of eigenvectors for 
multiple roots, 200, 252f 
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Orthonormal eigenvectors, 253 
Oscillations, about stable equilibrium, 
Chapter 6 
small (see Small oscillations; 
Vibrations) 
Osculating orbit, 504, 529 
Osgood, W. F., 30, 145 


Panofsky, W. K. H., and M. Phillips, 
233, 302f 
Parabolic coordinates, 457 
Parabolic orbit, 96, 98f 
Parallel axis theorems, 190, 196f, 203 
Parameter, replacing time in relativistic 
mechanics, 326f, 338, 358f 
Parametric oscillations, 270 
Pars, L. A., 63, 64, 183, 371, 394, 429, 
493, 613 
Partial differential equations, first 
order, 439f, 441, 492 
complete solutions, 439f 
Particle, charge density for, 585f 
conservation theorems for, 2f, 306f 
Dirac, 580, 586f 
mechanics of, 1f 
Path of system motion, in configuration 
space, 35 
Pauli spin matrices, 156, 173, 182, 185f, 
293, 347, 580 
Pease, M. C., 200 
Pendulum, adiabatic invariance of 
action variable for, 531, 543 
of finite amplitude, 506f, 519, 542f, 
579 
illustrating periodic motion, 459f 
Pendulum equation. See Sine~Gordon 
equation 
Perfect gas, 84, 552f, 596, 617f 
Periapsis, 98, 107, 483 
Pericynthion, 98 
Perihelion, 98 
Period, in elliptic motion, 100, 102, 476 
pendulum of finite amplitude, 506f, 
519, 542 
Periodic motion, 452ff 
Fourier expansion for, 466, 516, 520, 
526f 
frequencies from action-angle 
variables, 461 
perturbed frequencies of, 518, 520ff 
types of, 458f 
Periodic perturbation changes of orbit 
parameters, 504f 
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Permutation symbol, 172, 175, 183, 418, 
582, 611 
expressed in terms of Kronecker 
delta symbols, 186 
Perturbation, of harmonic oscillator, 
499, 523f, 542f 
of satellite orbits, 232, 483, 499f, 
512ff, 529, 540f, 543 
Perturbation Hamiltonian, 499, 516, 526 
trigonometric series expansion of, 
528 
Perturbation theory, 342, 429, 483f, 
Chapter 11 
applied to harmonic oscillator, 501ff, 
523f, 533f, 540, 542f 
in celestial mechanics, 526, 527ff, 540 
degeneracies in, 523, 525f 
general, 527, 528 
history, 500, 527f, 541 
Kepler problem, 509f, 528ff 
Poisson brackets in, 505f, 529 
special, 527 
time dependent, 500ff, 527, 532 
examples of, 506ff ; 
theory of adiabatic invariance, 532f 
time-independent, 515ff, 540 
examples of, 519, 523f 
higher order, 519ff 
perturbed frequencies from, 518, 
520, 525f 
variation of constants, 500ff, 527 
Phase, of a wave, 488 
Phase angle, 423, 435, 444 
Phase space, 340, 426f 
canonical invariance of volume in, 
: 402f 
for classical fields, 563 
coordinates and momenta as 
independent variables in, 364f, 
371 
density of system points in, 426 
discontinuities in orbits in, 470 
global properties of orbits in, 530, 
541 
including time and the Hamiltonian 
as independent variables, 368, 
371, 377, 382, 429 
orbit of periodic motion in, 458, 463, 
495, 530 
transformation in, 379f 
Phonons, 577 
Photon, 125, 313, 336f 
Pierce, B. O., 95 


Pio, R. L., 608 
Pitch, 148, 608 
Planck’s constant, 401, 483, 490, 492 
Plane harmonic oscillator, 539f 
Plane pendulum. See Pendulum 
Plane wave representation. See 
Momentum representation 
Plane waves, 487f, 568, 570 
distorted, 488 
Plummer, H. C., 120 
Poincaré, H., 523, 530, 541 
Poincaré elements, 497 
Poincaré integral invariants, 403, 427 
Poincaré transformation, 283 
Poincaré’s method, perturbation 
theory, 515f 
Poinsot’s construction, 205, 207, 210, 
236f, 24] 
Point collisions, 319 
Point transformations, 33, 334, 379, 
386f 
always canonical, 386 
generating functions for, 386f 
momentum transformations under, 
387, 431 
to reduce degeneracies, 470, 476 
Poisson brackets, 397ff 
algebraic properties of, 399f 
for angular momentum components 
along body axes (Klein 
relations), 436 
angular momentum relations, 416ff, 
418, 436 
correspondence to quantum 
commutation, 399, 401, 406, 416, 
419f, 567 
of discrete field variables, 569 
equation of motion in terms of, 405ff, 
415, 567 
formal solution, 415, 436, 529 
exponential of operator for, 416 
of functions of Euler angles, 434 
fundamental, 397f, 403f, 567, 569 
of harmonic oscillator invariant, 423, 
437 
identities for system vectors, 417f, 
436 
of integrals of field densities, 567, 
569 
invariant under canonical 
transformations, 398 
involving Laplace-Runge-Lenz 
vector, 421f, 437 


involving parameters of elliptic 
orbits, 434 
Jacobi’s identity for, 399f 
Lie algebra of, 401, 420 
matrix form for, 397 
as product operation, 400 
relation to Lagrange brackets, 402, 
435 
of scalar products of vectors, 418f, 
436 
and scale transformations, 399 
Taylor series of, 414 
of two constants of motion, constant, 
407, 419, 435 
of vectors with angular momentum, 
416ff, 436 
Poisson bracket formulation, 
application to statistical 
mechanics, 426ff 
of classical mechanics, 399, 405ff 
conserved quantities in, 406f, 435 
equations of motion in, 405ff 
for fields and continuous systems, 
567f 
of infinitesimal canonical 
transformations, 407f 
and quantum mechanics, 399, 401, 
406, 410, 419, 484 
for variation of constants, 505f 
Poisson’s equation, 228 
Poisson’s theorem, 407, 419 
Polar vectors, 171, 183 
Polhode, 207 
Postfactor (of dyad), 194 
Postulate of equivalence. See 
Equivalence postulate 
Potential, 4 
electromagnetic, 22f, 303, 305, 487, 
581, 585 
for forces and torques on magnetic 
dipole, 233 
generalized, 21 
charged particle in electromagnetic 
field, 22 
covariant forms, 303, 330f, 338 
Schering, 21 
separable in spherical coordinates, 
457 
time-dependent, 5, 20 
gravitational, of extended body, 226ff 
velocity-dependent, 21, 54f, 339, 413 
Potential energy, 4, 11 
change of, in perfect gas, 617 
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density, 554, 556, 616 
at equilibrium, 244f 
equivalent one-dimensional form, 76f 
form for small oscillations, 245, 255 
for rigid body, separation into 
translational and rotational, 189 
total, of system of particles, 11 
Power function, equivalent to 
dissipation function, 64 
Poynting vector, 561, 584 
Precession, of angular velocity vector 
in Poinsot motion, 208, 211, 222 
charges in magnetic field, 232ff, 325f, 
535f 
of elliptic orbits, 123, 225ff, 338, 483, 
509ff, 514 
of the equinoxes, 213, 225ff, 236, 
238, 241, 512ff 
- of heavy symmetrical top, 217ff, 236, 
353 (see also Top) 
Larmor (see Larmor frequency) 
lunisolar, 231, 512 
of perihelion of Mercury, 123, 338, 
512, 514f 
of symmetric body, 230, 240 
Thomas, 288 
Precession frequency, 212, 220, 222, 
225, 230f, 232, 234, 325, 535. See 
also Rigid body motion; Larmor 
Precession vector, 224 
Prefactor (of dyad), 194 
Pressure, 84, 341, 552f, 616f 
Principal axes, inertia ellipsoid, 201f, 
256 
motion of free body about, 209 
Principal axis transformation, of inertia 
tensor, 198ff, 201, 256 
for small oscillations, 246ff, 251, 256f 
puts inertia ellipsoid in normal form, 
202 
Principal moments of inertia, 201, 228 
Principal quantum number, 483 
Principle of least action, 365ff, 368, 
371f 
in curvilinear configuration space, 
370 
geodesic form of path in, 370 
and geometrical optics, 369, 489 
Hamiltonian conserved in, 367 
minimizing transit time, 369f 
nature of variation in, 365f, 372 
in terms of kinetic energy, 369f 
Principle of stationary action, 368 
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Products of inertia, 191 

Projection operator, 185 

Proper action variables, 470, 476, 483, 
496f 

Proper charge density, 302 

Proper time, 300, 329 

Proper transformations, 144 

Proton-antiproton reaction, 312 

Pseudoregular precession (of top), 220 

Pseudoscalar, 171 

Pseudotensor, 183, 193 

Pseudovectors, 171f, 611f 

Ptolemaic astronomy, 122 


Quadratic forms, simultaneous 
diagonalization of, 256f 

Quadrupole moment, gravitational, 229, 
512 

Quantization of fields, 258, 567, 570, 
577, 597 

Quantum electrodynamics, 53, 258 

Quantum mechanics, 16, 75, 103, 105, 
109, 113, 132, 142, 147, 153, 184, 
200, 271, 275, 293, 310, 372, 378, 
399, 401, 406, 416, 419, 483f, 
500, 518, 522, 540, 606 

classical mechanics approximations 

to, 16, 489f 

Quantum numbers, 483f 

Quantum of action, 483 

Quasi-periodic function, 466, 530 

Quaternion, 156, 183, 235, 236 


Radius of curvature, particle path in 
magnetic field, 326 
Radius of gyration, 202, 240 
Rainbow scattering, 111, 126 
Rate of change, of vector in space and 
body systems, 174ff 
Rayleigh, Lord, 24, 30, 271, 596 
Rays, 489f 
Recoil (of scattering target), 118, 127 
Rectangular potential well, 125 
Reduced mass, 71, 101, 114, 528 
Reeve, J. E., 12, 29 
Reflection, 144 
of orbits about turning points, 87 
vector equation for effect of, 184 
Refraction, 125 
Relativistic corrections, to harmonic 
oscillator, 324f 
Relativistic field theory, 570ff 


covariance properties of field 
quantities, 571 
covariant form of stress-energy 
tensor in, 571f 
covariant Hamiltonian formulation, 
575, 597 
examples of, 575ff 
complex scalar fields, 575, 598f 
Dirac field, 580, 586f 
electromagnetic field, 581ff 
field of sine-Gordon equation, 
577£ 
integrals of field densities in, 572 
interactions of fields and particles, 
575 
invariance of Lagrangian density, 
Lagrange equations, and 
Hamilton’s principle, 571 
in noneuclidean four-dimensional 
space, 576, 583, 598f 
Relativistic kinematics of collisions, 
309ff, 332, 333 
Relativistic mechanics, 1, 356 
and action-at-a-distance, 331f, 334 
Relativistic relation between energy 
and canonical momentum, 331 
Relativistic velocities, significance of, 
275 
Relativity. See General relativity; 
Special relativity 
Resonances, in perturbation theory, 526 
shallow vs. deep, 527 
Resonant excitation, effect of 
dissipative forces on, 268 
of forced vibrations, 265 
Resonant frequencies, 253f, 257, 265 
Rest mass or energy, 308, 576 
Restricted Lorentz group, 297 
relation to Kepler problem, 297 
Reversed effective force, 17, 79 
Revolution, 458 
Riemann surface, 474 
Riemannian geometry, covariant and 
contravariant quantities in, 290f 
Riemannian space, 250, 270, 288, 333 
path length element in, 250, 291, 369 
Right-hand rule, 163, 170, 172 
Rigid bodies, 11, 12, 128ff, Chapter 5 
angular momentum about fixed point, 
190ff 
internal forces do no work in, 11 
kinetic energy of motion about a 
point, 195ff 


number of degrees of freedom in, 
128f 
orientation specified by Cayley-Klein 
and Euler parameters, 153f 
orientation specified by direction 
cosines, 129f, 185 
orientation specified by Euler angles, 
147 
separation of kinetic and potential 
energies into translational and 
rotational parts, 188f 
Rigid body modes of molecular 
vibration, 259f 
Rigid body motion. See also Euler’s 
equations of motion 
about fixed point or center of mass, 
204ff, 237 
in absence of torques, 205ff, 236f, 
240, 241 
connections with theory of small 
oscillations, 243 
equation of motion for kinetic energy 
of rotation, 239 
equations of motion, Chapter 5, 
203ff 
Euler’s theorem for, 158ff 
general procedures for solving, 188f, 
196, 203f 
separation into translational and 
rotational, 188f 
stability conditions in, 209f, 24] 
in two dimensions, 204 
Rockets, 6, 29, 31, 337 
Rodrigues, O., 165 
Roll angle, 148, 608 
Rolling, 14-15, 31-32, 48f, 185, 203, 
236, 240 
Rolling constraint, in terms of Euler 
angles, 185 
Rose, M. E., 148 
Rotating coordinate systems, 177f, 234, 
242, 276 
Lagrangian, in terms of, 242 
transformation to, 174f, 433 


Rotating earth, motion on, 177ff 
Rotation. See modifying adjective, as 


finite, infinitesimal 


Rotation (type of periodic motion), 458, 


463, 466f 


Rotation angle. See Angle of rotation 
Rotation formula, 165, 172, 173, 183, 


186, 295 
counterclockwise, 173f 
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in terms of Euler parameters, 165, 
172 
Rotation group, 173, 420f, 425 
Rotation matrices, elementary, 146, 
154f, 607, 608f 
homomorphism with unimodular 
unitary matrices, 151, 293, 425, 
607, 609 
spinor form, double-valued property 
of, 157, 425 
exponential representation, 157, 
166, 173, 185 
in terms of angle and axis of 
rotation, 166, 173 
in terms of Pauli spin matrices, 156, 
173, 185, 607 
in terms of Cayley-Klein and Euler 
parameters, 153, 172 
in terms of Euler angles, 147, 184, 
607, 609 
in Thomas precession, 286f 
Rotation of the earth, phenomena of, 
210f, 238, 240£ 
Rotation operator, 135, 157 
included in Lorentz transformation, 
283 
in spinor space, 157, 173 
invariance of physical laws under, 
298f 
Rotational modes, in molecular 
vibrations, 260, 262 
Rotations, change of vector function 
under, 417f 
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defining Euler angles, 146f, 185, 
App. B 
generated by angular momentum, 413 
invariance of physical laws under 
spatial, 298f 
in a plane, 135, 146, 154f, 156, 414f 
proper and improper, 144, 169, 171f, 
185 
in real four dimensional Euclidean 
spaces, 421 
Routh, E. J., 55f, 163, 207, 236, 271, 
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Routhian, 352 
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Routh’s procedure, 351ff, 376 
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motion, 355f 
for oscillations about steady motion, 
352ff, 371f 
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336, 512f 
perturbations of, 232, 513f 
precession of, 225ff, 231f, 514f 
Sayers, D. L., 224 
Scalar, of quaternion, 156 
as tensor of zero rank, 193 
Scalar fields, 549, 553, 575f, 598f 
Scalar potential, for electromagnetic 
field, 22, 34, 303, 581 
Scale transformation, 381, 399, 430 
Scale-invariance, 589 l 
Scattering, by central force field, 105ff 
by coulomb potential, 108f, 725f 
differences and similarities in 
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mechanics, 105, 107, 119, 120 
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in special relativity, 314f 
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ions in a lattice (reference to), 113 
by inverse cube law of force, 125 
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double-valued function of impact 
parameter, 110 
formal solution for, 108, 126 
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Scattering cross section, 106, 120 
Lorentz transformation properties, 
335 
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Separation of variables, 445, 449ff 
central force motion, 452, 454ff 
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conditions for, 452ff 
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Hamilton-Jacobi and Schrödinger 
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Staeckel conditions, 453, 493, App. D 
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Similarity transformation, 143, 193, 
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about steady motion, 93, 243, 269, 
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effective “equilibrium” in, 353 
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269, 271 
effects of friction or dissipation, 257, 
264, 265f, 274 
eigenvalue problem for, 246f 
and electrical network theory, 269, 
271 
as excitation of harmonic oscillators, 
258, 434, 537 
forced, 263ff 
free vibration solutions for, 254f, 257 
kinetic and potential energy matrices 
are hermitean, 248 
mass-weighted coordinates for, 246 
of molecules, 258ff, 270f 
multiple roots in, 251f, 355 
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normal modes of, 258 
rigid body modes in, 259f 
stability questions in, 236, 270, 355, 
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for vanishing second derivatives of 
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Solitons, 579f, 594f 
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598, App. E. See also Acoustics 
Space cone, 207, 240 
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Space system, 129f, 177ff, 275f 
Space-like four-vector, 301 
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transformation, 283f, 285 
Special relativity, 132, Chapter 7 
Action-at-a-distance and, 331f, 334 
difficulty of transformations to 
accelerated particles, 287, 300 
experimental evidence for, 332f 
field theory in terms of, 570ff 
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275f 
Lagrangian formulation in, 320 
motion under constant force, 323f, 
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program of, 275ff, 298f 
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energy in, 307, 331 
Specific heats, at constant pressure and 
constant volume, 552, 618 
Speed of light. See Velocity of light 
Spherical pendulum, 33, 82, 436f 
Spiegel, M. R., 95, 98 
Spin angular momentum, 10, 158, 484 
Spinor, 158 
Spiraling, 112 
Stability of free-body motion, 209f 
Stability of planetary motion, 530, 541 
Stability of steady motion, 355f 
Stacey, F. D., 184, 232, 238 
Staeckel conditions, 453f, 493, App. D 
Stark effect, 543 
Statics, 17 
Statistical mechanics, 378, 426ff, 429, 
530 
Steady motion, for constant noncyclic 
coordinates, 353. See also Small 
oscillations, about steady motion 
Stereographic projection, 474 
relation to Gayley-Klein and Euler 
parameters, 183 
Stoll, R. R., 182, 611 
Strang, G., 611 
Stress tensor, 558f 
Stress-energy tensor, 556f, 559 
complex scalar field, 576 
conservation theorems for, 555, 561, 
593 
corresponding to sine~Gordon 
equation, 578 
covariant form, 571f 
Dirac field, 580 
for electromagnetic field, 583f 
example of, 560, 597 
identification of components, 557f, 
560 
indeterminate form of, 561f 
symmetrization of, 561f, 583f 
String, continuous, 596, 597 
Structure constants of Lie groups, 
420 
Sturm-Liouville problem, 200 
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Sudarshan, E. C. G., and N. Makunda, 
430 
Summation convention, 133 
Surface, in four-dimensional space. See 
Hypersurface of three 
dimensions 
Surfaces of constant W and S, 485f 
system trajectories normal to, 486f, 
489 
Symmetry, connection with 
degeneracy, 120, 425, 430, 493 
Symmetry groups, harmonic oscillator, 
two dimensional, 423ff, 437 
n-dimensional, 425 
of the Kepler problem, 421f 
of mechanical systems, 420ff 
and small oscillations, 263, 270, 271 
Symmetry operations generate 
constants-of-motion, 59, 348, 
411ff, 425, 430 
Symmetry properties, of systems and 
conservation theorems, 54ff, 59f, 
348, 411ff, 588ff, 596 
Symon, K. R., 29, 82, 235, 332, 354, 
371, 509, 558 
Symplectic condition, 393, 396 
implies existence of generating 
function, 396, 403f, 429f 
for scale transformations, 399 
Symplectic matrix, 393 
Symplectic method for canonical 
transformations, 391ff. See also 
Canonical transformations 
Symplectic notation, for Hamilton’s 
equations, 347, 392 


-Symplectic structure, 397 


Synge, J. L., 55, 324, 354, 371, 429, 


494 
Synge, J. L., and A. Schild, 183, 192, 
270, 333 


System. See qualifying adjective, as 
Galilean, inertial, laboratory 

System points, motion in phase space, 
426ff 

System vector, 417 

Systems of particles, mechanics of, 5f, 
309ff 


Tachyon, 309, 334 

Tait-Bryan angles, 148, 608 

Temperature, 84 

Tensor, 192ff, 235. See also modifying 
adjective 


equivalence of second rank to 
dyadic, 194 
invariant for harmonic oscillator, 423, 
437 
Tensors, covariant and contravariant, 
290ff 
covariant (relativistic) 
transformation, 299 
relation of first and second rank to 
matrices, 193 
transformation properties in 
Cartesian spaces, 192 
Thermodynamics, 341, 371, 617f 
Thomas precession, 286f, 300, 333, 336 
Thomson, W., and P. G. Tait, 342 
Three-body problem, restricted, 61, 
120, 372, 540 
Threshold energy, in collisions, 117, 
312f, 337 
Time, canonical coordinate conjugate 
to Hamiltonian or energy, 331, 
358, 377, 446, 451 
as coordinate in configuration space, 
327£ 
as coordinate in phase space, 331, 
358, 377, 382, 429, 431 
endpoint variations in principle of 
least action, 365ff, 372 
as fourth dimension in world-space, 
280 
of passage through periapsis, 479 
parameter in I.C.T., 407f 
solution for, in Kepler problem, 98ff, 
455 
transformation of, in special 
relativity, 278, 280 
Time-dilatation, 300, 430 
Time-like four-vectors, 301 
Tippie-top, 224, 237 
Tisserand, F., 120 
Tolman, R. C., 429 
Top, asymmetric, 236, 237, 241 
charged symmetric, 242 
gyroscope form, 224, 236f 
heavy symmetrical, 213ff, 236f, 494 
average precession frequency, 220, 
230 
behavior of angular momentum, 
24] 
constants of the motion for, 215, 
241 
fast and slow regular precession, 
222 
“fast” condition for, 218f, 223 


formal solution for, 216, 24] 
Hamiltonian for, 376 
initial motion of, 218, 220f, 222 
initially vertical, 222f 
Lagrangian for, 214 
locus of figure axis, 216f 
motion in terms of elliptic 
_ functions, 216, 236, 24] 
nutation of, 217 
nutation as oscillation about steady 
motion, 376 
nutation extent and frequency for 
“fast” top, 218f, 376 Í 
pseudoregular precession, 220, 222, 
225, 236 
“sleeping,” 224 
‘‘tippie-top,” 224, 237 
Topology, applications to mechanics, 
530, 541 
Torque, 2, 204f, 225, 239 
Total energy, 4, 307, 444 
of field, 557f 
Total energy density. See Energy 
density 
Total scattering cross section, 109 
when infinite in classical and 
quantum mechanics, 110 
Trace of a matrix, 150 
invariant under similarity 
transformation, 150, 184 
Trajectories, in configuration space, 
486f 
of light rays, 370, 488f 
Transformation. See also modifying 
. adjective 
active vs. passive, 137, 142, 172f, 
192, 408ff 
between body and space set of 
coordinates, 132ff, 174ff 
from center-of-mass system to 
laboratory coordinates, 115f, 
311, 314f 
coefficient for linear, 133 
of a coordinate system into one with 
opposite handedness, 144, 171 
linear, between angular momentum 
and angular velocity, 191 
to rotating coordinates, 174ff, 234, 433 
Transformation matrix, formal 
properties of, 137ff 
as operator on vector or on 
coordinate axes, 135f 
Transients, 264 
Translational symmetry, 56f, 259f, 596 
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Truesdell, C., 30 

Truesdell, C., and R. A. Toupin, 30 
Turnbull, H. W., 611 

Turning point, 78, 86f 

Twin planet, problem of, 122 


Ultrarelativistic region, 311f, 316 

Unimodular, 149 

Unimodular 2x2 matrices, 
homomorphic to restricted 
Lorentz transformations, 294 

Unit rotator, 157 

Unitary unimodular 2x2 matrices, 
homomorphic to proper 
rotations, 151, 293, 607, 609 


Van Vleck, J. H., 477, 493 
Variation, connection between ô- and 
A-form, 367 
of endpoints, 45, 363f, 365ff 
6-form, 37ff, 365, 548 
A-form, 365ff 
with fixed endpoints, 37ff, 363f, 549, 
551f 
with higher derivatives, 44 
of an integral, 36, 43f, 365ff, 549f, 551 
in modified Hamilton’s principle, 365f 
Variation of constants. See also 
Perturbation theory, time 
dependent 
for harmonic oscillator, 501ff 
Variation of coordinates, 528 
Variational principles. See also under 
specific names 
advantages of, 37, S1ff, 370f, 554 
for fields, 52f, 548ff 
Hamilton’s equations from, 362ff 
philosophical problems, 368, 371, 372 
required differential constraints, 46 
Varied path, 37f, 44, 45, 365ff 
parametric representations of, 38, 44, 
366, 549, 551 
Vector. See also modifying adjective 
change under rotation, 58f, 174f 
change under translation, 57 
covariant and contravariant, 290ff 
of quaternion, 156 
representation by column or row 
matrix, 141 
system vectors, 417 
as tensor of first rank, 193 
time rate of change in space and 
body systems, 174ff 


672 INDEX 


Vector form of rotation transformation, 
165 
Vector potential, for electromagnetic 
field, 22, 34, 303f, 581 
for uniform magnetic field, 234, 374, 
417, 434 
Vector transformation, 133ff 
Velocity, 1 
longitudinal elastic waves, 547 
sound in gases, 553 
transformation of, from center-of- 
mass to laboratory coordinates, 
116f - 
Velocity of light, experimental proof of 
invariance, 277 
Galilean transformation properties, 
276f 
invariance under Lorentz 
transformation, 277£ 
as ultimate speed, 283, 309, 331 
Vibrations. See also Oscillations 
of continuous systems, 545ff 
of discrete systems, Chapter 6, 545f 
of gases, 552f, 596, 598, App. E 
Vinti, J., 468 
Vinti theorem, 468, 493 
Virial of Clausius, 84, 121 
Virial theorem, 82ff, 120, 121, 477 
application to inverse square law of 
force, 96f, 477f 
applied to power-law central forces, 
85 
frictional forces in, 85 
relation to gas equation-of-state, 84 
relativistic, 338 
Virtual displacement, 16, 18, 39, 45, 
350, 365, 465 
Virtual work, 17, 18, 48 
principle of, 17 
von Zeipel’s method, perturbation 
theory, 515ff, 528f, 541 


Wave equation, Dirac, 580, 587 
electromagnetic, 303, 489, 585, 587 
for elastic rod, 547 
nonlinear, 578f 
scalar, for optics, 487 
Schrodinger, 490, 494, 598 
for sound in gases, 553, 596 
vector, 553 

Wave fronts, 485ff, 489 

Wave function, 158, 490, 518, 522, 560 

Wave mechanics, 484, 490f, 494, 587 


Wave motion and classical mechanics, 
485ff, 494, 547f 
Wave number, 488 
Wave vector, 487, 568 
Wave velocity, in elastic rod, 547 
sound in gases, 553 
of surfaces of constant S, 485f, 487 
and system velocity, 486 
Wavelength, associated with classical 
motion, 489f 
connection with momentum, 490 
Weak conditions of constraint, 329, 
360, 372, 582 
Weber’s electrodynamics, 21, 33, 377 
Webster, A.G., 55, 207 
Weinstock, R., 63 
Wells, D. W., 64, 372 
Wentzel, G., 597 
Weyl, H., 347 
Wheatstone bridge, 67 
Whittaker, E. T., 21, 30, 36, 63, 119, 
153, 183, 216, 269, 368, 371 
Whittaker, E. T., and G. N. Watson, 
89 
Wigner, E. P., 147 
Wills, A. P., 235 
Wilson, E. B., Jr.; J. C. Decius; and 
P. C. Cross, 271 
Wind circulation patterns, and Coriolis 
forces, 180, 184 
WKB approximation, 491 
Work, 3 
World acceleration, 336 
World line, 299, 319 
World scalar, 299 
World space, 280, 299f 
World tensor, 299 
World time, 300 
World vectors, 299 
World velocity, 302, 306, 327 
Wrigley, W.; W. M. Hollister; and 
W. B. Denhard, 238 


x-convention, 147, 177 
xyz-convention, 148, 608ff 


y-convention, 147, 606ff 
Yaw, 147, 608 
Young’s modulus, 547 


Zeeman effect, 235, 484, 515 

Zemansky, M. W., 618 

Zero frequencies. See Frequencies, 
zero 


